SECTION 2.7

13. Assume that dT/dt = k(T — 10) so that T = 10 + ce**. If T(0) = 70° and T(1/2) = 50° then ¢ = 60 and
k= 2In(2/3) so that T(1) = 36.67°. If T'(¢) = 15° then ¢ = 3.06 minutes.
17. Using separation of variables to solve dT'/dt = k(T — T,,) we get T(t) = Ty, 4+ ce**. Using T(0) = 70 we find
€ =70 —Tm, 50 T(t) = Trn + (70 — Tpn)e**. Using the given observations, we obtain
T(%) =T + (70 = T, )e/? = 110
T(1) =Ty, + (70 — T, )eF = 145.

Then, from the first equation, e*/? = (110 — T,,) /(70 — T,,) and

& = (1) = (110 —'Tm)z 145 — T,

0-1T,, 0-1T,,
(110-T,.)2 _
12100 — 220T,, + T2 = 10150 — 2507, + T2
T, = 390.

The temperature in the oven is 390°.
SECTION 2.8

13. (a) Separating variables and integrating gives
6h*/2dh = -5t and sz = -5t +c.
)

Using A(0) = 20 we find ¢ = 1920y/5, so the solution of the initial-value problem is h(t) = (800v/5— 2t) 25,
Solving h(t) = 0 we see that the tank empties in 384y/F seconds or 14.31 minutes.

(b) When the height of the water is h, the radius of the top of the water is r = htan30° = h/v3 and
Ay = 7h?* /3. The differential equation is

dh A (2/12)2 2
W e fagh = —062 2 R = 2
a A, ThZ/3 e

Separating variables and integrating gives
5h*2dh = —2dt and 2h%% = -2t +c.

Using i(0) = 9 we find ¢ = 486, so the solution of the initial-value problem is h(t) = (243 — ¢)3/*. Solving
h(t) =0 we see that the tank empties in 24.3 seconds or 4.05 minutes.



14. When the height of the water 1s h, the radius of the top of the water is %{20 — h) and
Ay = 47(20 — h)?/25. The differential equation is

oy 2
dh — _Cﬂ, /2gh = _n,gw\z‘am _ 2 vh

dt A, 47(20 — h)2 /25 CB(20—h)?
Separating variables and integrating we have
(20 — h)? 2

5 80 y 5
dh=—=dt and 800Vh— —h*? 4+ Zp*2=_"t4e¢
7 5 an 3 + 5 G +c

Using h(0) = 20 we find ¢ = 2560+/5/3, so an implicit solution of the initial-value problem is
252 5, 2560‘4’3_

5 6 3

To find the time it takes the tank to empty we set h = 0 and solve for t. The tank empties in 1024+/F seconds

800vH — %hm +

or 38.16 minutes. Thus, the tank empties more slowly when the base of the cone is on the bottom.

20. (a) Solving r* + (10 — h)* = 10® for v we see that r* = 20h — h?. Combining the rate of input of water, 7,
with the rate of output due to evaporation, krr? = kx(20h —h?), we have dV /dt = 7 — kx(20h — h?). Using
V = 10xh? — I7h®, we see also that dV/dt = (20wh — wh?®)dh/dt. Thus,

dh dh 1 —20kh + kh?
—_— 2 — = T — KT —_— 2 — T ——————————
(20mh — wh=) rrimi km(20h — h=) and = T

(b) Letting k = 1/100, separating variables and integrating (with the help
of a CAS), we get 10
100h(h —20) . 100(h* — 10k 4 100) 8
= 10)2 dh =dt and - =t+c
Using h{0) = 0 we find ¢ = 1000, and solving for h we get hit) =
0.005(+/t% + 4000¢ —t ), where the positive square root is chosen because 4
h =0,
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c) The volume of the tank is ¥V = 2x(10)? feet, so at a rate of 7 cubic feet per minute, the tank will fill in
3
%{10)3 7= 666.67 minutes ~ 11.11 hours.

(d) At 666.67 minutes, the depth of the water is h{666.67) = 5.486 feet. From the graph in (b) we suspect that
lim; ... k(t) = 10, in which case the tank will never completely fill. To prove this we compute the limit of
h(t):

2 + 4000t — ¢2
. _ . 2 _ — t 1 -
111.1-2;. hit) = 0.005 Lli.n;;.(vt + 4000¢ t) 0.005 11_1.1& o001
4000¢ 4000
= 0.005 lim 005 —— = 0.005(2000) = 10.

—_— =
t—oo /1 + 4000/t + ¢ 1+1



