Chapter 2 IT IS 1P97
· Basic terms
· experiment (or sample) - activity that results in outcome.
· outcome - result of experiment.
· sample space - all possible outcomes of experiment.
· event - a collection of outcomes
	Prescriptive
	Descriptive

	· Find the best or optimal solution
· Enumeration
· Algorithm

	· Characterize things as they are
· Investigate outcomes and consequences
· Predict the behaviour of systems in certain situations
· Solutions are not necessarily optimal
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	Data Collection
General Data Collection consists of three segments
· First there is the issue of interest, such as the seniority of a group, to determine this you need a variable
· Lastly you need to collect the data, or observations
· Cross sectional, all the data was collected for the same time period of interest
· Nominal are groups associated with a name
· Ordinal ranks groups in order

Descriptive Statistics
· Most common is the mean, which is the average or center
· Variance or the spread of data
· [image: ]
E= the summation of what follows over all values of the subscript
Xi = the value of the ith data item in the population
N= number of data items in the population
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Mean of a sample
Standard Deviation
σ2 = Σ ( Xi - μ )2 / N

Population
s2 = Σ ( xi - x )2 / ( n - 1 )

STD DEVIATION IS THE SQRT
Mean: =AVERAGE
Median: = MEDIAN
Mode: =MODE
Population Variance: =VARP
Population Standard Deviation: =STDEVP
Sample Variance: =VAR
Sample Standard Dev: =STDEV
Statistical Displays:
Categorical Data = Bar charts are most useful
Nominal Categorical Data = Pareto Chart
Discrete Data is COUNTED
Continuous Data is MEASURED
Probability & Random Variables
· Subjective Probability
· Logical Probability
· Experimental Probability
Subjective: Is based on individual information and belief
Logical: Is based on physical phenomena and on symmetry of events. For e.g the probability of drawing a three of hears from a standard 52 card playing deck is 1/52.
Experimental Probability: Based on the frequency of occurrence of events in trial situations. Both logical and experimental probabilities are reffered to as objective probability.

Event Relationships and Probability Laws
1. Independent Events : Events are independent if the occurrence of one does not affect the occurrence of the others.
2. Dependent Events: Events are dependent if the occurrence of one affects the probability of occurrence of other.
3. Mutually Exclusive Events: If the occurrence of one precludes the occurrence of the other. For e.g a boy or a girl born
4. Collectively Exhaustive Events: If any one trial at least one of them must occur. For example rolling a dice
5. Comlements Law: If the probability of an event not occurring is known as say p, then the probability of the event occurring is 1-p.

If two events are mutually exclusive P(A and B) = 0
P (A and B) Is the joint probability of a And B

If (A and B) are not mutually exclusive then we can also define the conditional probability of A given that B has already occurred, or the conditional probability of B given that A has already occurred. These probabilities are writted as P(A|B) or P(B|A)
The Multiplication Rule(Not Mutually Exclusive)
Dependent ( Without replacement)
P (A And B)= P(A) * P (B|A) or P(B) * P(A|B)
For e.g the probability of drawing a 3 and a 5 from a deck of cards without replacement would be
	P(3 and 5) = P(3) * P(5|3) = P(5) * P(3|5)
	= 4/52 * 4/51 = 0.0060
independent ( With Replacement)
If events are independent then P (B|A) or P(A|B) are equal to P(B) and P(A), respectively and therefore the joint probability is given by P( A and B) = P(a) * P(b)

P(A|B) = P(A AND B)/ P(B)
P(B|A) = P(A And B)/ P(A)
E.g The probability of a drawn card being  a 3 , knowing that a hear was drawn would be
P(3|H) = P( H and 3)/P(H)
= 1/52)/(13/52)
P(H|3) = P(3 and H)/P(3)
=(1/52)/(4/52)
= ¼
The additional Rule – used to compute the probability of the union of two events.
The probability of A or B is given by
P(A or B) = P(A) + P(B) – P(A and B)
If the event is mutually exhaustive P(A or B) =1

Probability Distributions
- For a discrete random variable x, the distribution of the probabilities over all the values of x is determined from a probability function, denoted by f(x). 
	x
	F(X)

	1
	1/21

	2
	2/21

	3
	3/21

	4
	4/21

	5
	5/21

	6
	6/2




The sum of the probabilities is 21/21=1 which it MUST be
The function for this distribution would be simply f(x)=x/21

When we wish to determine the average value, or mean, of a random variable, we call it the expected value E(x) to indicate we are dealing now with probabilities.
	[image: ]
For e.g the expected value of a roll of a fair die would be 1*(1/6) + 2(1/6)+3*(1/6)+4*(1/6)+5*(1/6)+ 6*(1/6)=3.5
Similarly the variance of the random variable is given by
[image: ]
Common Probability Distributions
Discrete Distributions: Can only take certain specific numerical values such as integer numbers.
Continuous: Can take an value within a specified interval
Binomial (Discrete)
Poisson(Discrete)
Exponential(Continuous)
Normal (Continuous)
Student t (continuous

Binomial Distribution
A discrete distribution representing situations where there is a sequence of n independent but identical events resulting in only one of two possible outcomes such as success or failure.
· Probability of success is labeled as P
· Probability of failure is 1-p
[image: ]
Where n! means n(n-1)(n-2)…..1(e.g. 4! 4(3)(2)(1)=24) and the term f(x) is the probability there will be x successes in the n trials.
	=BINOMDIST(# of successes, number of independent trials, the probability of success, cumulative)
The Poisson Distribution
· Another discrete probability distribution
· Describes situations where there is a succession of events happening over some interval, such as the number items sold per day/
· Events occur individually, or one at a time, and their timing or spacing is unpredictable.
· The occurrence of an event in one interval is independent of the occurrence of events in another interval of equal length.
· There is no upper limit on the possible number of occurrences in an interval
The number of occurrences per interval is labeled as λ
The probability function for the Poisson Distribution
 F(x) = e-λλxx!
Where e= 2.71828 ( the base of natural log) 
And the term f(x) is the probability there will be x occurrences in the interval
=POISSON(number of occurrences, average number of occurrences, cumulative)
x = number of times an event occurs, while the second parameter corresponds to λ, the average or expected number of occurrences per interval.
The Exponential Distribution
· The exponential distribution is a continuous distribution for events that occur randomly over some continuous interval. It is the inverse of the Poisson in the sense that if a random variable x has a Poisson distribution, than 1/x has an exponential distribution.
· Describes the length of an interval between events in situations where there is a succession of independent, random events occurring.
For e.g if the number of arrivals at an atm follows a Poisson Distribution with a mean of 0.1 hours, or 6 minutes. 
· Events occur individually, or one at a time, their timing or spacing is unpredictable, the occurrence of an event in one interval is independent of the occurrence of events in another interval of equal length, there is no upper limit on the possible number of occurrences in an interval.
· Eg. The length of time between customer arrivals at a store or the length of a production run until a failure.
The average interval between occurrences is 1/λ and the probability density function is
F(x) = e-λxλ
X= interval of interest
E=2.71828
-Because we are no longer dealing with a discrete distribution, f(x) no longer gives probability at an exact interval
- Gives the relative height, or density fo the function at the value x.
	- Determined by the area between two values x1 and x2.
	 EXPONDIST(x,λ, cumulative)
	X= time interval
	λ= average number of occurrences per interval
	Most of the time it IS cumulative
Normal Distribution
· Continuous
· Used to describe, amount of rainfall in a season, dimensions of standard items, the times to do standard tasks.
· Characterizes the averages of samples of random variables selected from any distribution
· Most commonly used
· Requires 2 paramaters μ, and standard deviation σ
· Bell shaped, symmetrical
· As the mean changes, the location of the distribution changes on the horizontal axis.
· As the standard deviation increases, the curve spreads out further around the mean
The probability density function of the normal distribution is
[image: ]
A normal distribution whose mean is zero and whose standard deviation is one is called a standard normal distribution and is particulatly useful for determining the probability of events occurring between two values of x.

	=NORMDIST(x,μ,σ, cumulative)
	Returns the cumulative probability for specified values x


	=NORMDIST(z)
	Returns the cumulative probability of z

	NORMINV(probability , μ,σ)
	Returns the x value for the given probability , mean and standard deviation specified

	NORMSINV(probability)
	Returns the z value from the standard normal distribution



· To convert to a standard normal distribution with random variable z
Z= (x-μ)/σ
With Excel
=STANDARDIZE(x,μ,σ)

	The t Distribution
· Used to determine confidence intervals when the population standard deviation is unknown and the number of data observations is small, usually less than 30.
· Almost exactly the same as normal distribution
Distribution of Sample Statistics
-The sampling distribution of the mean: the distribution of sample means for samples of size n= mean of population samples
- Standard error of the mean – standard deviation of the distribution = the population standard deviation divided by the square root of the sample size which is σ/√n.
- The larger the sampling size, the smaller the standard error of the mean
Chi-Square Goodness of Fit Test
	Value on Die
	1
	2
	3
	4
	5
	6

	Observed Frequency.fo
	6
	3
	3
	6
	9
	3

	Expected Frequency, fe
	5
	5
	5
	5
	5
	5


Each fe must be atleast 5, so we must do 5*6=30 tosses
Χ2=Σ(fo-fe)2/fe
(6-5)2/5+(3-5)2/5……..=6.0
If the die was fair the result would be zero. However it was 6.0 so it is loaded.

Critical Value
1. Significance level we desire for the rest α = 0.05
2. Number of degrees of freedom(number of cells used in the test)
Since only 5 of the events were independent the degree of freedom is 5
=CHIINV(0.05,5)
 Since our chi-square value of 6 is less than the critical value of 11.07, we cannot reject the hypothesis the die is fair.

	Distribution 
	# of Parameters, Paramaters

	Binomial
	ρ

	Poisson
	λ 

	Exponential
	λ 

	Normal
	μ,σ, plus cells so -3


Point and Interval estimation
-Estimators will be unbiased
-The expected value of the estimator should equal the population mean
- Median and Mode are biased estimators of exponential distribution
- The standard deviation of the distribution of medians is equal to σ√π/2n
- Sample mean is a more efficient 
Interval Estimator of The Mean
Confidence Interval Formula :
-Degress of freedom = n-1
t Distribution is calculated
[image: ]
=TINV(1-α,degrees of freedom)
Returns values based on the assumption that the rejection region consists of both upper and lower regions, therefore the t values corresponds to α/2 .
[image: ]
Use ROUNDUP to get the right critical calue

Interval Estimation and Determination of Sample Size for a Proportion
· Find the proportion of time 2 or 3 customers are waiting for service.
· An unbiased estimator of p is the sample proportion bar of p = x/n.


	Hypothesis Testing
· opposite of estimating confidence interval
· First develop the hypothesis we wish to test , null hypothesis designated H0
· The alternative that we suspect is actually true is called the alternative hypothesis Ha,
· If the rejection region encloses the sample test statistic derived from our model study, it allows us to reject the null hypothesis as false
· The testing process assumes the null hypothesis to be true
· E.g When doing x-ray examinations for cancer using the null hypothesis that the patient is healthy, we would use a relatively large significance level, just in case there may be something wrong.
· 2 potential errors
· Type 1 :The declaration that the null hypothesis is false when it is in fact true,generally denmoted by α
· Type 2: The hypothesis may be correct, when it is is actually false, but our data isn’t powerful enough, generally denoted by β. * the value 1-β is called the power of the test and represents the probability of correctly rejecting the null hypothesis when it is indeed false.)
· Type 2 tends to decrease as the signigicance level,α and thus the probability of a type 1 increases
· The rejection region for a hypothesis test tends to fall in the tails of distribution specificed by the null hypothesis and the significance level.
· If the null hypothesis is of the form that some variable equals a particular value, then we are looking at a two tailed rejection region
· If we believe that a variable is greater  than some particular value we would use a one tailed rejection region.(same if less than)
· In one tailed tests, the rejection area is α
· In two tailed tests, the rejection region is α/2 in each tail
Hypothesis Tests for Means
1. Define the null ( h0) and alternative Ha hypotheses. 
e.g The proportion of independent votes is equal to 25 percent. Three possible alternative hyoptheses are a) the number of independent voters is not equal 25 percent b)less than c) more than
2. Determine the level of significance . As α increases, the rejection region increases and the likelihood for rejection of the null hypothesis is higher
3. Define the rejection region 
	-in one tail its α
-in two tail, each tail is α/2
4. Collect data and calculate the test statistic
5. Make a decision
The test statistic is less than -1.96 or greater than 1.96
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Bar of X = sample mean
μ0= the hypothesized value in the null hypothesis
s- the sample standard deviation
n= sample size
Sincer the value of z was -0.4 we cannot reject it because it was not in the upper or lower tail
· If you know the population standard dev use it , if not use sample standard dev
· If sample size is larde use normal distribution
· If the sample size is small but we believe the population is normally distributed and we know the standard devaiton, we can use the normal distrubuion for our hypothesis tests
· If we don’t know the population standard deviation under these circumstances and we have to use s as an estimate of σ then we must use t distribution
· With t distribution, rejection is calculated on basis of n-1 degrees of freedom as opposed to normal
· TINV assumes two sided tests is used and divided a in half

In cases where the normal distribution approximation can be used the test statistic z is calculated as

[image: ]
Bar of p  is the sample proportion and p0 is the hypothesized value of the population proportion
Comparing Multiple Means- Analysis of Variance (ANOVA)
1. The k populations represented by the data are normally distributed. If the sample sized from erach of the k populations are equal, this assumption is not as critical
2. The variance within each of the k population is the same
3. The data observations are independent
F= Average variance between sample means/average variance within samples
· The calculated F ratio has to be quite large to justify rejecting the null hypothesis, again with a specified level of confidence.
· The F distribution requires two parameters, the degrees of freedom in the numerator and the degrees of freedom in the denominator. The degrees of freedom in the numerator are K-1 where k is the number of data sets or means being tested
· The degrees of freedom in the denominator are N-K where N is the total number of observations.
Detailed Modeling Example
 Step 1: Opportunity / Problem Recognition
Step 2 : Model Formualtion – Frequency distribution
Step 3 : Data Collection ( descriptive statistics)
Step 4: Analysis of the Model ( chi squre test)
Step 5: Implementation
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