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ABSOLUTE DEPENDENT MOTION ANALYSISOF TWO
PARTICLES

Objectives:
Students will be able to:

1. Relate the positions, velocities, and accelerations
of particles undergoing dependent motion.
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APPLICATIONS
(continued)
Rope and pulley arrangements

are often used to assist in lifting
Gt heavy objects.

The total lifting force required
from the truck depends on the
acceleration of the cabinet.

How can we determine the
acceleration and velocity of
the cabinet if the acceleratiof
of the truck is known?

-

\H -

DEPENDENT MOTION
(Section 12.9)

In many kinematics problems, the motion of one objectdeiiendon
the motion of another object.

The blocks in this figure are
: pa  CONNECted by amextensible corg
s \¢ p/ wrapped around a pulley.

Datum

If block A moves downward along
the inclined plane, block B will
move up the other incline.

The motion of each block can be related mathematically by defining
position coordinatess, and . Each coordinate axis is defined from @
fixed point or datum linemeasuregositivealong each plane in the

direction of motiorof each block. 4
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DEPENDENT MOTION
(continued)
Position coordinates,sind g
Datum _ can be defined from fixed

A .~ Datam . .

datum lines extending from
the center of the pulley along
each incline to blocks A and

If the cord has a fixed lengtlthe position coordinateg and g are
related mathematicallyy the equation

Satlept =

Here | is the total cord length angdjis the length of cord passing
over arc CD on the pulley.

DEPENDENT MOTION
(continued)

Datum
a

.~ Dbaum  Thevelocitiesof blocks A and B
can be related bgifferentiating
the position equation.

Note that -, and | remain
constantso diy/dt = di/dt =0

ds/dt + dg/dt=0 => y=-v,

The negative sign indicates that as A moves down the incline
(positive s direction), B moves up the incline (negatiye s
direction).

Accelerationgan be found byifferentiatingthe velocity
expression. Prove to yourself that=a-a, .
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EXAMPLE

Consider a more complicated
example.

Position coordinates (&nd g)

are defined from fixed datum
lines, measured along the

B p direction of motion of each block.

Note that g is only defined to the
center of the pulley above block

' B, since this block moves with the
ﬂ(a—“@

4 pulley. Also, h is a constant.

[

|
Datum s—354 —

The red colored segments of the cord remain constant in length during
motion of the blocks.
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DEPENDENT MOTION EXAMPLE
(continued)

Datum
! The position coordinates are relateg
by the equation
25+h+s =1
Where | is theotal cord length minug
- the lengths of the red segments
h

Since | and h remain constant during

the motion, the velocities and

accelerations can be related by twg
5 ! successive time derivatives:

=« 2vg=-v, and 23=-a,

Datum 54 —

When block B moves downward ghsblock A moves to the left (%
Remember to beonsistent with the sign conventlon

8
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Datum
[

L

,’.?.\
Datum F(':‘"‘“""@

DEPENDENT MOTION EXAMPLE
(continued)

This example can also be worked
by defining the position coordinat

for B (s3) from the bottom pulley
instead of the top pulley.

The position, velocity, and

acceleration relations then becom

1

2(h—g)+h+gs=1I

Datum +—54 —

and 24 =V, 28, = 8

Prove to yourself that thesults are the sameven if the sign
conventions are different than the previous formulation.

DEPENDENT MOTION: PROCEDURES

These procedures can be used to relatdependent motioaf
particles moving alongectilinear pathgonly the magnitudes of
velocity and acceleration change, not their line of direction).

1. Defineposition coordinateom fixed datum lines

alongthepathof each particle. Different datum lines can
be used for each particle.

. Relate the position coordinates to the cord length.

Segments of cord that st change in length during the
motion may beéeft out

. If a system contains more than one cord, relate the

position of a point on one cord to a point on another
cord. Separate equations are written for each.cord

. Differentiatethe position coordinate equation(s) to relate

velocitiesandaccelerations Keep track of signs!

U

e
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P g EXAMPLE I

Given:In the figure on the
left, the cord at A is
pulled down with a
speed of 8 ft/s.

Find: The speed of block B.

Plan: There are two cords involved in the motion in this example.
The position of a point on one cord must be related to the
position of a point on the other cord. There will be two position

equations (one for each cord). u
. EXAMPLE
Solution: (Continued)

1) Define the position coordinaté®m a fixed datum line. Three
coordinates must be defined: one for point A,(ene for block B
(sg), and one relating positions on the two cords. Note that pullgy
C relates the motion of the two cords.

Define the datum line through the top
pulley (which has a fixed position).
S, can be defined to the center of the
pulley above point A.

Sz can be defined to the center of the
pulley above B.

S is defined to the center of pulley C
All coordinates are defined as
positive down and along the direction
of motion of each point/object.

12
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EXAMPLE
(continued)

2) Write position/length equations
for each cord Define |, as the
length of the first cord, minus
any segments of constant length.
Define I, in a similar manner for
the second cord:

Cord1: 2g+2%.=1;
Cord2: g+($5—%) =1
3) Eliminating $ between the two
equations, we get
25, +45=1,+ 2,
Relate velocities bglifferentiatingthis expression. Note thgtdnd |,
are constant lengths.
2V +4%;=0 => ¥=-0.5y,=-0.58)=-4ft/s
The velocity of block B is 4 ft/s up (negativgdirection).
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PROBLEM SOLVING

Given:In this pulley system,
block A is moving
downward with a
speed of 4 ft/s while

block C is moving up
at 2 ft/s.

Plan:

Find: The speed of block B.

All blocks are connected to a single cable, so only one

position/length equation will be required. Define position
coordinates for each block, write out the position relation, an
then differentiate it to relate the velocities. 1
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_ PROBLEM SOLVING (continued)
Solution:

1) Adatum line can be drawn through the upper, fixed,
pulleys and position coordinates defined from this line to
each block (or the pullev above the block).

2) Defining g, S5, and ¢
-- as shown, the position
S5 relation can be written:
Sat 2%+ 2% =1

3) Differentiate to relate
velocities:
Vp+2vg+2v-=0
= 4+ 2y +2(-2) =0
= vg=0

15

RELATIVE-MOTIONANALYSISOFTWO PARTICLES
USING TRANSLATING AXES
Objectives.
Students will be able to:
1. Understand translating frames of reference.
2. Use translating frames of reference to analyze relativemot
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e - APPLICATIONS
o

d

When you try to hit a moving object, the position, velocity, and
acceleration of the object must be known. Here, the boy on the ground
isatd =10 ft when the girl in the window throws the ball to him.

If the boy on the ground is running at a constant speed of 4 ft/s, how
fast should the ball be thrown?

17

APPLICATIONS
(continued)

When fighter jets take off or
land on an aircraft carrier, the
velocity of the carrier becomes
an issue.

If the aircraft carrier travels at a forward velocity of 50 km/hd plane
A takes off at a horizontal air speed of 200 km/hr (measured by
someone on the water),

how do we find the velocity of the plane relative to the carrier?

How would you find the same thing for airplane B?

How does the wind impact this sort of situation? 18
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Translating
observer

RELATIVE POSITION

ction 12.10)

Theabsolute positioof two

particles A and B with respect to
the fixed x, y, z reference frame
given byr, andrg. Theposition of

B relative to Ais represented by

lgia= g — I'a

Therefore, if rz=(10i+2j) m

and
then

ra= (41+5j)m,

rga= (61 =3j) m. "

Are

Note that vgn = -Vap-

RELATIVE VELOCITY

To determine theelative velocityof B

with respect to A, the time derivative
the relative position equation is taken.

Veia = VB—Va
or

Vg = Vjp

vy andv, are calledabsolute velocities
Vs IS therelative velocityof B with respect to A.

* VA

20
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RELATIVE ACCELERATION

The time derivative of the relative
velocity equation yields a similar
a, vector relationship between the
absoluteandrelative accelerationsf
particles A and B.

Ap/4

Aga = Ag—ap
or
dg = ap tag

21

SOLVING PROBLEMS

Since the relative motion equations aeetor equations
problems involving them may be solved in one of two ways.

1. The velocity vectors ivg = v, + Vg, could be written
asCartesian vectorand the resulting scalar equations solved
for up to two unknowns.

2. Vector problems can be solveptaphically” by use of
trigonometry.

This approach usually makes use oflthwe of sinesor thelaw
of cosines

22
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LAWS OF SINESAND COSINES

Since vector addition or subtraction forms
a triangle sine and cosine lawean be
b applied to solve for relative or absolute
a velocities and accelerations. As review,
their formulations are provided below.

Law of Sines.__a&  __ b _ _ ¢
sin A sin B sinC

Law of Cosines: a2

b? + ¢ - 2bc cosA

b? = a2 + 02 — 2ac cosB
c2: a2 + b2 — 2abcosC 23
EXAMPLE

Given: v, =600 km/hr
vg =700 km/hr
Find: Vg/a

b
350/

=600 kmm 357N B fr? 4
A

-
vy =700 km/h

Plan:
a) Vector Method: Write vectors, andvg in Cartesian form,

then determineg — v,

b) Graphical Method: Draw vectovg andvg from a common

point. Apply the laws of sines and cosines to determipe »
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EXAMPLE
(continued)

Solution:
a) Vector Method:

v, =600 cos 35 — 600 sin 35
= (4915i-3441)) km/hr

Vg =-700i km/hr

Vga =Ve—Va = (- 11915 + 3441 ) km/hr

Vaia =\/ (11915)* +(3441)" =124Q2 —lﬂp

where 6 = tan(=344L1)-1671° Q

11915
25
EXAMPLE
(continued)
b) Graphical Method Vg = 700 km/hr
Note that the vector that measureS~J¥¢ NN

the tip of B relative to A isg,.

Law of Cosines
2 _

Vga =(700)* + (600)* - 2(700)(600)c0s145

_ km
Vgja = 12402 7

Law of Sines

Ba _ WA _ o
sn@as) _ sng ©or 95161
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vp = 135m/s

PROBLEM SOLVING

Given: v,=10m/s
Vg = 18.5 m/s
ap=5m/$
ag=2m/g

Vas

A

Find:

Plan: Write the velocity and acceleration vectors for A and B

and determine, ; anda, ; by using vector equations.
Solution:

The velocity of A is:

v, = 10 cos(45)- 10 sin(45) = (7.07 —7.07) m/s

27

PROBLEM SOLVING (continued)
The velocity of B is:
vg = 18.5 (m/s)
The relative velocity of A with respect to B is,£):
Vag = Va—Vg = (7.01-7.07) — (18.5) = -11.43-7.079

oF Vg = \/ (11.433 + (7.07% = 13.4 m/s

o = tan1(171'0473) - 3178 6_—

28
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PROBLEM SOLVING (continued)

The acceleration of A is:
3y = (@)at (@)a = [5cos(45)-5 sin(45)]

+ [(1S) sin(@s)- (L ) cos(45)

a, = 2.83-4.24 (m/9)
The acceleration of B is:
ag = 2 (m/)
The relative acceleration of A with respect to B is:
ap = ay—ag = (2.83-4.24)-(2)) = 0.83-4.24

ays =\ (0.83} + (4.24F = 4.32 m/3 T
B = tam(*2%) = 789

0.83
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