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QUESTION 1. Find the area between the graphs of the functions f(z) = 272 and g(z) = 273
between x = 1/2 and = = 2.

e In order to compute the area between two curves we must first determine all the inter-
section points between the curves over the given interval [1/2,2].

flx) = g(x)
2 — 3
1
2 a8
xz = 1 since x # 0 by domain constraints.

e Next, we subdivide the given interval into subintervals separated by the intersection
points determined above. Thus,

[1/2,2] = [1/2,1] U [1,2].

e On each of the subintervals, we determine which of the two functions is greater. We
can accomplish this either by looking at a graphical representation of the scenario or

algebraically:

Algebraically:
z | [1/2,1] | J1,2]
f(x) | £(3/4)=16/9~1,78 | f(3/2) = § ~ 0.44
g(z) | 9(3/4) =52 ~237 | g(3/2) =% ~0.30



Graphically

In each case, we have determined that
9(z) > f(x) on [1/2,1]
f(z) > g(x) on [1,2]

e Now we can set up the integrals that compute the desired area:

1 2
A = / o(@) — f@)dr+ | f(@) — g(x) da
1



QUESTION 2. Consider the functions f(z) =2 — z and g(x) = z°.

2

(a) Graph the two functions and shade the area bounded below by the z-axis and above by

min{f(z),g(z)}.

(b) Calculate the shaded area.

e By inspecting the shaded graph above, we determine that the area of the region is equal
to the area under the 22 curve from [0, ¢] and the area under the 2 — x curve from [c, 2],
where ¢ is the z-coordinate of the intersection between z? and 2 — .
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Thus ¢ = 1.
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0
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e Now we can set up the integrals that compute the desired area:
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(c) Now assume that the shaded area rotates around the z-axis. Calculate the volume of the
emerging shape.

e In general the area of a solid of revolution of this type is given by

/a b 7(R(z))? dx

where R(z) represents the distance from the axis of rotation to the outer curve over the
given interval.

e Since in our case, the outer curve changes over the given interval, we shall compute the
volume over each subinterval [0, 1] (where z? is the outer curve) and [1,2] (where 2 — z
is the outer curve).

e Thus our volume computation is given as follows:

1 2
V = /7r(:1:2)2dx+/ (2 — x)*dz
0 1
1 2
= 77/ $4d93+7r/ 4 — 4z + 2° dx
0 1
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QUESTION 3. Find the indefinite integral
22 +1
—d.
/x2 1

e Since the degree of the numerator deg(xz® + 1) = 3 is greater than the degree of the
denominator deg(x? + 1) = 2, we need to use polynomial long division to rewrite this
rational expression.

X + X

- x + 1



e Thus
1—=z 1 T

x+x2—|—1:$+x2—|—1_$2+1'

x3+1_
2+1

e We now compute the indefinite integral

/x3+1d / . 1 T d
r = x — x
241 x24+1 z2+41

2> + arct / T q
= — arctanx — — ax
2 2 +1

e Using substitution, with « = 22 + 1 and du = 2 dx we rewrite the remaining integral as
x x [(du
~ " dr = i it
/x2+1 ’ /<u> <2x>
1 1
= = / —du
2/ u
1
= —Infu|+C

In(z* + 1)+ C

N — N

e Therefore, putting everything together

41 2 1
/;Ld:c:g+arctana:—21n(x2+1)+(].

QUESTION 4. Find the indefinite integral
z*+3
—d
/ 2 —dr 43"

e Since the degree of the numerator deg(z* + 3) = 4 is greater than the degree of the
denominator deg(x? — 4x + 3) = 2, we need to use polynomial long division to rewrite
this rational expression.

4
x* - 4dx + 3 x* + 3
x* - 4x + 3x°
4x - 3x + 3
4x - 16x* + 12x
13x* - 12x + 3
13 x* - B2x 39
40x - 36



Thus

4
=+ 3 9 40x — 36
- =z +4dr+ 13+ ————.
x2 —4x + 13 A +x2—4x—|—3
In this case, ff_””;m ?fg is a rational function whose numerator’s degree is strictly less than

its denominator’s degree.

Since 2% — 4z +3 = (z — 3)(z — 1) has two distinct roots, the method of partial fractions
requires us to determine A and B in the following decomposition:

40x — 36 A B
(x —3)(x—1) :c—3+ac—1
40x —36 = A(x—1)+ B(z—3)
402 —36 = (A+B)x—A-3B

By solving A+ B =40 and —A — 3B = —36, we determine that A =42 and B = —2.

We now compute the indefinite integral

2t 13 40z — 36
_ T gr = [ P4de+134 —2 P g
/x2—496+13 v /”“L THBY T ™

3
. 407 — 36
= — 22 1 7d
3+$+3x+/$2_4x+3$
3
. , 42 p
3+ =+ lox + T—3 1_1
3
_ %+2x2+13x+421n|:c—3]—2ln]a:—1]+C

dx




