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Discrete-Time Dynamical Systems (DTDS)

e General solutions of DTDS with a linear updating function x, =rx +s:

Whens=0 Whenr =1 Whens#0 and r #1
Xe = IX, Xy =X, t5 X, =IX,+S
X, =rx, X, =X +st x,=ar'+b

(o] t

If r>1, pop. increases
If r =1, pop. remains
constant
If r<1, pop. decreases

e Apoint X is an equilibrium of xc.q = f(x) if f(x') = X’

1. Consider the DTDS
B 1+ x

=— "L, t=0,12,..
1+ X!
State the updating function of this DTDS.
Find the only positive steady state x'.
Using the derivative test, is the steady state stable or unstable?
Starting from xo = 4, calculate x;, x;.

t+1

o0 oo

2. A new rule has been approved at the University that stipulates that
precisely 4 of all students must leave at the end of each summer (and
the remaining students must stay) and exactly 11,000 new students will
be added at the same time.

a. What is the discrete-time dynamical system that gives the number

of students at the university in a given year?

b. The number of students at the university is now 34,815. How
many students will there be two years later (round your answer)?
Write down the updating function of the dynamical system.

. Find all equilibrium points of the dynamical system.

e. Find a formula for the solution to the dynamical system for initial
condition S¢=65,000.

f. Draw the solution of the dynamical system with Sy=65,000. (4
points are enough)

g. Draw the cobweb diagram of the dynamical system with
So=65,000.

h. Determine the stability of the equilibrium point using the cobweb
diagram.

oo
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3. Consider the following discrete-time model for the population of a
species:
rN

t

N =
411N,

For what values of r (which is a constant) does the model have a positive
equilibrium?

4. A population of rabbits is growing at a rate of 12% per year. Write down
the discrete dynamical system that describes the evolution of the rabbit
population. If the population is initially 1000, how many years will it
take for the population to exceed 100,000?

5. The concentration of a drug in the body of a patient is reduced by 60%
per day. The daily dose of this drug is d. The DTDS modeling the

concentration x; of the drug in the body on day t is x,_, =0.4x, +d

a. What is the updating function of the DTDS?

b. What is the equilibrium point of the DTDS?

c. Assume the daily dose is d = 4. Give the solution formula for the
DTDS with general initial condition x,.

d. For a patient with an initial concentration of x; = 3 and a daily
dose of d = 4, what is the concentration on day 3?

e. Graph the updating function for d = 4 and draw the cobweb
diagram of the DTDS, starting from xp = 3 for at least 4 steps.

f. Is the equilibrium point stable or unstable?

g. Suppose that the doctors recommend a concentration of 15 in the
long run. How do they have to choose the daily dose d to obtain
this value?

6. Consider the discrete-time dynamical system
M. =-0.5M +1

Find the updating function of the DTDS.

Find the equilibrium point of the DTDS.

Give the general solution formula for the DTDS.

Calculate Mg if My =0

Graph the updating function and draw the cobweb diagram of the
DTDS, starting from My = 0 for at least 4 steps.

Is the equilibrium point stable or unstable?

© o0 Tw

-—h
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1.
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Determine if the following limits exist. If the limit exists, compute the
limit.

. x*+2x-3
a. l1m2—
x—1 X =X
2 —
b. ]mX2+—X6
=2 X°—2X+4
C. limM
x—0 3x
d. lim (3+h)* -3
h—>0 ,3_'_ \/_
e. im——
x>0 \/1+x
£ limﬁx -I;Zx +7
X—es X'+ x
g. limxlnx
x—0"
3
X O
i. lim—
x—0 smx
. Let f(x) +‘x+1|.
\x 1
a. Find lim f(x).
x——1"

b. Find lim f(x).

x—-1

c. Does lim f(x) exist? Justify your answer.

x—-1

1+3e
1—-e™”

Consider the function f(x

a. Find E(Lrgf(x)
b. Find lim f(x).
Consider thex?:nction
f(x)={asin( 5 x+b) if x <03}, {x* —a if 0<x <1}, {bcos(nx)+a if x > 1}.

Find the values a and b for which the function is continuous everywhere.
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www.schoolsos.com




uOttawa SOS: Students Offering Support

— 4 itx<Z, DX s Ty

(sin(x))" +2 2 x+1 2

a. Find the conditions for a and b such that the function is
continuous at /2.

b. Find a and b so that the function is continuous and has the
horizontal asymptote y =2 as x — .

5. Consider the function f(x)={

Derivatives
y = f(x) f,(x):lhing(f(x+h’:—f(x)J
f(x)=x" f'(x)=nx""
f(x)=sinx f'(x)=cosx
f(x) = cos x f'(x)=-sinx
f(x) =tanx f'(x) =sec’ x
f(x)=¢e" f'(x)=e"
=1
f =t -
f(x)=secx f'(x) =secxtanx
f(x)=cscx f'(x)=-cscxcotx
f(x) = cotx f'(x) = —csc? x
f(x)=a* f'(x)=a*(lna)
f(x)=log, x £(x) =
. xlna
f(x) =arcsinx 0 = 1 2
1-Xx
f(x) =arccos x £(x) = - 1 :
1-x
=arct
f(x)=arctanx 0 = 1 :
1+ x

1. Use the definition of the derivative (first principles) to calculate the
derivative of the following:
a. f(x)=5x+4

b. 1) = 2x1+ 1

c. f(x)=vx*-3

Raising Marks, Raising Money, Raising Roofs
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2. Find the derivatives of the following with respect to x:
fx)=—
/4

1
b. f(x)_ln(x4+3J

~(x-4)*

a. e

c. f(x)=e*™tan(bx)+sin*x
d. f(x)= ln(6ex3(x3 - 3)2)
e. f(x)=e"**"nx>"°+1)
f. f(x)=cos’(x)
3. Consider the function f(x)= %

Find the domain of f.

Find the limits of f as x approaches +

c. Are there points where f is not continuous? If yes, find the left
and right limit in each case.

d. Find the intervals where f is increasing and decreasing. Are there
critical points?

e. Find the intervals where f is concave up or concave down.

Draw the graph of f.

o9

-—h

4. Consider the function f(x)= iZ_ZL
X

X3
Find the domain of f.
Find the x-intercepts of f.
Find the derivative of f.
Find the critical points of f.
Find the second derivative of f.
Find the point(s) of inflection.

Find the lim f(x) and lim f(x)
x—0" x—0"

> WL h0 a0 T

Find the lim f(x) and lim f(x)
i. Sketch the graph of f for x €[-5,5].

5. Consider the function f(x)=e™ —x

a. Explain why this function has a zero in the interval [0,1].
b. Calculate the zero to 3 decimal places.

6. Find the Taylor polynomial of degree 4 for f(x)=sin(2x)+ x> with base
point a = 0. (x in radians!)
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Integrals

Standard integrals n+1
[x"dx = 1+C,n;«r&1

jldx:ln|x|+C
X

Jsinxdx =—cosx +C
Jcosxdx =sinx+C
je*dx=e*+C

Ja*dx = Lax +C

lna
1 dx:larctan X +C
a*+x* a a
j;:arcsin X +C,|x|<a
va? - x? a

Integration by parts dv du
Ju—dx=uv-|v—dx
dx dx

OR
Judv =uv-|vdu

1. Evaluate the following indefinite integrals:
a. [(x*+cosx)dx

e +4

b. [———dx
e
c. [16x’In(8x)dx
sin[;]
d. [——dx
X
e. [lnxdx

f. [e*cosxdx
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2. An athlete starts a marathon with a speed of 14 km/h. Due to an existing
ankle injury she is forced to slow down and her speed decreases at a
constant rate according to the differential equation v'(t)=-3,t >0 with

v(0) =15. Answer the following questions:

a.

Find the equation for the speed in km/h as a function of time in
hours.

Solve the pure-time differential equation % =v(t),p(0)=0 for
the location p in km.

How long will it take the athlete to complete the marathon (42
km)?

Raising Marks, Raising Money, Raising Roofs
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Discrete-Time Dynamical Systems (DTDS) - Solutions
1. Consider the DTDS

1
LE 20,12,
1+ x;
a. State the updating function of this DTDS.
1+ x
X)= L
fix) 1+ X!

b. Find the only positive steady state x .

.1+ X
X = =
1+ x
X +x3=1+x
x3=1
X =1

c. Using the derivative test, is the steady state stable or unstable?

() =

- 1+ X!
oo (XD - (14 x,)(2x,) 4 2(1) -1
=" ro=-020 g
:1+xt2—2xt—2xt2 2
(1+Xf)2 4
X! +2x, —1
(1+ x7)*
Therefore the steady state is stable

d. Starting from xp = 4, calculate x;, x.

1+ x

X )= L

fix) 1+ X! 1+[157j

1+(4) ="

X, = 2 5
1+(4) 1+@7]

35
=17 =1.19
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2. A new rule has been approved at the University that stipulates that
precisely 4 of all students must leave at the end of each summer (and
the remaining students must stay) and exactly 11,000 new students will
be added at the same time.

a. What is the discrete-time dynamical system that gives the number
of students at the university in a given year?
S .= 3St+11,000

t+1 Z

b. The number of students at the university is now 34,815. How
many students will there be two years later (round your answer)?

5, = 3 (34,815) + 11,000
4

S, =37,111.25

S, = E(37,111.25)+11,000
4

S, =38,833

c. Write down the updating function of the dynamical system.

f(st):%st+11,ooo

d. Find all equilibrium points of the dynamical system.
3

S ==5 +11,000
4
1_.
—S =11,000
4
S" = 44,000

e. Find a formula for the solution to the dynamical system for initial
condition S¢=65,000.

5, = 65,000
s :%st +11,000 ",

: S, = >(65,000) + 11,000
LetS =a 3 +b 4
®2 =9 5, =59,750

Raising Marks, Raising Money, Raising Roofs
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0
S :a[zj +b
4

65,000=a+b

b = 65,000 — a
b = 65,000 — (21,000)
b = 44,000

Students Offering Support

1
5, =a(ij +b
4

59,750 = Ea+b
4
59,750 = %a + (65,000 — a)
1
-5,250=-—-a
4
21,000 =a

t
=~ S, = 21,000(%] + 44,000

f. Draw the solution of the dynamical system with Sy=65,000. (4

points are enough)

Sxp | Sy= 80008 L\qim\
S oo 4 T
So = 551000
e S, = Vel 4 Moo
=S80 o
55@00 \\\‘ Sy = Q’\‘ooo( D+ Kbt oo
B P = 55,8\ 5—
R v~ Sy =l ('STOS - Y4, om
= 52, '85‘1.3}3
ol . > x Su =\ 000( 'S/L«y—k &4 0co
i : = 5 = 50, 644.5312S

Raising Marks, Raising Money, Raising Roofs
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g. Draw the cobweb diagram of the dynamical system with
S0=65,000.

S
¥\ i

Saa= 2 S4 ¥\ 600

, 3. -
“lo, 00 - N\3a« =S¢ 3 -

0.0
\C 00 -

i
!
|
[
r
[
|

. | — 5
Ve P me Do Pap o0 e A oo x

h. Determine the stability of the equilibrium point using the cobweb

diagram.

The equilibrium point S'=44,000 is stable because solutions near the equilibrium

do approach the equilibrium point.

3. Consider the following discrete-time model for the population of a

species:
rN
Nt+1 = t
1-N,
For what values of r (a constant) does the model have a positive
equilibrium?
N = rN’ *
1-N

N(@1-N)=rN =0
N'(-N=(r=1)=0

N =0,N =1-r
1-r is positive when r < 1. Therefore r <1is the answer.

Raising Marks, Raising Money, Raising Roofs
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4. A population of rabbits is growing at a rate of 12% per year. Write down
the discrete dynamical system that describes the evolution of the rabbit
population. If the population is initially 1000, how many years will it
take for the population to exceed 100,000?

100000 < (1.12)"1000

X, =1.12x, 100 < (1.12)'
X, =r'x, log100 < log(1.12)"
x, =(1 .12)/(1000) log100 < tlog(1.12)
log100
<
log1.12
-~ It will take over ll;):: (E years or 40.635 years or 41 years

5. The concentration of a drug in the body of a patient is reduced by 60%
per day. The daily dose of this drug is d. The DTDS modeling the

concentration x; of the drug in the body on day t is x,_, =0.4x, +d
i. What is the updating function of the DTDS?

f(x)= zx+d
5
j. What is the equilibrium point of the DTDS?
X = gx* +d
3¢ =d
5
x =2d
3

k. Assume the daily dose is d = 4. Give the solution formula for the
DTDS with general initial condition x,.

0
_ 2 Using general
xt+1:§xt+4 XO_G[SJ +b <€ solution
2 Y X,=a+b
Letx,=a| - | +b 2 . .
5 X, =—X,+4 &= Using updating
5 function

Raising Marks, Raising Money, Raising Roofs
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zx +4=—a+b
5 0
X =a+b
zx0+4:g(x0—b)+b 0
5 5 a:xo—b
2 2 2
EXO+4:§XO_§b+b a:XO—?
_3p
5
20_,
3

Therefore x, = ar* +b

20)(2) 20
X, =|X,——= ||| +5
f 3)l5) "3

For a patient with an initial concentration of xp = 3 and a daily
dose of d = 4, what is the concentration on day 3?

20)(2Y) 20
X, =|X,-—= || = | +=
: 3)l5) 73

20)(2)" 20
x.=|Q-22] +Z2
3 3 )5 3

3
11)( 2 20

X, =|-—|=| +—=—
3 3 )15 3

88 20

X,=——+—

37375 3

x3:&:6.432
375

Raising Marks, Raising Money, Raising Roofs
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m. Graph the updating function for d = 4 and draw the cobweb

diagram of the DTDS, starting from xp = 3 for at least 4 steps.
A\ A

R Ko =%z ’,__,,_____\\
| R =oM%, + 3

P SR p e e

Y

n b 3 \'c S ,X*

n. Is the equilibrium point stable or unstable?
The equilibrium point is stable

0. Suppose that the doctors recommend a concentration of 15 in the
long run. How do they have to choose the daily dose d to obtain
this value?

X = Ed
3
15= Ed
3
9=d
6. Consider the discrete-time dynamical system
M, =-0.5M +1
g. Find the updating function of the DTDS.
f(M) = —%M +1

h. Find the equilibrium point of the DTDS.
1

M=—-M +1
2
2 =1
2
m=2
3

Raising Marks, Raising Money, Raising Roofs
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i. Give the general solution formula for the DTDS.

0 Using general
M, = a(_lj +p € solution
2

M, =a+b
1 & Using updating
M = _EM" +1 function
1
1
M1:a(——] +b
2
—1M0+1:a 1 +b
2 2
UM +1=M —b)| - |+ b a=M,-b
MR )
_m_2
1 1 1 03
-—M +1=—-M +-b+b
20 2% 2
1==b
2_p
3

Therefore M, = ar* +b

t
M= m 2|21 L2
‘ ° 3 2 3
j. Calculate Mg if Mp =0
t
M=IM _Z _1 +g
¢ ° 3 2 3
2)( 1) 2
M=|-=|-=| +=
8 3 2 3
2 2 514

M =——+==2_-0.669
768 3 768

Raising Marks, Raising Money, Raising Roofs
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k. Graph the updating function and draw the cobweb diagram of the
DTDS, starting from My = 0 for at least 4 steps.

M
A
3 Maa =My
/l L) = o5y %)
Ml s
A h}f‘" v
n ﬁ;z.._l
g g
1 S ki
MO \ Py 3 2 Mx
)

l. Is the equilibrium point stable or unstable?
The equilibrium point is stable.

Limits Solutions
1. Evaluate the following limits:

. X' +2x-3
a. lim——s——
x—1 X" —X
If you substitute x = 1 into the function you get 0/0, which is indeterminate.
2 p— p—
limx +2x-3 :h.m(x+3)(x 1) _lim X+3 _4
x—>1 XZ —-X x—1 X(X — 1) x->1 X
2 —
b. hmx2+—x6
=2 x°—2X+4
. xX*+x-6 2°+2-6 O
m = = —=
=2x2-2x+4 2°-22)+4 4
e lim sin(4x)
x=0  3x
If you substitute x = 0 into the function, you get 0/0, which is indeterminate.
Recall that lim sin(x) =1
x=0 X
< lim sin(4x) _lim sin(4x) [ 4x _ l].m4_xsm(4x) _ i“) _ 4
x-0  3x x>0 3x |\ 4x ) x03x 4x 3 3
(3+h)2 3?

d.

h—>0 + h \/g

Raising Marks, Raising Money, Raising Roofs
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If you substitute h = 0 into the function, you get 0/0, which is indeterminate.

lim (3+h)*-37

N

(3+h)?*-3*

hao\/3+h \/_

\/3+h+\/_

(3+h 32)(J3T J_) 25

3+h-3 0

el

e. lim———— L’Hopitals Rule
=0 \/1+x

If you substitute x = 0 into the function, you get 0

ax*+2xX+7w

/0, which is indeterminate.

1 :2liron\/1+x =2

xoe xt oy x
1
Recall that lim—=0,n>0
N—e ¥
ox* 23+7'L' s 1.7
4 3 — 4 Iy - Y
L AXT+2X+m L 4 4 m7+0+0
l1m4—:llm x'  x = lim X X _ =
X—eo X" +x X—o0 x* N X X—oo 1 1+0
x* x* x3
g. limxlnx
x—0"
, . lnx . x7 ,
lim xlnx = lim — = lim =—limx=0
x—0* x—0" x—0" — X x—0*
X
3
h. lim—
xamex
3 3 2
X . b6x 6
lim—=lim—=lim—=lim—=0
X—e @ X @ X—>o0 ex X—>o0 ex
. a*-b"
i. lim—
x-0  sinx
. a‘-b* a“lna-b*lnb a
lim— =lim =lna-lnb=1In| —
x=0  sinx x—0 Cos X b

Raising Marks, Raising Money, Raising Roofs
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Graph of f(x)

a. Find lim f(x).

x——1"

As x —» 1",

x—1’:x—1 and ‘x+1’:x+1

lim f(x) = lim 1_x2+|x+1|J

x——1" x—>—1" ‘X - 1|

2
= lim L X1+x+1j

x—>-1" X —

— l]m w_|_x+1]
x——1" X —

— hm W+X+1
x—-T1" —-(1-x)

= lim (—(1+x)+x+1)
x——1"

:XlLIEI+(—1—X+X+1)

=0

Raising Marks, Raising Money, Raising Roofs
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b. Find lim f(x).

x—-1

As x - -1, |x

=x-1and ‘x+1‘:—(x+1)

2
lim f(x) = lim 1- +|x+1|]
x—-1 x—-1 ‘X ’
2
_ lim | =X —(x+1)j
x—>-1 X—1
_ tim w_x_1]
x—-1 X—1
X—>—1" —(1—X)

= lim (<(1+x)-x -1

x—-1

= lim (—1—x—x—1)

x—>-1
=-2+2
=0

c. Does lim f(x) exist? Justify your answer.

x—-1

lim f(x) does exist because lim f(x)= lim f(x) =

X——1" x——1"
3. Consider the function f(x)=e™ —x
a. Explain why this function has a zero in the interval [0,1].

Since f(0) > 0 and f(1) < 0 then by the intermediate value theorem there exists
a value x" with 0 < x" < 1 such that f(x) =0

b. Calculate the zero to 3 decimal places.

X, =0.5,x, = 0.5— To15—0.56631
_e Rg—
_ox -0.56631 _
fx)=e” ~x x, =0.56631,x, = 0.56631- & —0-36031_ 574,
fx)=—-e"-1 — %8 _1
e %71 _0.56714
X, =0.56714,, = 0.56714 — *—u = = 0.56714

Raising Marks, Raising Money, Raising Roofs
www.schoolsos.com




uOttawa SOS: Students Offering Support

1+3e7™”
1—-e™”

4. Consider the function f(x)=

a. Find lim f(x)

X—o0

Recall that limix =0

X‘)We
1+i
lim £(x) = lim 1+3e _lim| —e* || 9] 4
X—>o0 x> 1—e@ X—>o0 _i 1-0
eX
b. Find lim f(x).
Recall that lime* = limix =0
X—>—o0 X—e ©
e*+3
im £ = tim | 153€ |2 tim | —€— | = tim | €€ 3 | _ i | €13 | [ O3 | 3
ol o e ) o] e o1 | o=l (e - ) —=lef 1) (0-1

X

e

5. Consider the function
f(x)={asin( 5 x+b) if x <03}, {x* —a if 0<x <1}, {bcos(nx)+a if x > 1}.

Find the values a and b for which the function is continuous everywhere.

In order to be continuous everywhere, we must examine the limits at 0 and 1
such that lim f(x) = lim f(x) and lim f(x) = lim f(x)
x—0" x—0" x—=1 x—1"

lim f(x) = lim f(x)
lim f(x) = llm ! -t
x—0" fix)=1im 1(x) lim(xz—a)_ l1m(bcos nx))+a
. x—-1 x—1
lim [asin[—]x+bj:lim(x2—a) 1-a=-b+a
x—0~ 2 x—0"
1=—(—a)+2a
—=a
3
nb=-1
3
sna= %,b = —% for the function to be continuous everywhere.

Raising Marks, Raising Money, Raising Roofs
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— 4 itx<Z, DX s Ty
(sin(x))" +2 2 x+1 2
a. Find the conditions for a and b such that the function is

continuous at /2.

6. Consider the function f(x) = {

In order for the function to be continuous at 7z/2, we must find a and b such
that lim f(x)= lim+f(x) .

x—7/2 x—n/2

im f(x)= lim f(x)

x—/2 x—>m/2"

. a . bx +1
lim | —3 |- lim
xor/2 \ (SIN(X))2+2 ) xor2 | X+1

a b5+1
1+2

T 1
2
1+7%p
__ 2

a
3 1+7
2

b. Find a and b so that the function is continuous and has the
horizontal asymptote y =2 as x — .

. _ T
!(T:f(x)—z Q_1+Eb
lim(bXJr1 =2 3 1+£
xoe| X +1 2
Vg
bx 1 3[1+§(2)J
x—e| X 1 T
—+— 1+
X X 2
1 3+3rx
b+ — a=
lim X =2 1+£
X—o0 1 2
14+ —
X
b=2

Raising Marks, Raising Money, Raising Roofs
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Derivatives Solutions
1. Use the definition of the derivative (first principles) to calculate the
derivative of the following:

a. f(x)=5x+4
fl(x)zl}jggf(x+hr:_f(X)
_(5(x+h)+4)-(5x+4)
=lim
h—0 h
. 5x+5h+4-5x-4
=lim
h—0 h
._5h
=lim—
h=0 h
=5
b f(x) =~
' C2x+1
o i J(X ) = f(X)
f'(x)=lim P

1 1
2(x+h)+1 2x +1

=lim
h—0 h
1T 1
—lim2x+2h+1 2x+1
h—0 h

2x+1)—-(2x+2h+1)
— lim (2x+1)(2x +2h+1)

h—0 h
2h

— lim (2x+10)2x+2h+1)

h—0 h

. 2
=lim

h=0 (2x + 1)(2x + 2h +1)
2

(2x+1)?
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c. f(x)=vx*-3
fx) =y L= 100
:um(J‘““’z*)‘(W‘?’) Jox+hy -3+ -3
ho h Jx+h)? =3 +x* =3

— lim ((x+h)*) =3) - (x" - 3)
'Hoh(\/(x+h —344x - )

x*+2xh+h*-3-x*+3

hggh(\/(x+h —34x? - )

. h(2x + h)
=lim
'Hoh(\/(x+h “344xi- )
_lim (2x+h)
hﬁo(\/(x+h) —344x2 - )
. 2x
2Ux* -3
2
Vx* -3
2. Find the derivatives of the following with respect to x:
1 2
a. f(x)=——e Y
\/Z
1 2
f(x)= (—j e ") (-2(x-4)
i )
=—e! (x 4)

1
b. f(x)_ln(x4+3J

f(x)=ln() —ln(x* +2)
—l (x +2)

f'(X)=—(X41+2j(4X3)
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c. f(x)=e*™tan(bx)+sin*x
f(x) = e*™ tan(bx) + (sin x)(sin x)

f'(x) =(ez" ) tan bx)) (ez"x)(secz(bx))(b)+(cosx)(sinx)+(sinx)(cosx)

(ez“x)(ZG tan(bx) + bsec (bx)) +2sinxcos x

d. f(x)= ln(6ex3(x3 —3)2) - two methods (chain rule or simplify

starting function)

f(x)=ln6+ne* +In(x® - 3)

X (y3 2\
=ln6+ x> +2In(x>-3) (6e (x _3))

e = 6e* (x* - 3)?
'(X) = 3x2 42 3xZ|] or
fi(x)=3x"+ ( 3_ j( X) _(6ex3)(3xz)(x3_3)2+(6e"3)2(x3—3)(3xz)
=3x*+ ?X23 . 6e* (x* - 3)’
P

e. f(X) — e(10x+11) ln(XZO‘lO + 1)

f(X) — e(10x+11) ln(X2010 + 1)

fl(x): 10e(10x+11) ln(x2010 +1)+2010e(10X+11) 2011
X7 +1
f'(x) — e(10x+11)(10ln(X2010 +1)+ 30(1)(;]0 1)
X +

f. f(x)= cosz(\/;)

3. Consider the function f(x) = 1=x

a. Find the domain of f.
D:{xeR,x+3}

b. Find the limits of f as x approaches +
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1 x 1.4
lim f(x) = lim | 222 | = tim | XX |2 tim | X [2921_ 4
X—>too x>t X —3 X—>oo 5_3 X—>too _i 1-0

X X X

c. Are there points where f is not continuous? If yes, find the left
and right limit in each case.

f is not continuous at x = 3

lim—%  Asx—3,x-3<0and1-x<0

xe3’X—3
.o 1-x
lim —— = 4o
x—>3'X—3
lim—= , Asx —>3",x-3>0and 1-x<0
xe3+X—3
.o 1-x
lim ——=—»
x—>3+X—3

d. Find the intervals where f is increasing and decreasing. Are there
critical points?

1-Xx

f0=""—3

. —(x-3)-(1-x)
f'x)= X3
_=X+3-1+Xx
S (x=3y

2
(x-3)*

x

When x<3 or x>3, (x-3)? will always be positive.
Therefore f is increasing on x € (—,2) U (2,4)

The critical point of f is x=2 since f’(x) is not defined at that point.

e. Find the intervals where f is concave up or concave down.
, 2
X) =
f'(x) x_3)
=2(x-3)7
fr(x)=-4(x-3)7
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f. Draw the graph of f.
10 -

- 10 5 —t 5 10

-1oL
7. Find the Taylor polynomial of degree 4 for f(x)=sin(2x)+ x> with base
point a = 0. (x in radians!)

f(x) =sin(2x) + x* f(0)=0
f'(x) = 2cos(2x) + 2x f1(0)=2
f"(x) = —4sin(2x) + 2 £"(0) =2
" (x) = —8cos(2x) £10) = -8
" (x) = 16sin(2x) fY0)=0
T.(x) = f(0)(x-0)° + f'(0)(x - 0)’ N "(0)(x - 0) . £"(0)(x — 0)° . £7(0)(x - 0)*
! 0! 1 N 31 y
= 0+2x+2—xz_8_x3+0
2 6
=2x + x* —ix3
3
Integrals

1. Evaluate the following indefinite integrals:
a. [(x*+cosx)dx

J(x* + cos x) dx
= [ x* dx + [ cos xdx

:%x5+sinx+C

Raising Marks, Raising Money, Raising Roofs
www.schoolsos.com




uOttawa SOS: Students Offering Support

3x
. je :;4dx
e

e +4
eSx
3x
e 4
= -[ 3x + 3x dX
e e

dx

I

:j1dx+j%dx
e

—x-Zeic
3

[16x°In(8x)dx - Integration by parts
[16x°In(8x) dx -
=4x*In(8x) - [4x’ dx

4
=4x*In(8x) - 4(%) +C

= x*(4In(8x) - )+ C

sin[—]
X
. J———2dx - Integration by subsitution

X2

1
sin[—j u=%
J.—de < 1

sinu
== 5 (=x9du
=—[sinudu

=—(—cosu)+C

= cos(lJ+ C
X
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e. [lnxdx - Integration by parts

JInxdx iy ]
u=inx u=—

= [1-lnxdx €< X

1 dv =1 V=X
=xlnx - [—xdx

X
=xlnx—-x+C

f. [e*cosxdx - Integration by parts x 2 U=cosx du=—sinx
Je* cos xdx = e* cos x — [—e* sinxdx dv=e* v=e"

Je*cos xdx = e* cos x +e”*sinx — [e* cos xdX €&

2[e*cos xdx = e cos x +e*sinx

1 .
Je*cos xdx = E(e"cosx+ex sinx)

u=sinx du=cosx

dv =¢e* v=e"

2. An athlete starts a marathon with a speed of 14 km/h. Due to an existing
ankle injury she is forced to slow down and her speed decreases at a

constant rate according to the differential equation v'(t) =

v(0) =15. Answer the following questions:

—-2,t >0 with

a. Find the equation for the speed in km/h as a function of time in

hours.
v't)=-2

Jv'(t)dt =[-2dt
v(t)=-2t+C
v(0)=-2(0)+C
15=C

~v(t)=-2t+15

b. Solve the pure-time differential equation

the location p in km.

19P gt = (-2t +15)dt
t)y=—t>+15t+ A . p(t)=—t* +15¢t

(
p(0) = —(0)* +15(0) + A

dp
—= =vy(t),p(0)=0 f
4 =~ (0),p0) or

c. How long will it take the athlete to complete the marathon (42

km)?
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p(t) = —t* +15¢ o _ 1515 — 4(-1)(-42)
42 =—t* +15¢t 2(-1)
0=-t"+15t 42 _ 152457
-2

-t =3.725t,=11.275

It will take the athlete 3.725 hours to complete the marathon.
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