MAT2322 Solution to Assignment 2

Solution to Assignment 2
MAT 2322, Winter 2012
2 x5 =10 marks

1. (2 marks) Consider curvt) :( t, t%, ét ]

(&) Find the length of the arc<X < 1.

(b) Find an equation of the tangent line of theveiatt = 3.

Solution (a) r'(t) = (1, &, 2%). |r'(t) | = V1+ 42+ 4* = 1+ 22,

—_ 2y4p _ O
L= j0(1+zt )dt—é.

(b) The tangent line has a direction vect@3) = (1, 6, 18).

r(3) = (3,9, 18). An equation of the tangent latehe point = 3 is

xy,2=(3,9 18) + (1, 6, 18

Winter 2012

2. (2 marks) Consider space cung® = [t,z—fts’z,—;tz} Find the unit tangent vectd(t),

the principle normal vectdy(t), the binormal vectoB(t), the curvature(t), and the radius of

curvatureR(t), as functions of.

Solution r'(t) = (1, V2L, 1), [r'(t) | = 1+ 2 +12 = 1 +t.

1-t
Tt) = — (1, V2t T@®) = 1, .
®= ( 0. T'() = RENIG ( ot j
1 4= t) bpo L

ITO= Ty J2t(1+t)

N(D) = 0 = 2 (v 1-t42).

IT't)| 1+t

LT XN = (2t at? T -V It 2)= L
B() =T() x N(V (1+t)3(2t t+t~t2 -2 1t + 2) -

(t=v2 .}
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ITol_. 1
Ir't)| J2t@+ty

K(t) = JR() = (1 +1)%V2t .

3. (2 marks)Consider vector function(t) = (2, e™, 2&"), —0 <t < 0,

(@) (0.5 mark) Find'(t) and the length af (t).

(b) (1 mark) Find the curvature and radius of etuve of the curve at the point where 0.
(c) (0.5 mark) Find an equation of the osculaptane of the curve at the poirt 0.

Solution (a) r(0) = (0, 1, 2).

2t
r'(t) = (2,-e, 26). |1 (t) | =Ja+e? +4& = ¢ +zé—1+:e .

l

— t = o
(b) T(t)— (2e 1, 26, T'(t) = o« 22{)

S(1-26", 28, 2¢).
L vy 2 : _2 _ 2
At the pointt = 1,T'(0) = 5(1, 2,2). [T'(0) | =3 [r'(0) | = 3. The curvature rg

The radius of curvature %

(c) The tangent line is in the directiontct r'(0) = (2,-1, 2). The principal normal vectdris
in the direction off '(0), which is in the direction of vectar= (-1, 2, 2).

A normal vector of the osculating pland is n = (-6, —6, 3).
The osculating plane is6, -6, 3)- (x,y—1,z-2)=0,0or 2+ 2y-z=0.

Recall that this equation may be multiplied by aoyn-zero number. Hence, the following are
also correct answers:

4x + 4y - 22=0, or%x+%y—%z:0.

4. (2 marks) Find all critical points of the funatiz= 3x - x* - 2y? + y*, and use the second
derivative test to classify each critical pointa®cal minimum, or a local maximum, or a saddle
point.

Solution z= 3- 3% = 3(1- ¥°). z,= -4y + 4 =—-4y(1 - y?) There are six critical points:
(1,1),(1,0),(171), (-1, 1), €1, 0) and £1, -1).

Zoo = —6X, Zyy = —4 + 127, 2y = 0. D = 202y — 2oy = 24X — TXY = 24X(1 - 3yP).
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When &, y) = (1, 1), (1,-1), and €1, 0),D < 0. These are saddle points.
When &, y) = (1, 0), €1, 1), and£1,-1),D > 0.
(1, 0) is a local minimum, and{, 1) and £1, -1) are local maxima.

5. (2 marks) Use Lagrange multiplier to find thexmaum and minimum value of the function
z= 2 +y with constraint® +y? = 1.

Solution F(x, Yy, A) = (2 +y) + A0¢ +y* - 1).

Fx=2+2XA=0,Fy=1+31=0,F;=xX+y-1=0.

From the first two equationd,=-1/x=-1/(2). x=2y. Hence, ¥ =1,y= +—— x=+——.

(%,%j,pz :(—%,—Tls} At p1, Zmax = /5, and apy,

There are two critical pointg, =

Zmin:_\/g-



