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4.4 Indeterminate Forms and L’Hospital’s Rule

In this section, we are going to deal with the limit with the form:

0
=21 000, 0O, ..
0 00

L’Hospital’s rule: If % becomes (9) or 2 as ¥ — xo, where g is finite or oo, then

lim M = lim fz)

a0 g(x) T—x0 g’(;(;).

Remark. z — zy can be replaced by any of the symbols  — z¢, * — z,, © — o0, or

T — —OQ.

Example 1 Calculate

. sinzx . sinzx et —t—1 . (Inz)?
lim ,  lim , lim——, lim )
z—0 I z—0 12 t—0 t2 T—00 2
Example 2 Calculate
) ) 1\*
lim z%e™®, lim (1— =) .
T—00 T—00 €T
Solution: )
) _ . . 2 .2 .0
lim 2?7 = lim — = lim == = lim — = lim — = 0.
T—00 r—o00 e¥ rz—o00 T r—o00 €T r—o00 €T

To solve the second limit, let y = (1 — %)Z, then

1 In(1—-1
lnylen(l——)z#.
x z
fin Iy — i 202 5
Jim Iy = Jim =0 =l o =L
lim y = —.
r—00 e



5.5 The Substitution Rule

Two substitution rules:

/f(g( dx—/f u=g(x).

In the final result, we have to replace u by g(z

b g(b)
/ F(9(2))g/(x)dx = / | S

/(235 —1)(2* — 2)' du.
Solution: Let u = 2*> — z. Then du = (2z — 1)dz. Thus

101 2 101
9 — 1) (22 — )10 :/ 100, _ U (z° — ) .
/( r—1)(x* —2)"dx du = To1 +C = T R +C

Example 3 Fvaluate

Example 4

/x\/:c2 + 1ldz.

Solution: Let u = z? + 1. Then du = (2z)dz. Thus

1 1 1u’/? (2% + 1)3/2
V2 +1lde= [ = = - Y2 qu = = T i
/x 22+ 1dx /2\/ﬂdu 2/ du = 23/2+C 3 +C

Example 5

1
/ Va2 +1dz.
0

Solution: Let u =2+ 1. Then du = (2z)dz, t =0+ u= 1,z =1 > u = 2. Thus

! 21 1 1[u?2]? 2v2 -1
/:L‘V{L’2+1d$:/ éﬂdu:§/ul/2dU—§{—] V2 :
0 1

3/2 3
1
/ dz.
e +1

Example 6 Find




Solution:

1 e’
de = d
/eff+1x /1+evc:lj

Let u =1+ €%, then du = e*dx.

o 1
/ ‘ d:zc:/—du:1n|u|—I—C’zln|1+e””|+C’:1n(1—|—e$)—|—0.
u

1+e
Example 7 FEvaluate
/ 22”1 dy.

Solution: Let u = a3 + 1.

Example 8 FEvaluate

/ * dz.
1—=x

/ tan x dx.
Solution: Let © = sin x.

Even and odd functions: If f(—z) = —f(x) for all , then f(z) is odd; if f(—x) = f(x)

for all z, then f(x) is even.

Example 9 Calculate

o If f is even, then [* f(x)dx =2 [ f(x)dz;
o If f is odd, then ffu f(x)dx = 0.

Example 10 fi 2D T 4y = ().

7.1 Integration by Parts

Integration by parts:

Example 11 FEvaluate

/(x2 +x+1)e" dx.



Solution: Integration by parts

/(x2+x+1)exdx:/(x2+x+1)dex:(x2+x+1)e”‘"—/(2x+1)exdx

:($2+$+1)6$—/(2$+1)d€x:(1‘2+ZE+1)6£—(2£L‘+1)6x+2/6xd{£

= (2 + 2+ 1)e” — 2we” + 26" + C

/ 423 Inz dz.
Solution: Integration by parts

/4x31nxdx:/lnxd$4:m4lnm—/x4d(ln:p)

d
x4lnx—/x4—x:x4lnx—/x3d:p
x

1
:x4lnx—1x4—l—0

1
/ arctan z dz.
0

Example 12 FEvaluate

Example 13 Fvaluate

Sol: Step 1: Calculate

1 [d(1+ 22 1
/arctanxd:c = x arctan :c—/ Yz = zarctanz—— / M = rarctan r—= In(1+2?).
14 22 2 14 22 2

Step 2:

1
1 1
/ arctan x dr = [r arctanx — 5 In(1 4+ 2%)]|; = arctan 1 — 5 In2=
0

/ e® cosz dz.

T
4

Example 14 FEvaluate



7.2 Trigonometric Integrals

Method to solve
/ sin™ x cos™ zdzx.

e If m is odd, then let u = cos .
e If n is odd, then let u = sinx.

e If m and n are even, then use half-angle formula.

Example 15 FEwvaluate

/ sin®(z) cos® x dz.
Answer: Use cos?(z) = 1 —sin®(z) and then the substitution u = sin(z), du = cos(z) dx:
/sin2(x) coszdr = /sin2(x)(1 — sin®(z)) cos(z) dx
= /u2(1 —u?) du

= /uQ—u4du

3 1

1 5+
= —-UuU — —=-U C
3 5
! sin’(z) — sin’(z) +
= —SIn(r)— —Ssin (x C
3 5

Example 16 FEwvaluate

/ sin®(z) da.

Sol: Use sin’x = #

Example 17 Evaluate

/ sin?(x) cos® x dx.



7.3 Trigonometric Substitution

Trigonometric substitutions:

1. va? — 2% Let x = asint, -5 <t < 7;
2. Va? + 22 Let x = atant, -5 <t < F;
3. Va2 — a?: Letm=asect,0§t<301V7T§t<377r

Example 18 FEwvaluate

/ V4 — x2dx.
Solution: Let z = 2sinf. Then
V4 — 22 =2cosf, dxr=2cosbdb.
Hence
/\/4 —x?dx = /(QCOSH)(QCOSQdQ)
=4 / cos? 6 db.
Note that
9 1 + cos 20
cos“ ) = ——,
2
hence

1 2
/\/4—1’2d$:4/C0829d9:4/4—%89d9:2/(1+cos29)d9

=20 +sin20 + C

= 2arcsin g + sin <2arc sin g) +C.
Example 19 FEvaluate

V2o g2
/ T
0 vV 1-— ZL’Q

Solution: Let x =sint. Then x =0+t =0, x = 1/\/§<—> t =m/4 and

x? sin? ¢

S cost’ dx = costdt.

Therefore

V2 g2 ™/ gin? ¢
——dx = / cos tdt
/0 V1— a2 0

cost

7



w/4 w/4 1— it
- / sin? tdt = / DTS
0 0 2

L[, _sin2t /4
9

|3
|

=

2

0
Example 20 FEvaluate

1
dx
/ Va4 z2

Answer: Let x = 2tant, then dv = 2sectdt.

7.4 Integration of Rational Functions by Partial

Fractions
Consider a rational function
fw) = £
Q(w)
By long division,
Pz R(x
o) - P (=)

= = S(z) + —=,
am > g
where P(z), Q(z), S(z) and R(x) are polynomials, deg R < deg Q.
Partial fractions:

o If Q(x) = (a1z + by)(asx + be) - - - (axx + by), a product of distinct linea factors, then
R(x) Ay Ay Ay,

+ e
Q(x) ax+b  ar+by aiT + by,

o If some linear factors are same, for example, Q(z) = (a12+b1)"(asx+b2) - - - (arx+by),
then

R(ﬂf) A 4 Aqo NI A 1 Ay
Q(zr) axr+0b  (a1x+ by)? (a1 +b1)”

Ap
bop—E
asx + by apx + by,

e If Q(x) has an irreducible factor axz? + bz + ¢ without repeating, then

R(z)  Ax+ B N
Q(z) ax?+br+c




e If Q(z) has an irreducible factor ax? + bx + ¢ with repeating, e.g., (ax?®+bx +c)", then

R(l’) Alx + B1 AQI + BQ AnI + Bn

Q(r) ar2+br+c (ax2—|—ba:—|—c)2+”'+(ax2+bx—|—c)”

Example 21 FEvaluate

/ 4x + 5 I
(2z +3)(3z + 4)
Solution: Let
4r +5 A B (3A+2B)xr +4A+ 3B

(2x+3)(3x+4):2x+3+3x—|—4_ (2x +3)(3z + 4)

Hence
dr+5=(3A+2B)r+4A+3B,=4=3A+2B,5=4A+3B,= A=2B=—1.

Thus

4r + 5 2 —1 1
dr = dr =1n|2z + 3| — = In|3z + 4 + C.
/(2x+3)(3x+4) v /(2x+3+3x+4) v =nf2r 43— 3Inf3r+ 4]+

Example 22 Fvaluate

/x3+2x2—5x
— dx
2 4+ 21 — 8

Solution: Since

3+ 222 — b N 3z N 3z N 2 N 1
= _ = =X .
x? +2x — 8 22+ 2x — 8 (x +4)(z—2) r+4 x-2
Hence
/:1:3+2x2 5xd / N N 1 p
= €T T
2 4+ 22 — 8 r+4 -2
1, 2
5:1: +/$+4da:+/ — dz

1
:§x2+21n|a:+4|+ln|x—2|+0.

Example 23 Fvaluate

42? + 8z
/ i@ _1) ™



Solution: Let

422 + 8x A B C
_ A=1,B=2C =3,
@t 12@-1 @+ @+l z-1 470 P7=

/(:ciﬁz)j(jx_mdx_/((xi1)+(x+21)2+£1> da

2
:ln|x+1|—x—+1+31n|x—l|+0

Hence

Example 24 FEvaluate

/ 32?2 + 51 + 2
(2?2 + 2z + 2)

Solution: Let

3z% + 5z + 2 A Bx+C
SAy Y L A-2B=10=1.
z(x? + 2z 4 2) x+x2+2x+2’ ’ ’

322 + 5z + 2 2 x+1
dr = -+ | dx
(22 + 2z + 2) r 2?2 +2r+42

1
:21n|x|+§ln(x2+2x+2)+0.

Hence

7.8 Improper Integrals

Type I: Infinite Intervals

/aoof(a:)da: = lim /atf(:c)da:, /_;f(a:)dxz lim /tbf(gg)dq;,

t—o00 t—o00

/_Zf(a:)da: _ /Coof(:c)d:ch/_;f(x)dx.

Definition: Integral is convergent (or divergent) < Integral is a finite number (or co).

<1
1

10

Example 25



Example 26

Example 27

Example 28

Example 29 Determine if the integral

]:/ ze *dx
2

s convergent or divergent and evaluate if it is convergent.

t

Solution. I = tlim re “dr (integration by parts: let u =2z and dv = e *dx)
— 00 2

¢
_1; S AN I A T
= tliglo <x( e "5 /2 e dx)
= lim (—ze ™ — e )|}
t—o00
= lim —(x + 1)e ™[}
t—o00
= tlim (—(t+1e " +3e7?)
—00
= 3¢~ 2 (where lim;_,..(t + 1)e~* = 0 by L’Hospital’s Rule).

Type 2: Discontinuous Integrands

If f(x) is continuous on [a,b), then

[ e =t [ oy

If f(x) is continuous on (a, b, then

/a ' fado = tim / ()

If f(z) is discontinuous at ¢: a < ¢ < b, then

/abf(x)dx _ /acf(x)dx—i— /be(x)dx.

11



Example 30

3 1 ) t 1 ) ;

Example 31 Determine if the integral

2
1
/ dx
0 37—]_

1s convergent or divergent and evaluate if it is convergent.

Example 32 [ Inzdz = 0.

p-Integral
Example 33
00 1 . .
/ L) ifp>1,
P divergent, if p < 1.
Example 34
1 1 : .
1 de— 4 Tw if p<1;
o P divergent, if p > 1.

Comparison Test for Improper Integral

If f(x) and g(z) are continuous and f(z) > g(x) > 0 on x > a. Then
(i) [ f(x)dz is convergent = [ g(z)dx is convergent;
(i) [ g(z)dz is divergent => [ f(x)dx is divergent.

Example 35
o 1
—————dx = convergent.
/1 vad+1 g
1 1
w341 T 2
Example 36
1
/ + \/de = divergent.
g T+ —6
I+vx _ 1
> —.
r—6 — &

12



Example 37 Determine whether the integral

o0 cost x
—5 dzx
9 €T 4sin“x+1

18 convergent or divergent.

Solution: Since
cost z 1 _x
< )

er +sinx+1 " e*

o costx &0
/ — dr < / e Tdr = e 2.
9 e +sin“zr+1 9

By Comparison Theorem, the original integral is convergent.

Example 38 Determine whether the integral

! 1
o dx
0 T 7sin“x

18 convergent or divergent.

Solution: Let y = 1/z. Then

/1 —1 d /OO —1 dy > /OO —1 d
0 719 Sin2 T 1 yO.l sin2 i y= . yO.l Yy

10.1 Curves defined by Parametric Equations

Instead of defining y in terms of z, y = f(z), we define both = and y in terms of a
third variable called a parameter as follows: © = f(t),y = g(t). This third variable ¢ is
called a parameter. The collection of points (z,y) = (f(t), g(t)) that we get by letting t be

all possible values is the graph of the parametric equations and is called the parametric curve.

Plane curve (parametric curve): The set of ordered pairs (points) (z,y) = (f(t), g(t)), where
f and ¢ are continuous functions on a parameter interval I.

Example 39 Sketch the parametric curve for the following set of parametric equations.
r=t24+t,y=2t—1.

13



1 e
= =1
= il 1 x
1 2

—],1/“‘

~T¢t=10

L
t= —it =2
* |i=-1
e
—al o
- . i=-2

=5+ .

Remark. If you eliminate the parameter t, then z = 1(y +1)* + 1 (y + 1).

Now consider the following parametric curve with limits on the parameter:
x = f(t),y=yg(t),a<t<b.
Then (f(a),g(a)) is called initial point, (f(b),g(b)) is called terminal point.
Example 40 Sketch the parametric curve for the following set of parametric equations:

r=t?+ty=2t—1,-1<t<1.

-1
N
t=-4¢ -2
\

2y

Example 41 Sketch the parametric curve for the following set of parametric equations:

xr =>5bcost,y =2sint,0 <t < 27.

Example 42 Sketch the Cycloid :

x=r(t—sint),y = r(1 —cost),,—oco < t < 00.

14



10.2 Calculus with Parametric Curves

Tangents

We want to find the tangent lines to the parametric equations given by, x = f(t),y = g(t).
By Chain Rule, we have

e First Derivative for Parametric Equations:

dy % _ dx
T provided pr # 0.

dt

e Second Derivative for Parametric Equations:

d?y _ g (&) oo de
i td_z , provided 7 £ 0.

dt

Example 43 Find the tangent line(s) to the parametric curve given by
v=1" 4ty =t* at (0,4).
Solution. At first we need the slope of the tangent line.

dy 9 2t 2

dr 4z 51122 503 — 12t

When (z,y) = (0,4), t = £2. At t = —2, the slope of the tangent line is: —1/8. The
tangent line at t = —2 is: y = 4 — x/8; At t = 2, the slope is: 1/8. The tangent line (at
t=2)is: y=4+z/8.

15



Example 44 Find the points where the following parametric equations will have horizontal

or vertical tangents:
r=1t>—3ty=3t>—-09.

Solution. Horizontal Tangents: dy/dt = 0,6t = 0,¢t = 0. Therefore, the only horizontal
tangent will occur at the point (z,y) = (0, —-9).

Vertical Tangents: dz/dt = 0 (dy/dx undefined). In this case we need to solve, 3(t*—1) =
0,= t =1,—1. The two vertical tangents will occur at the points (2,-6) and (-2,-6).

Example 45 Determine the values of t for which the parametric curve given by the following

set of parametric equations is concave up and concave down.
r=1—t2y=t +1¢.

Solution: To study concavity, we need the second derivative.

dy  T°+5t>  d’y  35° + 15t

= = = =
dx 2 da? 4
From 3272 = 0 we imply that t=0. When ¢ < 0, 3272 < 0, the parametric curve will be concave

2 . .
down; when ¢t > 0, 3’7?; > (, the parametric curve will be concave up.

Area*

Here we will find a formula for determining the area under a parametric curve given by

the parametric equations:
T = f(t)ay :g(t),a <t< B

We assume that the curve is traced out exactly once as t increases from a to 3. As we know,

the area under the curve y = F(z),a < x < b is

b B
A= / y(x)de = / y(t)a' (t)dt, where z(a) = a,z(8) = b.
Example 46 Find the area under one arch of cycloid:
r=r(t—sint),y = r(l — cost).

Solution: ¥y = 0 = t = nw. Thus

1+ cos 2t

B 2 o
A= / y(t)z'(t)dt = / 7“2(1 — COoS t)2dt = 7"2/ (1 —2cost+ )dt = 32,

16



Arc Length

Here we will find a formula for determining the arc length to a parametric curve given

by the parametric equations:

x:f(t),y:g(t),agtgﬁ.

We assume that the curve is traced out exactly once as t increases from « to 3. Also,
for the purposes of the derivation that we’re going to use, we will assume that the curve is

traced out from left to right as t increases. This is equivalent to saying,
de/dt >0, <t <.

The arc length formula is given by

b B
L= / I+ [y (@) do = / VIE@P + [y (OPdt, where () = a,2(8) = b.

Example 47 Find the length under one arch of cycloid:
x=r(t—sint),y =r(l —cost), 0 <t < 2.

Solution:

B 27
L= / VEOP T [y O]dt /0 I = cos D + [ sin (2t

27 27
=r \/2—2czostdt:r/ 2
0

0

t
sin 5‘ dt = 8r.
Example 48 Find the length under one arch of cycloid:
r=¢e +ety=5-2t 0<t<3.

Surface Area

Here we will determine the surface area of a region obtained by rotating a parametric

curve about the x-axis or y-axis. We will rotate the parametric curve given by

x:f(t),y:g(t),agtgﬁ

about the x-axis or y-axis. We are going to assume that the curve is traced out exactly once

as t increases from « to 3.

17



(1) Area of a surface obtained by rotating a curve about x-axis:

b B
5= / 2myds = / 21y (t)V/ [’ (0] + [y ()]2dt, ds = /[ (6)] + [y (1)]2dt.

(2) Area of a surface obtained by rotating a curve about y-axis: just need to change y

to x:

b B
S = / 2 ds — / 2O+ [ OFdt, ds = /[ OF + [y O)]dt.
Example 49 Find the surface area of one arch of cycloid rotating about x-axis:
x=r(t—sint),y =r(l —cost), 0 <t < 2.

Solution:

B 2
S = / 21y (t)\/ [/ (1)) + [y ()] 2dt = /0 21r(1 — cost)/[r(1 — cost)]? + [rsin t]2dt

= 2772 /0%(1 — cost)y/2 — 2costdt = 8 /02” sin® %dt = 1677? /07r sin® ¢pdo
= —1677r? /W(l — cos® ¢)dcos ¢ = %71‘7’2.
0
Example 50 Show that the surface area of a sphere of radius r is 47wr2.
Solution: The sphere is obtained by rotating the semicircle
r=rcost,y=rsint,0 <t <7
about the x-axis.
Example 51 Find the surface area obtained by rotating the curve
= y=1t, 0<t<I.

about x-axis.

Solution:

B 1
S = / 2y (t)/ T OF + [ (Dt = / 25 /OP + ddt

13
u—4 —du
—9 g
7T/4 o Viig

18



10.3 Polar Coordinates

We chose a point in the plane that is called the pole (or origin) and is labelled O. Then
we draw a ray starting at O, along positive x-axis, which is called the polar axis. Let P be
a point in the plane. Let r be the distance from P to O, let # be the angle between OP and
the polar axis. Then P can be represented by the ordered pair (r,0). We call r and 6 polar

coordinates:

Agreement: (—r,0) = (r,0 + 7).

Example 52 Sketch of several polar coordinates:

Polar = Cartesian Conversion Formulas:

r=rcosf,y=rsinf; r*=z*+y* tanf = g
x

Example 53 Convert each of the following points into the given coordinate system.

(a) (—4,%) into Cartesian coordinates. (b) (-1,-1) into polar coordinates.

Solution: (a) (z,7) = (2, —2v/3).
(b) r = /22 +y2 = /2, tanf = 4 = 1. Since the point is in the third quadrant, the

5m

actual angle is, § = 7 + 7 = =

Polar curves

19



The graph of polar equation r = f(f), or more generally F(r,0) = 0, consists of all
points P(r,0) whose coordinates satisfy the equation. To sketch the graph, basically we
need to combine

r=f(0), x=rcosb y=rsinb.

Some special cases:

e § = «: This is a line that goes through the origin and makes an angle of o with the

positive x-axis.

e rcosf = a: This is equivalent to x = a.

rsin @ = b: This is equivalent to y = b.

e r = a: A circle of radius a centered at the origin.

e r =2acosf: A circle of radius |a| and center (a,0).

e = 2bsin@: A circle of radius |b| and center (0,b).

e r =2acosf+ 2bsinf: A circle of radius r = \/ﬁy2 and center (a,b).

Example 54

roos@=4

T T T T T

o
-
i /
IS /
1] J
o
i)

r:= =Tsng

Remark. In the third graph we have an inner loop. To get this, we need to know the value

of 6 for which the graph will pass through the origin:
2+44cosf =0,= cosf = —0.5,= 0 =2n/3,47/3.

Proposition 1 Suppose a polar curve is defined by f(r,0) = 0.
1. If f(r,—0) = f(r,0), the graph is symmetric about the polar axis.
2. If f(—r,0) = f(r,0), the graph is symmetric about the origin.
8. 1If f(r,m—0) = f(r,0), the graph is symmetric about the line § = 7.

20



et sl r=2+4cos@
- .
: P 4 —
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10.4 Areas and Lengths in Polar Coordinates

Area

As we know, the area of a sector with radius r and angle 6 is

0 1
A:7T7“2%:§7’29.

This implies that the area of the following polar region bounded by r = f(), between § = «

and 0 = (a < B) is:
71
A:/a 57 do.

r:f(S)

Example 55 Find the area of the inner loop of r =2 + 4 cosf.
Solution: Let r = 0 we have:
2+4+4cosh =0,= cosd = —0.5,= 0 = 2r /3,47 /3.

21



So the inner loop is bounded by r = 2 + 4 cos§ and between 6 = 27/3 and 47/3. Thus

B8 1 47 /3 1
A= / —r?df = / —(2 + 4cos6)2db.
fe! 2 2m/3

4m/3
= / (6 4 8 cos @ + 4 cos(20)]df = 47 — 6+/3.
2m/3

Now we consider a more general polar region:
a=g

r,=g(&)

ri:fl[g)

The area of the shaded part will be :

A1
A:/ Q(rg—rf)de.

Example 56 Find the area of the part outside the cardioid r = 1 + sin @, inside the circle

r = 3sinf.
ff_'“‘_hﬁ‘\“"\.
l'-__'_._‘--\'l
d=3x/6 S B=7/6 R

Solution: First find intersections: 1+ sinf = 3sinf = sinf = 1/2 = 0 = /6, 57/6.
B 1 5m/6 1
A= / —(rg —r3)d = / ~[(3sin8)* — (1 + sin)?]df = .
o 2 /6 2
Example 57 Find the area of the part outside the cardioid r = 3+ 2sin 0, inside the circle
r=2.
Solution: First find intersections: 3+ 2sinf =2 = sinf = —1/2 = 0 = 77/6, 117 /6.

A1 117/6 11
A=/ —(r%—r?)cw:/ —[(2)2—(3+251n9)2]d6:—\/§_7_7T_
o 2 /e 2 2 3
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Arc length

Now we are going to find the formula for the arc length of the arc r = f(#), between
0 =« and 8 =5 (a < ). Note that

x=rcosf = f(f)cosf,y =rsinf = f(0)sinf,=

()2 + () = () + 72,

-/ " St o = / )

Example 58 Find the length of the spiralr =60, 0 <6 < 1.

Thus

Solution:
B 1
L = / \/(7’/9)2+T2d¢9:/ V6% + 1d6
a 0
w/4
= / sec® xdr, 0 =tanx,df = sec’® xdx
0

- 1
= (secztanz + In|secx + tanz|)|]/* = 5(\/54- In(1 4 v2).

Example 59 Find the length of the cardioid r =1+ sinf, 0 < 0 < 2.

Solution:

B 27
L = / r! 2+r2d9:/ 2(sinf + 1)do
) \/ (75) i V' 2( )

2
= \/5/ |sin§+cos§|d9=2\/§/ | sinp + cospldp, ©=10/2
0 0

3m/4 ™
= 2\/5/ (sin ¢ + cos p)dp — 2v/2 (sin ¢ + cos @)dp
0 3m/4

= &
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11.1 Sequences

Sequence:

a1,092,...,0p, ...

ay,, is the nth term. If lim,,_., a, exists, then we say the sequence converges. Otherwise, we

say the sequence diverges.

Example. The sequence {1“7”} is convergent.

Solution: 1 . .
T P L S PRY
n—oo M r—0o00 I T—00 1

Example. The sequence {\/n2 +3n—1—+/n2— 1} converges to %
Example. The sequence {cosn} is divergent; {arctan(—n)} converges to —7.

Example.

o {o, 7| < 1;
lim " =

n—00 oo, |r|>1.

)"} is convergent, but the sequence {(3)"} is divergent.

Thus the sequence { (3

Property: If a,, = f(n) and lim f(z) = L, then lim a, = L.
T—>00 n—oo
Properties: Let {a,} and {b,} be convergent, ¢,d € R.
1. lim (ca, + db,) = ¢ lim a, + d lim b,.
n—00 n—00 n—00
2 g onbn) = (g, an) (50, 50)
lim ap

3. lim % = 22=_ if lim b, # 0.
n—oo

b lim b
n—oo " n—oo

4. lim a? = (lim a,)?, if a, > 0 and p > 0.

5. If lim |a,| =0, then lim a, = 0.
n—oo n—oo

Squeeze Theorem: If a, < b, < ¢, and lim a, = lim ¢, = L, then lim b, = L.
n—00 n—00 n—r00

cosn

- } converges 0.

Example. {
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Bounded above: q, < M for all n.

Bounded below: a, > m for all n.

Bound and Convergence: A convergent sequence is bounded.

Monotonic Sequence Theorem: Every bounded monotonic sequence is convergent.

Example. Given the sequence {a,}: a1 = 2, ay41 = 3(a, + 6).
(a) Show that the sequence is increasing and bounded above.

Solution: (i) We will show that a,, < 6 by induction: Note that a; < 6. Assume that
an < 6. Then a,41 = 3(a, +6) < (6 +6) = 6.
(i) apy1 —a, =3 — %an >3- g = (. Thus the sequence is increasing. (b) Find the limit

of the sequence.

Solution: By Monotonic Sequence Theorem, the sequence is convergent. Let the limit
be L. Then by the recursive relation, L = (L + 6) = L = 6.

Example. a, = 57 is decreasing, and 0 < a, <1 for any n.
To check it, let f(z) = Then f/(z) = 27225 < 0 when z > 1. Hence f(z) is

_z
x3+1° (z3+41)
decreasing when z > 1.

11.2 Series

A basic fact is
lim " =0<|r| < 1.

n—oo
The sum ™7, a; = a1 + as + a3 + ... is called infinite series.

Partial sum: .

Sn = Z(Ij.

j=1

Then

n—oo

Y aj=S5« lim S, =S.
7=1

_a_

e Geometric series: if [r| < 1 then z;‘;l ar’t = 4.
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k —
* n(n+k)

1

n+k”

S

Harmonic series Y22, + is divergent.

Divergence Test: If lim,,_, a, # 0, then Zj‘;l a; is divergent.

Z] 1(C%+db)—CZ] 1a3+d23 1 0

Example. Determine if the series converges or diverges:
o0 22n+2

<a) Z 3n+1
n=0
(b) 2701021 3n+1272n‘
(0) oy Sk,
(d) X0 e
Solution:(a)
22n+2

oo 4 n+1
Z gntl _Z g+l —~ (g) :

It is a geometric series with ratio r = 4 / 3 > 1. Therefore it is divergent.

(b) We have

i3n+122n — iB .3y — 3i (Z)n
n=1 n=1 n=1

This series is a geometric series with first term ¢ = 9/4 and common ratio r = 3/4. Since

|| < 1, the series converges and we have

Yogrtign= L 94 _y,

1—r 1/4
(c) Divergent by Divergence Test.
(d)
- 1 =1/ 1 1 1/1 1 1 1 1 1 5
> 3! CRE e R
—~ (n+1)(n+3) “=2\n+l1 n+3 2\2 4 3 5 4 6 12

11.3 The Integral Test and Estimates of Sums
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Integral test: If f(z) is continuous, positive, decreasing, f(j) = a;, then

o0 00
Z a; is convergent < / f(x)dx is convergent.
=1 !

lnn
Then f(x) > 0 for z > 3. Since

Example. Determine if the series converges or diverges E
="

Sol: We use Integral Test. Let f(z) = (1nx)3

—3[(Inz)? + 3(Inz)?]

22(In z)¢ ’

fla) =

f(z) is decreasing. By substitution with u = Inz, we have

/OO k dr = li 3 d

———dr = lim | ———=dx

3 o(lnx)? b—oo fJ3 x(Inx)d
Inb 3

= lim —Sdu
b—o00 In3 u

31y

=303

Hence it is convergent.

Example. Show that the series Z — diverges.

The p—series: Z — 18 convergent if p > 1 and divergent if p < 1.

Example. For what value of p is the series

o0

>

n=1

convergent?

Solution:

00 00 1 —p+1
p—1 _ - )
> =2 ()

Hence, if —p+1 > 1, i.e., p < 0, then the series is convergent.

Remainder estimate: Let R, = Z;’o ni1 @j- Then

/Oo f(r)dz < R, < /Oo fx)dx
nt1 n
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Example. (1) Estimate the error if we use the sum of the first 10 terms to approximate

o0

2

3°
n
n=1

What is the estimated sum? Give an interval to the sum.

(2) Find the smallest n such that .S, is within 0.000001 of the sum.
Solution. (1) Let f(z) = 2. Then

/1100 flz)dr < Ryp < /100 f(z)dz,=

0

1
1 < Ry < 102
10 2
Sio = Zlﬁ = 2.395

2.395 —0.01 <5 <2395+ 0.01.

11
R, < —.,= —5 < 0.000001, = n > 1000,
n n

1000

11.4 The Comparison Tests

Comparison test: if 0 < a; < b;, then

oo oo
E b; is convergent = E a; 1s convergent.

=1 j=1
oo oo
Z a; is divergent = Z b; is divergent.
Jj=1 Jj=1

oo 1

Example. Determine if the series converges or diverges > >~ OB

Solution: By Comparison test,

n=1 n2

0<> >, m <3 L < oo (p-series, p =2 > 1), so convergent.
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The Limit Comparison test: Suppose that a; > 0 and b; > 0 for any j, and

. a;
lim -2 =¢> 0.
Jj—00 i

Then either both Z;’il a; and Z;’il b; are convergent or both diverge.

Example. Determine if the following series is convergent or divergent:

. 3n3+2n+1

=
— Indyn+1
Solution. Note that
3n3+2n+1 3n? 1
Ap = ~ = .
In3y/n+1 In/n  3yn
Let
_ I
"= T e
Then -
> bn
n=1
is divergent by p-series test with p = 1/2. Since
I an, 1
im — =
n—oo b, 3’

the given series is divergent by Limit Comparison Test.

11.5 Alternating Series

1. Alternating series Test: The alternating series > (—1)77'b; is convergent if
1. bj >0

2. b; decreasing (by > by > b3 > --+)
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For the alternating series, we can estimate the remainder by using the following inequality
|Rn| S bn+1-

Example. Test the series Zzozl(—l)"ﬂ#ﬁ“ for convergence or divergence.

Solution: This is an alternating series. Let b,, = n21t11+2' Then
1) limy, 00 by, = 0;
x4+l
2) Let f(r) = 757 for ¥ > 1, then
—z? — 2
() = ————= < 0.
f@) = oy

Therefore f(z) decreases for « > 1. In particular,

f(n) > f(n+1)

for all positive integer n. Hence b,, decreases.

By the Alternating Series Test, the series converges.

11.6 Absolute Convergence and the Ratio and Root
Tests

1. Absolute and Conditional Convergence If the series Z;’;l |a;| is convergent, then we
say that ) 77| a; is absolutely convergent; If the series ) % a; is convergent, but > 2 |a;|

is divergent, then we say that Z;; a; is conditionally convergent.

Property:
Z laj| is convergent = Z a; is convergent.
j=1 j=1
Example. Determine whether the series is absolutely convergent: Z;’Oﬂ(—l)"fln;ﬂ;r
Solution:
= ne1 N +2 = n+2
3] UL ) i
vt n®+n+1 —n°+n+l
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Note that
n 4+ 2 S n 1

n2+n-+1-3n2 3n

=1
25

n=1

The series

is divergent (the harmonic series), by Comparison Theorem, the original series is not abso-

lutely convergent.

By Alternating Series Test, the series is convergent, therefore the series is conditionally

convergent.

n—1 cos(5n)

Example. Show that the series is absolutely convergent: » 7% (—1)""! 2220,

2. Ratio test: Consider the series Z;’il a;, with lim;_, |“;+_1| = L.
J

o If L < 1, then the series is absolutely convergent;
o If I > 1, then the series is divergent.
e If L =1, then the test is inconclusive.

nl
n

Example. Test the series > > | =

Solution: Let a, = ,% Then

a n " 1
"+1:( ) N
an, n+1 e

By the Ratio Test, the series converges.

for convergence or divergence.

3. Root test: Consider the series 220:1 a,, with lim,,_,. {‘/]a_n| = L.
o If I < 1, then the series is absolutely convergent;
o If L > 1, then the series is divergent.
e If I =1, then the test is inconclusive.

Example. Test the series Y > Z—Z for convergence or divergence.
Solution: lim,, . {/]a,| = 0 < 1. By the Root Test, the series converges.

Example. Show that the series >~ % is convergence.
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Solution: lim,, o /|a,| = 2e++1 = % < 1. By the Root Test, the series converges.

11.8 Power Series

Definition. The series Y~ ¢,(z — a)" is called power series, a is called the center. There
exists R > 0 such that the series is convergent in |z — a| < R and divergent in |z — a| > R.
R is called radius of convergence.

e Radius of convergence: Using Ratio Test to find R.

e Interval of convergence I: Symmetric to the center a, with two end points a — R and
a+ R. The convergence or divergence at the two end pointszt =a— Rand z =a+ R
should be checked.

e —1\" — 1)
Example. Find the radius and interval of convergence of Z (=1) (g ) .
n n
n=1
Sol: We use Ratio Test.
" -1 n+1 _1n+1 —1) — 1) 1
lim |22 = (D@ Mf il (‘”n L S Y
1
=_lzr—1] = L.
5
When L < 1, we have |x — 1] < 5. Hence
R =5,
and —4 < z < 6.
When z = —4,
SR I S o
— nb" — n 5" — n’
which is divergent (Harmonic series).
When x = 6,
NGRS G Y CER Vi - 1
= = —1 n_



which is convergent by Alternating Series Test. Therefore,
I = (—4,6].

Example. Find the radius and interval of convergence of the following power series:

i 2x—

n=1

Solution: Let

2 —
o (2=3)
n2
Then | | )
. Ap+1 n
| = (22 — 3)| = |20 — 3.
s oo |an| Ny o0 (n—|—1)2 |( X )| |$ |

By Ratio Test, |2z — 3| < 1, i.e., |xt — 1.5] < 0.5. Therefore R =0.5 and 1 < z < 2.

When z =1,

3

o0 o0
POE A St

712
n=1 n=1

which is convergent by Alternating Series Test.

When z = 2,
(22 -3)" =1
P e D Db
n=1 n=1

which is convergent by p—Series Test. Therefore,

I=11,2].
Example. Find the radius and interval of convergence of Z g
n n
n=1
Sol: We use Ratio Test.
. An+1 3
1 = = -1

1
= —|z — 1.
By Ratio Test, we have |z — 1> < 8, i.e., |x — 1] < 2. Hence
R=2and —-1<x<3.

When z = —1,




which is divergent (Harmonic series).

When x = 3,
> EEE S o

n=1 n=1

which is convergent by Alternating Series Test. Therefore,

[=(-1,3].

11.9 Representations of Functions as Power Series

e Basic result:

1 =
1_x:Zx, lz| < 1.
n=0

e Term-by-term differentiation: If

flz) =) culz —a)",

n=0
then

F(w) = 3 neale —a)

and f and f’ have the same radius of convergence.

e Term-by-term integration: If

fla) =) culz —a)",

then

— n-+1

/f(x)dx:C—i-Z Cn (z —a)",

and f and [ fdz have the same radius of convergence.
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Example. Represent the following functions as power series and determine the domain of

the series.
() 5 = Zomeo(=D)"a™, |z < 1.

() b = ok = o207 = S0y -t < L

) Z =
(iii> % - 2333 1+2z 3 Zn 0( ) Zflo 0( 1)n2” (‘r)nH'

To find the domain,

Method 1: This series is convergent when | — 2x| < 1, which is |z| < 0.5. So [ =
(—0.5,0.5).

Method 2: Let a, = (—1)"3-(2)"**. Then

_1)nt+1 ontl )4
L= lim |2 = lim (=1) 2 (z) = 2|z|.
n—oo | Ay, n—00 (—1)”?<x>”+3

By the Ratio Test, when L < 1, we have 2|z| < 1, |z| < 0.5. Hence R = 0.5. When
x = =£0.5, (—1)"Z (2)"™* 4 0, the series diverge. So I = (—0.5,0.5).

Example. Represent the following functions as power series and determine the domain of
the series.

() /(2) = e

o0

1 d -1 >
(- ™!, —l<az<1.
(1+x)? dx(1+x Z )" nat *

(i) f(2) = i

Example. Represent the following functions as power series and determine the domain of

n=0 n=1

the series.
(i) f(z) =In(1 + x).
Solution: In(l1+2x)=x— %2 + w—; — ., R=1.1=(-1,1].
(i) f(x) = arctanz.
Solution:
1 = n,.2n
arctanm:/l_{_xde:/(nz%(—l) a™")dx
3 5 o7
=C ——4+—=——-——=+.., R=1
+ 3 + 5 - + .
Note that C' = arctan 0 = 0, we have
¢ A 1<z<1
arctanr =r— — 4+ — — —+ ..., — x )
3 5 7 ’ -
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Remark. It’s difficult to check the two end-points.
Example. (i) Represent f 1Jr%da: as power series and use it to approximate foo
correct to within 0.00001.

——dz

1+z3

Example. Represent ia’

as a power series.

Solution:
3r—1 2 1 >
= = 2(—1)" — 1]z™.
2 —1 l’+1+l‘—1 ;[( ) |2

Example. Represent % as a power series, centered at 1.
Solution:

i z—1)" Jr—1 <1

n=0

11.10 Taylor and MacLaurin Series
e Taylor series for f(x) at the center a:

if

n=0

(n)
(x—a)";

e Maclaurin series for f(x) = Taylor series for f(z) at the center 0:

b f(n)(o)

e Taylor polynomial:

x—a’.

-y

=0

f (@) = To(x).
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Taylor’s inequality: If |f™+1)(2)| < M for |z — a| < d, then on |z — a| < d,

M ntl
| R ()] = [f(x) = Tulz)] < mlx —a|""

Taylor Theorem: If f(x) = T,(x) + R,(z), and lim R,(x) =0 for |z — a| < R, then
n—oo
f(z) is equal to its Taylor series for |x — a| < R. To this end, the following result is

useful:

Series for composite functions;

Multiplication and division of power series.

Maclaurin series for some special functions

Example. Maclaurin series for some special functions:
2 3
xr __ X X X B .
e"=1+H+5+5+..., R=o00;

3 5

sinr =z — 5 + 5 — ..., R = o0;
— 1z gt R = oo
cosr =1— 5+ 55 — ..., v =00
2 3
n(l+z)=0—-5+%—...,R=1,
I3 SCS SC7
arctanz =r — T + %L — % +..., R=1

Series for composite functions

Example. Maclaurin series:

(i) e**, sin(z?).

sinx  sindzx
_|_

e =1-+sinx + 5 30




2

:1+x+%+0$3+...

Binomial series
If k£ is a real number and |z| < 1, then
2!

<k>_k%—1y~%—n+w (k)_l
n | n! ’ o)

Application: Let f(x) = (1 + z)*, then

k(k—1 = [ k
(1+x)k:1+kas+gas2+---=z< )x”
n

here

Example. Maclauring series for f(x) = v/1 + .

Solution:

. 1 2 2.5 2-5-8
3 _ 4 9 49 3 4
\/1+x—1+3x 322!1: +333!I T T+

Example. Let f(z) = v/1 + 22. Evaluate f®(0).
Solution. Use the binomial series to find the Maclaurin series of f(x).

Hence

So f®(0) = —0.8064.

Taylor series at other centers
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Example. Find the Taylor series for f(z) = sinx at the center z = .

Multiplication and division of Taylor series

Example. Evaluate
efsinx —x

1
=z+2’+ 5333 +
Therefore )
efsinx —x 1
:)32 =1 + 5.73 -+

Example. Let
f(x) = / t3e3tdt
0
(a) Find the Maclaurin series of the function f.

(b) Find the radius of the series in (a).

Solution: a)

t3 637& Z

n

Z 3" tn+3

n=0 n! n= 0
Hence
/ tn+3dt
3n tn+4
— tn+3dt T
Z/ n' n' n + 4 0
|
“— nl(n +4)

b)

3(n+4)
(n+1)(n+5)

|ant1/an| = jz[ =0

as n — 0o. Therefore R = oo.
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Example. Find the first 5 non-zero terms in the Maclaurin series for e cos(3x).

Solution. Note that

P14 ¥ N A
e’ = +-Ii+'§T‘+'§i+-ZT—FEi-+.“

2 ozt S

COS$:1_§+I_E+W

Hence
(32)*  (3x)'  (32)°

cos(3z) =1— 5 + TR + ...

We have ) 5 .
x x

T
. =1 —+ =+ =+ ...
e” cos(3x) +:1:—|—2—|—6—|—24+

1 9 1 9 1 9 27
—1 A P B G ST G AL AT
+:1:+(2 2);15 +(6 2):U ~|—(24 4~|—8)x+
7 4

13
=1 —4p? — =34 =
+x T 3:1; +6:17+

Example. Find the first 3 non-zero terms in the Maclaurin series for tan x.
Solution: tanz =z + %x?’ + %az5 + ...
Applications of Taylor series.

Example.
1 1 1 T

l—-4+-——+...=—.
3 i 5 7 * 4
Example. Calculate the sum of the following series, given that it is a known series evaluated

at a certain value of z:

1 1 n 1 1 . 1
4.2l 16 - 4! 64-6! 256 - 8!
Sol:
1 1 1 1

1 — — ...
4-2!+16'4! 64~6!+256~8!
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1 12+1 N 1 16+1 AN
B 21\ 2 41\ 2 6! \ 2 8\ 2
1

= COS —.

2
Taylor polynomials and approximations

Taylor polynomial of degree n approximating f(x) for = at a:

f//(a)
2!

f"(a)

n!

f(a) = By(x) = f(a) + f'(a)(z —a) + (@ —a)+..+

If n = 1, we have the linear approximation.

(x —a)".

Example. Taylor polynomials of f(z) =sinz at 2 = 0:

Pi(x) = f(a) + f'(a)(x —a) = f(0) + f'(0)(x — 0) =sin0 + (cos 0)z = ,

Pia) = 1o+ @) =a)+ T o o) = sin0 (coso)e Tt S
x3
7

Example. Let f(z) be a function such that

1

£ = 0,7(1) = 5. 7(1) = 15, 7"(1) = 52,

Estimate f(1.15) using the Taylor expansion with order 3.

3 n
F(1.15) & T3(1.15) = > A )'(1) (1.15 — 1)" = 0.0311475

S

Error in Taylor polynomial approximation: Let P,(x) be the Taylor approximation
of f(z) at x = a, then Taylor’s inequality (The Lagrange Error Bound): If | f"*V(z)| < M
for |x —a| < d, then on |z —a| < d,

Iﬁmﬂszf—&mﬂs—ﬂifu—awk

Example. Give a bound on the error Ej; to the function e?* about 0 for —1 < z < 1.

Sol: Let f(x) = e*.
) (20)°

Py(x) =1+ (2z) +

2! 3!
f(3+1)(a:) _ f(4)(x) — 94 |f(3+1)(a:)| < 16¢2, 2] < 1.
_ ’f(sﬂ)(x)’ 3+1 16¢? 341 _ o 2
|E3(l‘>|—|f<$)—P3(?L‘)|SW|;E—O| STl = 2e /3
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