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MAT 1332 Midterm solutions

Question 1. [5 points] Consider the matrix:

(a) Find the eigenvalues of A.

(b) Give an eigenvector for each of the eigenvalues found in (a).

Version A.

A =

(
−5 −6
3 4

)
(a) The characteristic polynomial is pA(λ) = det(λI − A) = (λ + 5)(λ − 4) − (−3)6 =

λ2 + λ − 2 = (λ − 1)(λ + 2). The eigenvalues are the roots of the characteristic polynomial,
i.e. λ1 = −2 and λ2 = 1 (1 Point).

(b) To find the eigenvectors for λ1, solve (−2I − A)~x = ~0, ie in augmented matrix form,(
3 6 0
−3 −6 0

)
 

(
1 2 0
0 0 0

)
.

Thus x = −2y (1 Point), and we can take ~v1 =

(
−2
1

)
(1 Point). To find the eigenvectors

for λ2, solve (I − A)~x = ~0, ie in augmented matrix form,(
6 6 0
−3 −3 0

)
 

(
1 1 0
0 0 0

)
.

Thus, x = −y (1 Point), and we can take ~v2 =

(
−1
1

)
(1 Point).

Version B.

A =

(
5 3
−6 −4

)
(a) The characteristic polynomial is pA(λ) = det(λI−A) = (λ−5)(λ+4)+18 = λ2−λ−2 =

(λ + 1)(λ − 2). The eigenvalues are the roots of the characteristic polynomial, i.e. λ1 = −1
and λ2 = 2 (1 Point).

(b) To find the eigenvectors for λ1, solve (−I − A)~x = ~0, ie in augmented matrix form,(
−6 −3 0
6 3 0

)
 

(
1 1

2
0

0 0 0

)
.
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Thus x = −1/2y (1 Point), and you can take ~v1 =

(
−1
2

)
(1 Point). To find the eigenvectors

for λ2, solve (2I − A)~x = ~0, ie in augmented matrix form,(
−3 −3 0
6 6 0

)
 

(
1 1 0
0 0 0

)
.

Thus x = −y (1 Point), and you can take ~v2 =

(
−1
1

)
(1 Point).

Version C.

A =

(
3 1
−2 0

)
(a) The characteristic polynomial is pA(λ) = det(λI −A) = (λ− 3)λ+ 2 = λ2 − 3λ+ 2 =

(λ − 1)(λ − 2). The eigenvalues are the roots of the characteristic polynomial,λ1 = 1 and
λ2 = 2 (1 Point).

(b) To find the eigenvectors for λ1, solve (I − A)~x = ~0, ie in augmented matrix form,(
−2 −1 0
2 1 0

)
 

(
1 1

2
0

0 0 0

)
.

Thus x = −1/2y (1 Point), and you can take ~v1 =

(
−1
2

)
(1 Point). To find the eigenvectors

for λ2, solve (2I − A)~x = ~0, ie in augmented matrix form(
−1 −1 0
2 2 0

)
 

(
1 1 0
0 0 0

)
.

Thus x = −y (1 Point), and you can take ~v2 =

(
1
−1

)
(1 Point).

Version D.
(a) The characteristic polynomial is pA(λ) = det(λI − A) = (λ − 4)(λ + 5) − (−3)6 =

λ2 +λ− 2 = (λ+ 2)(λ− 1).The eigenvalues are the roots of the characteristic polynomial, i.e.
λ1 = −2 and λ2 = 1. (1 Point)

(b) To find the eigenvectors for λ1, solve (−2I − A)~x = ~0, ie in augmented matrix form(
−6 6 0
−3 3 0

)
 

(
1 −1 0
0 0 0

)
.

Thus x = y (1 Point), and you can take ~v1 =

(
1
1

)
(1 Point). To find the eigenvectors for

λ2, solve (I − A)~x = ~0, ie in augmented matrix form(
−3 6 0
−3 6 0

)
 

(
1 −2 0
0 0 0

)
.

2



Thus x = 2y (1 Point), and you can take ~v2 =

(
2
1

)
(1 Point).

Question 2. [6 points] Consider the following differential equation

(a) Find the equilibrium points of the differential equation. y’ = f(y)

(b) Classify the equilibrium points in (a) (stable or unstable).

(c) Draw the phase-line diagram of the differential equation.

(d) Sketch in the same coordinate system the equilibrium solutions and the solution with
initial condition y(0) = 0.

Version A. a = 1, b = 2 and C = 0.

(a) We have y′ = f(y) with f(y) = (y − 1)(y2 − 4) = (y − 1)(y − 2)(y + 2). Hence the
equilibria are −2, 1, 2 (1 Point).

(b) To decide about stability calculate the derivative f ′(y) = 3y2 − 2y − 4 (1 Point) and
evaluate at each equilibrium f ′(−2) = 12 > 0, f ′(1) = −3 < 0 and f ′(2) = 4 > 0. Hence, -2
and 2 are unstable and 1 is stable (1 Point).

(c) (1 Point)

(b) Pour déterminer la stabilité des points d’équilibre, on peut calculer la dérivée f ′(y) =
3y2 − 2y − 4 (1 Point) et l’évaluer en chacun des points d’équilibre f ′(−2) = 12 > 0,
f ′(1) = −3 < 0 et f ′(2) = 4 > 0. Ainsi, -2 et 2 sont instables et 1 est stable (1 Point).

(c) (1 Point)

-2 1 2

(d) (2 Points)

y = 1

y = 2

y = −2

0 1 2−1−2−3

Version B. a = 2, b = 3, C = 1.

(a) On a y′ = f(y) avec f(y) = (y−2)(y2−9) = (y−2)(y−3)(y+3). Les points d’équilibre
sont donc −3, 2, 3 (1 Point).

(b) Pour déterminer la stabilité des points d’équilibre, on peut calculer la dérivée f ′(y) =
3y2 − 4y − 9 (1 Point) et l’évaluer en chacun des points d’équilibre f ′(−3) = 30 > 0,
f ′(2) = −5 < 0 et f ′(3) = 6 > 0. Ainsi, -3 et 3 sont instables et 2 est stable (1 Point).

(c) (1 Point)

-3 2 3

(d) (2 Points)

3

(d) (2 Points)

(b) Pour déterminer la stabilité des points d’équilibre, on peut calculer la dérivée f ′(y) =
3y2 − 2y − 4 (1 Point) et l’évaluer en chacun des points d’équilibre f ′(−2) = 12 > 0,
f ′(1) = −3 < 0 et f ′(2) = 4 > 0. Ainsi, -2 et 2 sont instables et 1 est stable (1 Point).

(c) (1 Point)

-2 1 2

(d) (2 Points)

y = 1

y = 2

y = −2

0 1 2−1−2−3

Version B. a = 2, b = 3, C = 1.

(a) On a y′ = f(y) avec f(y) = (y−2)(y2−9) = (y−2)(y−3)(y+3). Les points d’équilibre
sont donc −3, 2, 3 (1 Point).

(b) Pour déterminer la stabilité des points d’équilibre, on peut calculer la dérivée f ′(y) =
3y2 − 4y − 9 (1 Point) et l’évaluer en chacun des points d’équilibre f ′(−3) = 30 > 0,
f ′(2) = −5 < 0 et f ′(3) = 6 > 0. Ainsi, -3 et 3 sont instables et 2 est stable (1 Point).

(c) (1 Point)

-3 2 3

(d) (2 Points)

3

Version B. a = 2, b = 3, C = 1.

(a) We have y′ = f(y) with f(y) = (y − 2)(y2 − 9) = (y − 2)(y − 3)(y + 3). Hence the
equilibria are −3, 2, 3 (1 Point).
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(b) To decide about stability calculate the derivative f ′(y) = 3y2 − 4y − 9 (1 Point) and
evaluate at each equilibrium f ′(−3) = 30 > 0, f ′(2) = −5 < 0 and f ′(3) = 6 > 0. Hence, -3
and 3 are unstable and 2 is stable (1 Point).

(c) (1 Point) (d) (2 Points)

(b) Pour déterminer la stabilité des points d’équilibre, on peut calculer la dérivée f ′(y) =
3y2 − 2y − 4 (1 Point) et l’évaluer en chacun des points d’équilibre f ′(−2) = 12 > 0,
f ′(1) = −3 < 0 et f ′(2) = 4 > 0. Ainsi, -2 et 2 sont instables et 1 est stable (1 Point).

(c) (1 Point)

-2 1 2

(d) (2 Points)

y = 1

y = 2

y = −2

0 1 2−1−2−3

Version B. a = 2, b = 3, C = 1.

(a) On a y′ = f(y) avec f(y) = (y−2)(y2−9) = (y−2)(y−3)(y+3). Les points d’équilibre
sont donc −3, 2, 3 (1 Point).

(b) Pour déterminer la stabilité des points d’équilibre, on peut calculer la dérivée f ′(y) =
3y2 − 4y − 9 (1 Point) et l’évaluer en chacun des points d’équilibre f ′(−3) = 30 > 0,
f ′(2) = −5 < 0 et f ′(3) = 6 > 0. Ainsi, -3 et 3 sont instables et 2 est stable (1 Point).

(c) (1 Point)

-3 2 3

(d) (2 Points)

3

y = 3

y = 2

y = −3

1

0 1 2 3 4−1−2−3−4−5

Version C. a = 1, b = 3 et C = 2.

(a) On a y′ = f(y) avec f(y) = (y−1)(y2−9) = (y−1)(y−3)(y+3). Les points d’équilibre
sont donc −3, 1, 3 (1 Point).

(b) Pour déterminer la stabilité des points d’équilibre, on peut calculer la dérivée f ′(y) =
3y2 − 2y − 9 (1 Point) et l’évaluer en chacun des points d’équilibre f ′(−3) = 24 > 0,
f ′(1) = −8 < 0 et f ′(3) = 12 > 0. Ainsi, -3 et 3 sont instables et 1 est stable (1 Point).

(c) (1 Point)

-3 1 3

(d) (2 Points)

y = 3

y = 1

y = −3

2

0 1 2 3 4−1−2−3−4−5

4

Version C. a = 1, b = 3 and C = 2.

(a) We have y′ = f(y) with f(y) = (y − 1)(y2 − 9) = (y − 1)(y − 3)(y + 3). Hence the
equilibria are −3, 1, 3 (1 Point).

(b) To decide about stability calculate the derivative, f ′(y) = 3y2− 2y− 9 (1 Point) and
evaluate at each equilibrium f ′(−3) = 24 > 0, f ′(1) = −8 < 0 and f ′(3) = 12 > 0. Hence, -3
and 3 are unstable and 1 is stable (1 Point).

(c) (1 Point) (d) (2 Points) Version D. (a) On a y′ = f(y) with f(y) = (y−3)(y2−4) =

y = 3

y = 2

y = −3

1

0 1 2 3 4−1−2−3−4−5

Version C. a = 1, b = 3 et C = 2.

(a) On a y′ = f(y) avec f(y) = (y−1)(y2−9) = (y−1)(y−3)(y+3). Les points d’équilibre
sont donc −3, 1, 3 (1 Point).

(b) Pour déterminer la stabilité des points d’équilibre, on peut calculer la dérivée f ′(y) =
3y2 − 2y − 9 (1 Point) et l’évaluer en chacun des points d’équilibre f ′(−3) = 24 > 0,
f ′(1) = −8 < 0 et f ′(3) = 12 > 0. Ainsi, -3 et 3 sont instables et 1 est stable (1 Point).

(c) (1 Point)

-3 1 3

(d) (2 Points)

y = 3

y = 1

y = −3

2

0 1 2 3 4−1−2−3−4−5

4

(y − 3)(y − 2)(y + 2). Hence the equilibria are −2, 2, 3 (1 Point).

(b) To decide about stability calculate the derivative, f ′(y) = 3y2− 6y− 4 (1 Point) and
evaluate at each equilibrium f ′(−2) = 20 > 0, f ′(2) = −4 < 0 and f ′(3) = 5 > 0. Hence, -2
and 3 are unstable and 2 is stable (1 Point).
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y = 3

y = 2

y = −3

1

0 1 2 3 4−1−2−3−4−5

Version C. a = 1, b = 3 et C = 2.

(a) On a y′ = f(y) avec f(y) = (y−1)(y2−9) = (y−1)(y−3)(y+3). Les points d’équilibre
sont donc −3, 1, 3 (1 Point).

(b) Pour déterminer la stabilité des points d’équilibre, on peut calculer la dérivée f ′(y) =
3y2 − 2y − 9 (1 Point) et l’évaluer en chacun des points d’équilibre f ′(−3) = 24 > 0,
f ′(1) = −8 < 0 et f ′(3) = 12 > 0. Ainsi, -3 et 3 sont instables et 1 est stable (1 Point).

(c) (1 Point)

-3 1 3

(d) (2 Points)

y = 3

y = 1

y = −3

2

0 1 2 3 4−1−2−3−4−5

4

Solution.
(a) On a y′ = f(y) avec f(y) = (y−3)(y2−4) = (y−3)(y−2)(y+2). Les points d’équilibre

sont donc −2, 2, 3 (1 Point).

(b) Pour déterminer la stabilité des points d’équilibre, on peut calculer la dérivée f ′(y) =
3y2 − 6y − 4 (1 Point) et l’évaluer en chacun des points d’équilibre f ′(−2) = 20 > 0,
f ′(2) = −4 < 0 et f ′(3) = 5 > 0. Ainsi, -2 et 3 sont instables et 2 est stable (1 Point).

(c) (1 Point)

-2 2 3

(d) (2 Point)

y = 3

y = 2

y = −3

0 1 2 3 4−1−2−3−4−5

Question 3. [5 Points] On considère l’équation suivante

1

2
z2 + z + 2 = 0.

(a) Résoudre dans C l’équation ci-dessus. Écrire les solutions sous la forme cartésienne et
sous la forme polaire.

(b) Représenter les solutions trouvées en (a) dans le plan complexe.

Solution.

(a) ∆ = 1− 4 = −3 et on a donc les solutions suivantes (2 Points)

z1 =
−1 +

√
−3

21
2

= −1 +
√
3i et z2 =

−1−
√
−3

21
2

= −1 −
√
3i.

2

Solution.
(a) On a y′ = f(y) avec f(y) = (y−3)(y2−4) = (y−3)(y−2)(y+2). Les points d’équilibre

sont donc −2, 2, 3 (1 Point).

(b) Pour déterminer la stabilité des points d’équilibre, on peut calculer la dérivée f ′(y) =
3y2 − 6y − 4 (1 Point) et l’évaluer en chacun des points d’équilibre f ′(−2) = 20 > 0,
f ′(2) = −4 < 0 et f ′(3) = 5 > 0. Ainsi, -2 et 3 sont instables et 2 est stable (1 Point).

(c) (1 Point)

-2 2 3

(d) (2 Point)

y = 3

y = 2

y = −3

0 1 2 3 4−1−2−3−4−5

Question 3. [5 Points] On considère l’équation suivante

1

2
z2 + z + 2 = 0.

(a) Résoudre dans C l’équation ci-dessus. Écrire les solutions sous la forme cartésienne et
sous la forme polaire.

(b) Représenter les solutions trouvées en (a) dans le plan complexe.

Solution.

(a) ∆ = 1− 4 = −3 et on a donc les solutions suivantes (2 Points)

z1 =
−1 +

√
−3

21
2

= −1 +
√
3i et z2 =

−1−
√
−3

21
2

= −1 −
√
3i.

2
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(c) (1 Point) (d) (2 Point)

Question 3. [5 Points] Consider the following equation

1

2
z2 + az + b = 0.

(a) Solve this equation in C . Write the solutions in the form a+bi and in polar coordinates.

(b) Sketch the solutions in the complex plane.

Version A. a = −1, b = 1

(a) ∆ = 1− 2 = −1 and we have therefore the following equations (2 Points)

z1 =
−(−1) +

√
−1

21
2

= 1 + i and z2 =
−(−1) +

√
−1

21
2

= 1− i.

For the polar form, calculate |1 + i| = |1− i| =
√

2 and arctan(1) = π/4, arctan(−1) = −π/4
and d (2 Points)

z1 =
√

2eiπ/4 and z2 =
√

2e−iπ/4.

(b) (1 Point)

Question 3. [5 Points] On considère l’équation suivante

1

2
z2 + az + b = 0.

(a) Résoudre dans C l’équation ci-dessus. Écrire les solutions sous la forme cartésienne et
sous la forme polaire.

(b) Représenter les solutions trouvées en (a) dans le plan complexe.

Solution.

Version A. a = −1, b = 1

(a) ∆ = 1− 2 = −1 et on a donc les solutions suivantes (2 Points)

z1 =
−(−1) +

√
−1

21
2

= 1 + i et z2 =
−(−1) +

√
−1

21
2

= 1− i.

Pour la forme polaire, on calcule |1+i| = |1−i| =
√
2 et arctan(1) = π/4, arctan(−1) = −π/4

et donc (2 Points)
z1 =

√
2eiπ/4 et z2 =

√
2e−iπ/4.

(b) (1 Point)

1 + i

1

1− i

0

1

−1

−2

Version B. a = −1, b = 2
(a) ∆ = 1− 4 = −3 et on a donc les solutions suivantes (2 Points)

z1 =
−(−1) +

√
−3

21
2

= 1 +
√
3i et z2 =

−(−1) +
√
−3

21
2

= 1−
√
3i.

5

Version B. a = −1, b = 2
(a) ∆ = 1− 4 = −3 and we have therefore the following equations (2 Points)

z1 =
−(−1) +

√
−3

21
2

= 1 +
√

3i and z2 =
−(−1) +

√
−3

21
2

= 1−
√

3i.
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For the polar form, calculate |1 +
√

3i| = |1 −
√

3i| =
√

4 = 2 and arctan(
√

3) = π/3,
arctan(−

√
3) = −π/3 and hence (2 Points)

z1 = 2eiπ/3 and z2 = 2e−iπ/3.

(b) (1 Point)

Pour trouver la forme polaire, on calcule |1+
√
3i| = |1−

√
3i| =

√
4 = 2 et arctan(

√
3) = π/3,

arctan(−
√
3) = −π/3 et donc (2 Points)

z1 = 2eiπ/3 et z2 = 2e−iπ/3.

(b) (1 Point)

1 +
√
3i

1

−
√
3

√
3

1−
√
3i

0

1

2

−1

−2

−3

Version C. a = 1, b = 1
(a) ∆ = 1− 2 = −1 et on a donc les solutions suivantes (2 Points)

z1 =
−1 +

√
−1

21
2

= −1 + i et z2 =
−1 +

√
−1

21
2

= −1 − i.

Pour la forme polaire, on calcule |−1+ i| = |−1− i| =
√
2 et arctan(1) = π/4, arctan(−1) =

−π/4 et donc (puisque la coordonnée sur l’axe des x < 0) (2 Points)

z1 =
√
2ei3π/4 et z2 =

√
2e−3iπ/4.

(b) (1 Point)

6

Version C. a = 1, b = 1
(a) ∆ = 1− 2 = −1 and we have therefore the following equations (2 Points)

z1 =
−1 +

√
−1

21
2

= −1 + i and z2 =
−1 +

√
−1

21
2

= −1− i.

For the polar form, calculate | − 1 + i| = | − 1− i| =
√

2 and arctan(1) = π/4, arctan(−1) =
−π/4 and hence (since the x-coordinate is < 0) (2 Points)

z1 =
√

2ei3π/4 and z2 =
√

2e−3iπ/4.

(b) (1 Point)

Version D. a = −1, b = 1

(a) ∆ = 1− 4 = −3 and we have therefore the following equations (2 Points)

z1 =
−1 +

√
−3

21
2

= −1 +
√

3i et z2 =
−1−

√
−3

21
2

= −1−
√

3i.
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1 + i

-1

−1− i

0

1

−1

−2

Question 4. [8 Points] Version A.
(a) Déterminer pour quelles valeurs de a la matrice suivante est inversible.





1 0 −1
2 −2 −a
3 a −2





(b) Calculer l’inverse de la matrice lorsque a = 0.
(c) Montrer que λ = −2 est une valeur propre lorsque a = 0.
(d) Trouver tous les vecteurs propres correspondant à λ = −2 lorsque a = 0.
Solution.

(a) On calcule le déterminant de A (1 Point)

det(A) = 4 + 0− 2a− 6 + a2 + 0 = a2 − 2a− 2.

Donc det(A) = 0 ⇐⇒ a = 2±
√
12

2 = 1 ±
√
3. Ainsi, puisque A est inversible si et seulement

si det(A) %= 0, on obtient que a %= 1±
√
3 (1 Point).

(b) (2 Points) On considère la matrice augmentée





1 0 −1 1 0 0
2 −2 0 0 1 0
3 0 −2 0 0 1





R2−2R1→R2, R3−3R1→R3

!





1 0 −1 1 0 0
0 −2 2 −2 1 0
0 0 1 −3 0 1





−1/2R2→R2

!





1 0 −1 1 0 0
0 1 −1 1 −1/2 0
0 0 1 −3 0 1





R1+R3→R1, R2+R3→R2

!





1 0 0 −2 0 1
0 1 0 −2 −1/2 1
0 0 1 −3 0 1





7

For the polar form, calculate |− 1 +
√

3i| = |− 1−
√

3i| =
√

4 = 2 and arctan(−
√

3) = −π/3,
arctan(

√
3) = π/3. hence (since the x-coordinate is < 0) (2 Points)

z1 = 2ei2π/3 and z2 = e−i2π/3.

(b) 1 Point

Question 4. [8 Points] Version A.

(a) Find all values of a such that the matrix below is invertible.1 0 −1
2 −2 −a
3 a −2


(b) Find the inverse when a = 0.

(c) Show that λ = −2 is an eigenvalue when a = 0.

(d) Find all eigenvectors corresponding to λ = −2 when a = 0.

(a) We compute the determinant of A (1 Point)

det(A) = 4 + 0− 2a− 6 + a2 + 0 = a2 − 2a− 2.

Hence det(A) = 0 ⇐⇒ a = 2±
√

12
2

= 1±
√

3. Since A is invertible iff det(A) 6= 0, we obtain

that A is invertible iff a 6= 1±
√

3 (1 Point).
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Pour la forme polaire, on calcule |−1+
√
3i| = |−1−

√
3i| =

√
4 = 2 et arctan(−

√
3) = −π/3,

arctan(
√
3) = π/3. Donc (puisque la coordonnée sur l’axe des x < 0) (2 Points)

z1 = 2ei2π/3 et z2 = e−i2π/3.

(b) 1 Point

−1 +
√
3i

-1

−
√
3

√
3

−1−
√
3i

0

1

2

−1

−2

−3

Question 4. [8 Points]
(a) Déterminer pour quelles valeurs de a la matrice suivante est inversible.





1 −1 1
0 −1 a
1 −a 2





(b) Calculer l’inverse de la matrice lorsque a = 0.
(c) Montrer que λ = −1 est une valeur propre lorsque a = 0.
(d) Trouver tous les vecteurs propres correspondant à λ = −1 lorsque a = 0.

Solution.

(a) On calcule le déterminant de A (1 Point)

det(A) = −2− a+ 0 + 1 + a2 + 0 = a2 − a− 1.

Donc det(A) = 0 ⇐⇒ a = 1±
√
5

2 . Ainsi, puisque A est inversible si et seulement si det(A) %= 0,

on obtient que A est inversible si et seulement si a %= 1±
√
5

2 (1 Point).

3

(b) (2 Points) Consider the augmented matrix 1 0 −1 1 0 0
2 −2 0 0 1 0
3 0 −2 0 0 1

 R2−2R1→R2, R3−3R1→R3 

 1 0 −1 1 0 0
0 −2 2 −2 1 0
0 0 1 −3 0 1


−1/2R2→R2
 

 1 0 −1 1 0 0
0 1 −1 1 −1/2 0
0 0 1 −3 0 1

 R1+R3→R1, R2+R3→R2 

 1 0 0 −2 0 1
0 1 0 −2 −1/2 1
0 0 1 −3 0 1


and hence

A−1 =

−2 0 1
−2 −1/2 1
−3 0 1


(c) Calculate the characteristic polynomial (1 Point)

pA(λ) = det(λI − A) = (λ− 1)(λ+ 2)(λ+ 2)− 3(λ+ 2)

and it easy to verify that pA(−2) = 0 (1 Point).

(d) Solve (−2I − A)~x = ~0 (1 Point) 1 0 1 0
−2 0 0 0
−3 0 0 0

 
 1 0 0 0

0 0 1 0
0 0 0 0


9



Hence, y is free and x = z = 0, and the set of eigenvectors is (1 Point)

{0
t
0

 | t ∈ R, t 6= 0
}
.

Version B.

(a) Find all values of a such that the matrix below is invertible. 1 2 1
0 −2 a
−1 −a 1


(b) Find the inverse when a = 0.

(c) Show that λ = −2 is an eigenvalue when a = 0.

(d) Find all eigenvectors corresponding to λ = −2 when a = 0.

(a) We compute the determinant of A (1 Point)

det(A) = −2− 2a+ 0− 2 + a2 + 0 = a2 − 2a− 4.

Hence det(A) = 0 ⇐⇒ a = 2±
√

20
2

= 1±
√

5. Since A is invertible iff det(A) 6= 0, we obtain

that A is invertible iff a 6= 1±
√

5 (1 Point).

(b) (2 Points) Consider the augmented matrix 1 2 1 1 0 0
0 −2 0 0 1 0
−1 0 1 0 0 1

 R3+R1→R3 

 1 2 1 1 0 0
0 −2 0 0 1 0
0 2 2 1 0 1


R3+R2→R3, R2/2→R2

 

 1 2 1 1 0 0
0 1 0 0 −1/2 0
0 0 2 1 1 1

 1/2R3→R3
 

 1 2 1 1 0 0
0 1 0 0 −1/2 0
0 0 1 1/2 1/2 1/2


R1−R3−2R2→R1 

 1 2 0 1/2 −1/2 −1/2
0 1 0 0 −1/2 0
0 0 1 1/2 1/2 1/2


and hence

A−1 =

1/2 1/2 −1/2
0 −1/2 0

1/2 1/2 1/2


(c) Calculate the characteristic polynomial (1 Point)

pA(λ) = det(λI − A) = (λ− 1)(λ+ 2)(λ− 1) + (λ+ 2)

10



and it easy to verify that pA(−2) = 0 (1 Point).

(d) Solve (−2I − A)~x = ~0 (1 Point) −3 −2 −1 0
0 0 0 0
1 0 −3 0

 
 1 0 −3 0
−3 −2 −1 0
0 0 0 0

 
 1 0 −3 0

0 −2 −10 0
0 0 0 0

 
 1 0 −3 0

0 1 5 0
0 0 0 0


Hence, z is free and y = −5z and x = 3z, and the set of eigenvectors is (1 Point)

{ 3t
−5t
t

 | t ∈ R, t 6= 0
}
.

Version C.

(a) Find all values of a such that the matrix below is invertible. 1 0 1
1 −1 a
−2 −a 1


(b) Find the inverse when a = 0.

(c) Show that λ = −1 is an eigenvalue when a = 0.

(d) Find all eigenvectors corresponding to λ = −1 when a = 0.

(a) We compute the determinant of A (1 Point)

det(A) = −1 + 0− a− 2 + a2 + 0 = a2 − a− 3.

Hence det(A) = 0 ⇐⇒ a = 1±
√

13
2

. Since A is invertible iff det(A) 6= 0, we obtain that A is

invertible iff a 6= 1±
√

13
2

(1 Point).

(b) (2 Points) Consider the augmented matrix 1 0 1 1 0 0
1 −1 0 0 1 0
−2 0 1 0 0 1

 R2−R1→R2, R3+2R1→R1 

 1 0 1 1 0 0
0 −1 −1 −1 1 0
0 0 3 2 0 1


−R2→R2, 1/3R3→R3

 

 1 0 1 1 0 0
0 1 1 1 −1 0
0 0 1 2/3 0 1/3

 R2−R3→R2, R1−R3→R1 

 1 0 0 1/3 0 −1/3
0 1 0 1/3 −1 −1/3
0 0 1 2/3 0 1/3


and hence

A−1 =

1/3 0 −1/3
1/3 −1 −1/3
2/3 0 1/3


11



(c) Calculate the characteristic polynomial (1 Point)

pA(λ) = det(λI − A) = (λ− 1)(λ+ 1)(λ− 1) + 2(λ+ 1)

and it easy to verify that pA(−1) = 0 (1 Point).

(d) Solve (−I − A)~x = ~0 (1 Point) −2 0 −1 0
−1 0 0 0
2 0 −1 0

 
 1 0 0 0

0 0 1 0
0 0 0 0


Hence, y is free and x = z = 0, and the set of eigenvectors is (1 Point)

{0
t
0

 | t ∈ R, t 6= 0
}
.

Version D.
Question 4. [8 Points]

(a) Find all values of a such that the matrix below is invertible.1 −1 1
0 −1 a
1 −a 2


(b) Find the inverse when a = 0.

(c) Show that λ = −1 is an eigenvalue when a = 0.

(d) Find all eigenvectors corresponding to λ = −1 when a = 0.

(a) We compute the determinant of A (1 Point)

det(A) = −2− a+ 0 + 1 + a2 + 0 = a2 − a− 1.

Hence det(A) = 0 ⇐⇒ a = 1±
√

5
2

. Since A is invertible iff det(A) 6= 0, we obtain that A is

invertible iff a 6= 1±
√

5
2

(1 Point).
(b) (2 Points) Consider the augmented matrix 1 −1 1 1 0 0

0 −1 0 0 1 0
1 0 2 0 0 1

 R3−R1→R1, −R2→R2 

 1 −1 1 1 0 0
0 1 0 0 −1 0
0 1 1 −1 0 1


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R3−R2→R3 

 1 −1 1 1 0 0
0 1 0 0 −1 0
0 0 1 −1 1 1

 R1+R2−R3→R1 

 1 0 0 2 −2 −1
0 1 0 0 −1 0
0 0 1 −1 1 1


and so

A−1 =

 2 −2 −1
0 −1 0
−1 1 1


(c) Calculate the characteristic polynomial (1 Point)

pA(λ) = det(λI − A) = (λ− 1)(λ+ 1)(λ− 2)− (λ+ 1).

and it is easy to verify that pA(−1) = 0 (1 Point).
(d) Solve(−I − A)~x = ~0 (1 Point) −2 1 −1 0

−1 0 0 0
2 0 0 0

 
 1 0 0 0

0 1 −1 0
0 0 0 0


Thus, z is free and y = z and x = 0, and the set of eigenvectors is (1 Point)

{0
t
t

 | t ∈ R, t 6= 0
}
.

Question 5. [5 Points]
Version A.

Solve the linear system
3x + 2y + 4z = 1
2x + y + 2z = −1
x + 2y + 4z = 7

Solution. We write the augmented matrix and use row reduction (3 Points) 3 2 4 1
2 1 2 −1
1 2 4 7

 R1↔R3 

 1 2 4 7
2 1 2 −1
3 2 4 1

 R2−2R1→R2, R3−3R1→R3 

 1 2 4 7
0 −3 −6 −15
0 −4 −8 −20


−1/3R2→R2
 

 1 2 4 7
0 1 2 5
0 0 0 0

 R1−2R2 

 1 0 0 −3
0 1 2 5
0 0 0 0


Hence, z is free, y = 5− 2z and x = −3 (1 Point) and the solution set is (1 Point)

S =
{ −3

5− 2t
t

 | t ∈ R
}
.
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Version B.

Solve the linear system
4x + y − z = 1
3x + 2y + z = −2
x + 4y + 5z = −8

Solution. We write the augmented matrix and use row reduction (3 Points) 4 1 −1 1
3 2 1 −2
1 4 5 −8

 R1↔R3 

 1 4 5 −8
3 2 1 −2
4 1 −1 1

 R2−3R1→R2, R3−4R1→R3 

 1 4 5 −8
0 −10 −14 22
0 −15 −21 33


1/10R2→R2
 

 1 4 5 −8
0 1 7/5 −11/5
0 0 0 0

 R1−4R2→R1 

 1 0 −3/5 4/5
0 1 7/5 −11/5
0 0 0 0


Hence, z is free, y = −11/5− 7/5z and x = 4/5 + 3/5z (1 Point) and the solution set is (1
Point)

S =
{ 4/5 + 3/5t
−11/5− 7/5t

t

 | t ∈ R
}
.

Version C.

Solve the linear system
2x − y + z = −1
3x + 2y − z = 2
x + 10y − 7z = 10

Solution. We write the augmented matrix and use row reduction (3 Points) 2 −1 1 −1
3 2 −1 2
1 10 −7 10

 R1↔R3 

 1 10 −7 10
3 2 −1 2
2 −1 1 −1

 R2−3R1→R2, R3−2R1→R3 

 1 10 −7 10
0 −28 20 −28
0 −21 15 −21


1/7R2↔R2
 

 1 10 −7 10
0 1 −5/7 1
0 0 0 0

 R1−10R2→R1 

 1 0 −1/7 0
0 1 −5/7 1
0 0 0 0


Hence, z is free, y = 1 + 5/7z and x = −1/7z (1 Point) and the solution set is (1 Point)

S =
{ −1/7t

1 + 5/7t
t

 | t ∈ R
}
.
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Version D.

Solve the linear system
3x + 2y + z = 2
4x − y + 2z = 1
x + 8y − z = 4

Solution. We write the augmented matrix and use row reduction (3 Points) 3 2 1 2
4 −1 2 1
1 8 −1 4

 R1↔R3 

 1 8 −1 4
4 −1 2 1
3 2 1 2

 R2−4R1→R2, R3−3R1→R3 

 1 8 −1 4
0 −33 6 −15
0 −22 4 −10


R2/33→R2
 

 1 8 −1 4
0 1 −2/11 5/11
0 0 0 0

 R1−8R2→R1 

 1 0 5/11 4/11
0 1 −2/11 5/11
0 0 0 0


Thus, z is free, y = 5/11 + 2/11z and x = 4/11− 5/11z (1 Point) and the solution set is (1
Point)

S =
{4/11− 5/11t

5/11 + 2/11t
t

 | t ∈ R
}
.

Question 6. [7 Points]

Version A.

Consider the function of two variables f(x, y) = cos(
√
x+ y).

(a) Find the domain of f .

(b) Find the range of f .

(c) Sketch the domain of f in the plane R2.

(d) On a separate graph, sketch three level curves.

Solution. (a) We need x + y ≥ 0 to take the square root, and hence y ≥ −x. Hence, (1
Point)

Df = {(x, y) ∈ R2 | y ≥ −x}.

(b) The range of f is cos(R+) = [−1, 1] (1 Point).

(c) (1 Point)

(d) We have

cos(
√
x+ y) = c

√
x+ y = arccos(c)

y = −x+ [arccos(c)]2

15



1/7R2↔R2

!





1 10 −7 10
0 1 −5/7 1
0 0 0 0





R1−10R2→R1

!





1 0 −1/7 0
0 1 −5/7 1
0 0 0 0





Ainsi, z est libre, y = 1 + 5/7z et x = −1/7z (1 Point) et l’ensemble des solutions est (1
Point)

S =
{





−1/7t
1 + 5/7t

t



 | t ∈ R

}

.

Question 6. [7 Points]

Version A.

On considère la fonction de deux variables f(x, y) = cos(
√
x+ y).

(a) Trouver le domaine de f .
(b) Trouver l’image de f .
(c) Dessiner le domaine de f dans le plan R2.
(d) Sur un graphique différent, dessiner les courbes de niveau 1 et -1.

Solution.

(a) Il faut que x+ y ≥ 0 pour qu’on puisse prendre la racine, et donc que y ≥ −x. Ainsi,
(1 Point)

Df = {(x, y) ∈ R
2 | y ≥ −x}.

(b) L’image de f est cos(R+) = [−1, 1] (1 Point).

(c) (1 Point)

y = −x
Df

0 1 2−1−2−3
0

1

2

−1

−2

−3

(d) On commence par calculer cos(
√
x+ y) = 1 ⇐⇒

√
x+ y = 2kπ (k ≥ 0) ⇐⇒

y = −x + (2kπ)2 (k ≥ 0) (1 Point). Ainsi, la courbe de niveau f−1(1) est la réunion d’une
infinité de droites. Pour −1, on a cos(

√
x+ y) = −1 ⇐⇒

√
x+ y = π + 2kπ (k ≥ 0) ⇐⇒

y = −x+ ((2k + 1)π)2 (k ≥ 0) (1 Point). Ainsi, la courbe de niveau f−1(−1) est la réunion
d’une infinité de droites. Si on les représente (en bleue f−1(1) et en rouge f−1(−1)), on obtient
(2 Points)

12

1

16



(2 Points). We graph these lines (2 Points).

Version B.

Consider the function of two variables f(x, y) = sin(
√
x+ y).

(a) Find the domain of f .

(b) Find the range of f .

(c) Sketch the domain of f in the plane R2.

(d) On a separate graph, sketch three level curves.

Solution. (a) We need x + y ≥ 0 to take the square root, and hence y ≥ −x. Hence, (1
Point)

Df = {(x, y) ∈ R2 | y ≥ −x}.

(b) The range of f is sin(R+) = [−1, 1] (1 Point).

(c) (1 Point) [Same as Version A]

(d) We have

sin(
√
x+ y) = c

√
x+ y = arcsin(c)

y = −x+ [arcsin(c)]2

(2 Points). We graph these lines [same as Version A] (2 Points)

Version C.

Consider the function of two variables f(x, y) = sin(
√
x− y).

(a) Find the domain of f .

(b) Find the range of f .

(c) Sketch the domain of f in the plane R2.

(d) On a separate graph, sketch three level curves.

Solution. (a) We need x−y ≥ 0 to take the square root, and hence y ≤ x. Hence, (1 Point)

Df = {(x, y) ∈ R2 | y ≤ x}.

(b) The range of f is sin(R+) = [−1, 1] (1 Point).

(c) (1 Point)

17



y = x

Df

0 1 2−1−2−3
0

1

2

−1

−2

−3

(d) On commence par calculer sin(
√
x− y) = 1 ⇐⇒

√
x− y = π/2 + 2kπ (k ≥ 0) ⇐⇒

y = x−(π/2+2kπ)2 (k ≥ 0) (1 Point). Ainsi, la courbe de niveau f−1(1) est la réunion d’une
infinité de droites. Pour −1, on a sin(

√
x− y) = −1 ⇐⇒

√
x− y = 3π/2 + 2kπ (k ≥ 0)

⇐⇒ y = x − ((3π/2 + 2k)π)2 (k ≥ 0) (1 Point). Ainsi, la courbe de niveau f−1(−1) est la
réunion d’une infinité de droites. Si on les représente, on obtient (2 Points)

15
1
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(d) We have

sin(
√
x− y) = c

√
x− y = arcsin(c)

y = x− [arcsin(c)]2

(2 Points). We graph these lines (2 Points).

Version D.

Question 6. [7 Points] Consider the function of two variables f(x, y) = cos(
√
x− y).

(a) Find the domain of f .

(b) Find the range of f .

(c) Sketch the domain of f in the plane R2.

(d) On a separate graph, sketch three level curves.

Solution. (a) We need x− y ≥ 0 in order to take the square root, and hence y ≤ x. Hence,
(1 Point)

Df = {(x, y) ∈ R2 | y ≤ x}.

(b) The range of f is cos(R+) = [−1, 1] (1 Point).

(c) (1 Point) [Same as Version C]
(d) We have

cos(
√
x− y) = c

√
x− y = arccos(c)

y = x− [arccos(c)]2

(2 Points). We graph these lines (2 Points).
[Same as Version C]

Bonus. [4 Points]

Version A .

Solve the following equation:
z3 = −1 + i.

Hint: write z = reiθ and −1 + i in polar form

Solution. We calculate | − 1 + i| =
√

2 and arctan(−1) = −π/4. Thus, since x-coordinate is
< 0, −1 + i =

√
2ei(3π/4) (1 Point). Writing z = reiθ, the equation becomes (1 Point)

r3zi(3θ) =
√

2ei(3π/4),
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that is {
3θ = 3π/4 + 2kπ

r3 =
√

2
⇒
{
θ = π/4 + k2π/3

r = 6
√

2

where k = 0, 1, 2 (1 Point). Thus, since π/4 + 2π/3 = 11π/12 and π/4 + 4π/3 = 19π/12, the
solutions are (1 Point)

6
√

2ei(π/4),
6
√

2ei(11π/12) and
6
√

2ei(19π/12).

Version B.

Solve the following equation:
z3 = −1− i.

Hint: write z = reiθ and −1− i in polar form

Solution. We calculate | − 1 − i| =
√

2 and arctan(1) = π/4. Thus, since the x-coordinate
is < 0, −1− i =

√
2e−i(3π/4) (1 Point). Writing z = reiθ, the equation becomes (1 Point)

r3zi(3θ) =
√

2e−i(3π/4),

that is {
3θ = −3π/4 + 2kπ

r3 =
√

2
⇒
{
θ = −π/4 + k2π/3

r = 6
√

2

where k = 0, 1, 2 (1 Point). Thus, since −π/4+2π/3 = (5/12)π and −π/4+4π/3 = (13/12)π,
the solutions are (1 Point)

6
√

2e−i(π/4),
6
√

2ei(5/12π) and
6
√

2ei(13/12π).

Version C.

Solve the following equation:
z3 = 1− i.

Hint: write z = reiθ and 1− i in polar form.

Solution. We calculate |1 − i| =
√

2 and arctan(−1) = −π/4. Hence 1 + i =
√

2e−iπ/4 (1
Point). Writing z = reiθ, the equation becomes (1 Point)

r3zi(3θ) =
√

2e−i(π/4),

that is {
3θ = −π/4 + 2kπ

r3 =
√

2
⇒
{
θ = −π/12 + k2π/3

r = 6
√

2

where
6
√

2e−i(π/12),
6
√

2ei(7π/12) and
6
√

2ei(15π/12).
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Version D.

Solve the following equation:
z3 = 1 + i.

Hint: write z = reiθ and 1 + i in polar form

Solution. We calculate |1 + i| =
√

2 and arctan(1) = π/4. So 1 + i =
√

2ei(π/4) (1 Point).
Writing z = reiθ, the equation becomes (1 Point)

r3zi3θ =
√

2ei(π/4).

Thus {
3θ = π/4 + 2kπ

r3 =
√

2
⇒
{
θ = π/12 + k2π/3

r = 6
√

2

wherek = 0, 1, 2 (1 Point). Thus, since π/12 + 2π/3 = 3π/4 and π/12 + 4π/3 = 17π/12, the
solutions are (1 Point)

6
√

2ei(π/12),
6
√

2ei(3π/4) et
6
√

2ei(17π/12).
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