University of Ottawa
MAT 1332 Midterm solutions

Question 1. [5 points] Consider the matrix:
(a) Find the eigenvalues of A.

(b) Give an eigenvector for each of the eigenvalues found in (a).

-5 —6
=7 7)
(a) The characteristic polynomial is pa(\) = det(A\ — A) = (A +5)(A —4) — (=3)6 =
A+ X —2=(X—1)(A+2). The eigenvalues are the roots of the characteristic polynomial,

ie. Ay = =2 and \y =1 (1 Point).
(b) To find the eigenvectors for Aq, solve (=21 — A)Z = 0, ie in augmented matrix form,

3 6|0 1 20
~ .
(—3 —60) (O OO)

Thus x = —2y (1 Point), and we can take 0; = <_12> (1 Point). To find the eigenvectors

Version A.

for A2, solve (I — A)Z = 0, ie in augmented matrix form,

660W110
-3 =310 0 0{0 /)"

Thus, x = —y (1 Point), and we can take v, = ( 1 ) (1 Point).

=% 2)

(a) The characteristic polynomial is p4(\) = det(A[—A) = (A=5)(A+4)+18 = \2-\—-2 =
(A+ 1)(A — 2). The eigenvalues are the roots of the characteristic polynomial, i.e. A\; = —1
and Ay = 2 (1 Point).

(b) To find the eigenvectors for Aj, solve (—I — A)Z = 0, ie in augmented matrix form,

~6 =3[0\ (1}
6 30 0 0

Version B.




2
for Ay, solve (21 — A)Z = 0, ie in augmented matrix form,

-3 =310 - 1 1|0
6 6 |0 0 0(0 /)"

Thus z = —y (1 Point), and you can take v, = ( 11) (1 Point).

(%)

a) The characteristic polynomial is ps(\) = det(A\ — A) = (A =3)A+2 = 2 -3\ +2 =
A —1)(A —2). The eigenvalues are the roots of the characteristic polynomial,A\; = 1 and
A2 =2 (1 Point).

b) To find the eigenvectors for Ay, solve (I — A)Z = 0, ie in augmented matrix form,

2 —1[0Y (1 3|0
2 110 0 0/0)

B ) (1 Point). To find the eigenvectors

Thus z = —1/2y (1 Point), and you can take 0; = < ) (1 Point). To find the eigenvectors

Version C.

2
for Ay, solve (21 — A)Z = 0, ie in augmented matrix form

-1 =110 1 110
> )
(5 500) = (o olo)

1

Thus z = —1/2y (1 Point), and you can take v; = (

Thus © = —y (1 Point), and you can take v, = ( 1) (1 Point).

Version D.

(a) The characteristic polynomial is pa(A) = det(A\ — A) = (A —4)(A+5) — (=3)6 =
A2+ A —2 = (A+2)(X—1).The eigenvalues are the roots of the characteristic polynomial, i.e.
A1 = —2and Ay = 1. (1 Point)

(b) To find the eigenvectors for Ay, solve (=21 — A)Z = 0, ie in augmented matrix form

—6 60 — 1 =110
-3 310 0O 00/

}) (1 Point). To find the eigenvectors for

Ag, solve (I — A)Z = 0, ie in augmented matrix form

-3 610 — 1 =210
-3 60 0O 00/

2

Thus z = y (1 Point), and you can take v = (



Thus z = 2y (1 Point), and you can take v, = (?) (1 Point).

Question 2. [6 points] Consider the following differential equation

(
(

a) Find the equilibrium points of the differential equation. y’ = f(y)

)

b) Classify the equilibrium points in (a) (stable or unstable).

(c) Draw the phase-line diagram of the differential equation.
)

(d) Sketch in the same coordinate system the equilibrium solutions and the solution with
initial condition y(0) = 0.

Version A.a=1,b=2and C = 0.

(a) We have y' = f(y) with f(y) = (y — 1)(y* —4) = (y — 1)(y — 2)(y + 2). Hence the
equilibria are —2,1,2 (1 Point).

(b) To decide about stability calculate the derivative f'(y) = 3y*> — 2y — 4 (1 Point) and
evaluate at each equilibrium f'(—2) =12 > 0, f’(1) = =3 < 0 and f’(2) = 4 > 0. Hence, -2
and 2 are unstable and 1 is stable (1 Point).

(¢) (1 Point)

(d) (2 Points)

Version B.a=2,b=3,C = 1.

(a) We have y' = f(y) with f(y) = (y — 2)(y* = 9) = (y — 2)(y — 3)(y + 3). Hence the
equilibria are —3,2,3 (1 Point).



(b) To decide about stability calculate the derivative f'(y) = 3y* — 4y — 9 (1 Point) and
evaluate at each equilibrium f’(—3) =30 > 0, f'(2) = =5 < 0 and f’(3) =6 > 0. Hence, -3
and 3 are unstable and 2 is stable (1 Point).

(¢) (1 Point) (d) (2 Points)

-3 2 3
y=3
y=2
1
5 -4 -3 -2 A o1 2 3 4
y=-3

Version C.a=1,b=3 and C' = 2.

(a) We have y' = f(y) with f(y) = (y — D)(y* —9) = (y — 1)(y — 3)(y + 3). Hence the
equilibria are —3,1,3 (1 Point).

(b) To decide about stability calculate the derivative, f'(y) = 3y* — 2y — 9 (1 Point) and
evaluate at each equilibrium f'(—=3) =24 > 0, f'(1) = =8 < 0 and f'(3) = 12 > 0. Hence, -3
and 3 are unstable and 1 is stable (1 Point).

(¢) (1 Point) (d) (2 Points) Version D. (a) On ay’ = f(y) with f(y) = (y—3)(y*—4) =

(y —3)(y — 2)(y + 2). Hence the equilibria are —2,2,3 (1 Point).

(b) To decide about stability calculate the derivative, f'(y) = 3y* — 6y —4 (1 Point) and
evaluate at each equilibrium f’(—2) =20 > 0, f'(2) = —4 < 0 and f’(3) =5 > 0. Hence, -2
and 3 are unstable and 2 is stable (1 Point).



y=3
y=1
5 —4 -3 -2 -1 1 2 A
y=-3
5 2 3
y=3
y =2
5 -4 -3 -2 -1 /lo 1 3




(¢) (1 Point) (d) (2 Point)
Question 3. [5 Points] Consider the following equation
L,
3% +az+b=0.
(a) Solve this equation in C . Write the solutions in the form a+bi and in polar coordinates.

(b) Sketch the solutions in the complex plane.

Version A.a=—-1,b=1
(a) A=1—2= —1 and we have therefore the following equations (2 Points)

(1) + VT (VT

1 1
23 23

zlz_ =1+¢ and 2z = 1—1.

For the polar form, calculate |1 +4| = |1 —i| = /2 and arctan(1) = 7/4, arctan(—1) = —7/4

and d (2 Points) ' '
21 = V2™t and 2y = V2e 4,
(b) (1 Point)

1+
17 ’
0 |
1
ilA- °
1—1
_2;;

Version B. a = —1, b =2
(a) A =1—4 = —3 and we have therefore the following equations (2 Points)

(—1)+\/—_3:1+\/§Z. —(—1)+\/—_3:1_\/§Z._

1 1
23 23

z2 = and 2y =



For the polar form, calculate |1 + v/3i] = |1 —+/3i] = V4 = 2 and arctan(v/3) = 7/3,
arctan(—+/3) = —7/3 and hence (2 Points)
2 =23 and 2y = 2e7/3.

(b) (1 Point)

24 143

=27 13

Version C.a=1,b=1
(a) A=1—2= —1 and we have therefore the following equations (2 Points)

S ERvAS —1+v—=1

—1—1.
1 1

21 —1+4i and 2z, =

For the polar form, calculate | — 1 44| = | — 1 — 4| = v/2 and arctan(1) = 7/4, arctan(—1) =
—m/4 and hence (since the z-coordinate is < 0) (2 Points)

2= V25 and 2y = V274
(b) (1 Point)
Version D.a=—-1,0=1

(a) A =1—4= —3 and we have therefore the following equations (2 Points)

—1+/=3 —1— /=3
:;—1:—1+\/§z’ et zy=—— 2= 1 —/3i.
3

21
23



1+
. 11
0
-1
. +-1
—1—1
L9
For the polar form, calculate | — 14 +/3i| = | — 1 — v/3i| = V4 = 2 and arctan(—+/3)

arctan(y/3) = 7/3. hence (since the z-coordinate is < 0) (2 Points)
z = 26273 and 29 = e127/3,
(b) 1 Point
Question 4. [8 Points| Version A.

(a) Find all values of a such that the matrix below is invertible.

1 0 -1
2 =2 —a
3 a -2

(b) Find the inverse when a = 0.

(c) Show that A\ = —2 is an eigenvalue when a = 0.

(d) Find all eigenvectors corresponding to A = —2 when a = 0.
(

a) We compute the determinant of A (1 Point)

det(A)=4+0—2a—6+a*+0=a*—2a—2.

Hence det(A) =0 <= a = %ﬁ =1+ +/3. Since A is invertible iff det(A) # 0, we obtain

that A is invertible iff @ # 1 + /3 (1 Point).



—14+v3i 2+
! V3
1*
0
-1
-1+
. V3
—1-3i 27
—-3L

(b) (2 Points) Consider the augmented matrix

1 0 —-1/1 00 0 —1] 1 0
9 —2 0|0 1 0 |BTRSESEEEAL G 9 9| 9
3 0 —2/00 1 0 0 1/]/-30
P 10 —-1|1 0 0N o (1002
STl 1)1 =12 0 ) TTTETTRRSETETTE L0
00 1/-3 0 1 00 1]|-3
and hence

—2 0 1

Alt=(-2 —-1/2 1

-3 0 1

(c) Calculate the characteristic polynomial (1 Point)
pa(A) =det(Al —A) = A=1)(A+2)(A+2) —3(A+2)

and it easy to verify that ps(—2) =0 (1 Point).
=0

(d) Solve (=21 — A)¥ (1 Point)
1 0 1/0 1 0 0]0
-2 0 0{0 ] ~1001}0
-3 0 0]0 0 0 0]0

—_
(aw]

|
[\

|
—_
~
DO
—_



Hence, y is free and x = z = 0, and the set of eigenvectors is (1 Point)

0
{ (t) ]teR,t;«éo}.

Version B.

(a) Find all values of a such that the matrix below is invertible.

1 2 1
0 -2 a
-1 —a 1

(b) Find the inverse when a = 0.
(c) Show that A = —2 is an eigenvalue when a = 0.
(d) Find all eigenvectors corresponding to A = —2 when a = 0.
(a) We compute the determinant of A (1 Point)
det(A) = —2-2a4+0—-2+a*+0=0a®—2a—4.

Hence det(A) =0 <= a = @ = 1++/5. Since A is invertible iff det(A) # 0, we obtain
that A is invertible iff @ # 1 £+ /5 (1 Point).
(b) (2 Points) Consider the augmented matrix

1 2 1]/1 00 1 2 1/10 0
0 —20/0 10 |™& 0 20010
1 0 1]l0 01 0 2 21 0 1
A0 - T B I N A N Y I
3 01 0/0 —1/2 0 S 010[0 —1/2 0
0021 1 1 00 1|1/2 1/2 1/2

12 0]1/2 —1/2 —1/2
010[0 =1/2 0
00 1|1/2 1/2 1/2

R1—R3—2R2— R
~

and hence
/2 1/2 -1/2
At=10 -1/2 0
/2 1/2 1/2

(c) Calculate the characteristic polynomial (1 Point)

pa(A) =det( A —A)=A—=1)(A+2)(A—=1)+ (A +2)

10



and it easy to verify that ps(—2) =0 (1 Point).
=0

(d) Solve (=21 — A)¥ (1 Point)
-3 =2 —-11]0 1 0 =-3]0 1 0 =310 1 0 =31]0
O 0 0[]0 ]~ -3 -2 —-1(0)]~]|0 -2 —-10|/0 ] ~1101 510
10 =310 0O 0 010 0 0 0 |0 00 010
Hence, z is free and y = —5z and = = 3z, and the set of eigenvectors is (1 Point)
3t
{|-5t)|teR,t+#0}.
t
Version C.

(a) Find all values of a such that the matrix below is invertible.

(b) Find the inverse when a = 0.
(c

)

) Show that A = —1 is an eigenvalue when a = 0.

(d) Find all eigenvectors corresponding to A = —1 when a = 0.
(

a) We compute the determinant of A (1 Point)
det(A)=-14+0-a—2+a*+0=0a*>—a—3.

Hence det(A) =0 <— a = %ﬁ Since A is invertible iff det(A) # 0, we obtain that A is
invertible iff a # %ﬁ (1 Point).

(b) (2 Points) Consider the augmented matrix
1 0

11 0 1 0 1]1 00
1 —1 0l0 1 o |®rfhrf sty 1 101 1 ¢
-2 0 1/0 0 1 00 312 01
R 3R 1011 o0 o PR R 0 0[1/3 0 —-1/3
o~ 0111 =1 0 2 010[1/3 -1 —1/3
00 1[2/3 0 1/3 00 1[2/3 0 1/3
and hence
1/3 0 -1/3
At=1(1/3 -1 —-1/3
2/3 0 1/3

11



(c) Calculate the characteristic polynomial (1 Point)
pa(A) =det(AM —A)=A—-1A+1)(A—=1)+2(A+1)

and it easy to verify that ps(—1) =0 (1 Point).
(d) Solve (—I — A)Z =0 (1 Point)

-2 0 —-1/0 1 0 00
-1 0 00 ]~]100T1/|0
2 0 —-11]0 0 0 0]0

Hence, y is free and x = z = 0, and the set of eigenvectors is (1 Point)

0
{|t]||teR,t#0}.
0

Version D.
Question 4. [8 Points|

(a) Find all values of a such that the matrix below is invertible.

1 -1 1
0 -1 a
1 —a 2
(b) Find the inverse when a = 0.
(c) Show that A = —1 is an eigenvalue when a = 0.
(d) Find all eigenvectors corresponding to A = —1 when a = 0.

(a) We compute the determinant of A (1 Point)
det(A)=—-2—-a+0+1+a*+0=0a’>—a— 1.

Hence det(A) =0 <= a = %5 Since A is invertible iff det(A) # 0, we obtain that A is
invertible iff a # £Y5 (1 Point).
(b) (2 Points) Consider the augmented matrix

L -1 1froo0\ (1 -11/1 0 0
0 -1 0/0 10 TR L0 01 010 =100
1 0 200 1 0 1 1/-1 0 1

12



1 -1 1|1 o 1002 —2 -1
Romlg=fs [ g 1 ol o —1 0 | ™RI5 o100 -1 0
0 0 1]-1 1 1 00 1|-1 1 1
and so
9 -2 —1
At=[0 -1 0
1 1 1

(c) Calculate the characteristic polynomial (1 Point)
pa(A) =det( A\ —A)=A—-1DA+1)(A=2) = (A+1).

and it is easy to verify that ps(—1) = 0 (1 Point).
(d) Solve(—1 — A)Z =0 (1 Point)

-2 1 —-11]0 10 010
-1 0 0]0 ]~ 01 =110
2 0 010 00 010

Thus, z is free and y = z and x = 0, and the set of eigenvectors is (1 Point)

0
{ i ]teR,t;«éo}.

Question 5. [5 Points]
Version A.

Solve the linear system

v + 2y + 4z = 1
2 + y + 22 = -1
r + 2y + 42 = 7

Solution. We write the augmented matrix and use row reduction (3 Points)

32 4|1 2 4|7 12 47
2 1 2|1 |2 1 o1 | RSSO A g3 6] 15
12 4|7 32 4|1 0 —4 —8|—20

—1/3R2—R> 2 4 7 R1—2Ry L O O _3

Rl 0125 |m3" 012 5

0000 0000

Hence, z is free, y = 5 — 2z and x = —3 (1 Point) and the solution set is (1 Point)

-3
5:{ 5—tQt |teR}.

13



Version B.

Solve the linear system

4y + y — 2z = 1
dr + 2y + z = =2
r + 4y + Hz = -8

Solution. We write the augmented matrix and use row reduction (3 Points)

41 -1 1 1 4 5 [-8 1 4 5 |-8
32 1 |—2 MM 3 2 1| | PPRTRETEEEL G 10 _14] 22
1 4 5|8 41 1|1 0 —15 —21 |33
1/10R;— Rz L4 9 -8 Ri—ARo—R 10 =3/5| 4/5
3 0 1 7/5|—11/5 | TR0 1 75 | —11/5
00 0] 0 00 o0 0

Hence, z is free, y = —11/5 — 7/5z and x = 4/5 + 3/5z (1 Point) and the solution set is (1
Point)

4/5 4+ 3/5t
S:{ —11/5 — 7/5¢ |teR}.
t
Version C.
Solve the linear system
2 — y + z = -1
3x + 2y — z = 2

r + 10y — 7z = 10

Solution. We write the augmented matrix and use row reduction (3 Points)

9 —1 1 |-1 1 10 —7]10 1 10 —7] 10
3 9 —1] 92 |B&f| 3 o 1| o |RPETRfTRE 98 90 | —28
1 10 -7/ 10 29 —1 1 |-1 0 —21 15| —21

oo (L 100 =T 10\ (10 <170

2 0 1 —5/7|1 e N Ryl A

00 0 |0 00 0 |0

Hence, z is free, y = 1 +5/7z and x = —1/7z (1 Point) and the solution set is (1 Point)
—1/7t

S:{ 1+t5/7t |tER}.

14



Version D.

Solve the linear system

v + 2y + 2z = 2
dr — y + 2z =1
r 4+ 8y — 2z =4

Solution. We write the augmented matrix and use row reduction (3 Points)

3 2 112 8 —ufaN (1 8 1[4
4 -1 2 |1 | BBy o o2 | | ETMRTRSRTRSEL g 33 6 |15
1 8 —1)4 3 2 12 0 —22 4 |—10
e (18 1| 4 1 0 5/11 |4/11
R g 1 o5/ | PR 0 1 —2/11 | 5/

0 0 0 0 0 0 0 0
Thus, z is free, y = 5/11 + 2/11z and = 4/11 — 5/11z (1 Point) and the solution set is (1
Point)
4/11 — 5/11¢
S = { 5/11+2/11¢ | |t € R}.
t

Question 6. [7 Points]
Version A.
Consider the function of two variables f(z,vy) = cos(y/z + y).

a) Find the domain of f.

(a)

(b) Find the range of f.

(c) Sketch the domain of f in the plane R?.
)

(d) On a separate graph, sketch three level curves.

Solution. (a) We need = +y > 0 to take the square root, and hence y > —z. Hence, (1
Point)
Dy ={(z,y) eR* |y > —a}.
(b) The range of f is cos(R;) = [—1,1] (1 Point).
(c) (1 Point)
(d) We have

cos(vr +y) =c

V& +y = arccos(c)
Y

—x + [arccos(c)]?

15



2__
y=—x

1+ Dy
3 -2 1 1

14+

_9l

_3l

16



(2 Points). We graph these lines (2 Points).

Version B.
Consider the function of two variables f(z,y) = sin(y/z + y).

(a) Find the domain of f.
(

b) Find the range of f.

)
)

(c) Sketch the domain of f in the plane R.
)

(d) On a separate graph, sketch three level curves.

Solution. (a) We need = + y > 0 to take the square root, and hence y > —z. Hence, (1
Point)
Dy ={(z,y) €R* |y > —a}.

(b) The range of f is sin(Ry) = [—1,1] (1 Point).
(¢) (1 Point) [Same as Version A]
(d) We have

sin(vx +y) =¢
V& +y = arcsin(c)

y = —x + [arcsin(c)]?

(2 Points). We graph these lines [same as Version A] (2 Points)

Version C.

Consider the function of two variables f(z,y) = sin(y/z — y).

(a) Find the domain of f.

(b) Find the range of f.

(c) Sketch the domain of f in the plane R?.
)

(d) On a separate graph, sketch three level curves.

Solution. (a) We need z —y > 0 to take the square root, and hence y < z. Hence, (1 Point)
Dy ={(z,y) €R? |y < x}.

(b) The range of f is sin(R;) = [—1,1] (1 Point).
(c) (1 Point)

17
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(d) We have

sin(vx —y) =c¢

Vr —y = arcsin(c)
y = x — |arcsin(c)]?

(2 Points). We graph these lines (2 Points).

Version D.
Question 6. [7 Points] Consider the function of two variables f(z,y) = cos(y/z — y).

(
(

a) Find the domain of f.

)

b) Find the range of f.

(c) Sketch the domain of f in the plane R?.
)

(d) On a separate graph, sketch three level curves.

Solution. (a) We need z —y > 0 in order to take the square root, and hence y < x. Hence,
(1 Point)
Dy ={(x,y) e R* |y < z}.

(b) The range of f is cos(R;) = [—1,1] (1 Point).

(c) (1 Point) [Same as Version C|
(d) We have

y = x — [arccos(c)]?

(2 Points). We graph these lines (2 Points).
[Same as Version C]

Bonus. [4 Points]
Version A .

Solve the following equation:
2= 141

Hint: write z = re? and —1 + 4 in polar form

Solution. We calculate | — 1 4 i| = /2 and arctan(—1) = —x /4. Thus, since 2-coordinate is
<0, —1+4i=+/2eC"Y (1 Point). Writing z = re” | the equation becomes (1 Point)

3 1030) — |\ /2,i(37/4) ,

19



that is
{39 = 3n/4+ 2km :>{0 = 7/4+k2n/3

o= V2 ro= V2
where £ =0, 1,2 (1 Point). Thus, since 7/4+27/3 = 117/12 and 7 /4 + 47 /3 = 197/12, the
solutions are (1 Point)

6/5 i(n/4)  6/o i(1lx/12) 6/5 i(197/12)
2e , V2e and v 2e )

Version B.

Solve the following equation:
2= —1—1.

Hint: write z = re® and —1 — ¢ in polar form

Solution. We calculate | — 1 —i| = v/2 and arctan(1) = 7/4. Thus, since the 2-coordinate
is <0, =1 —i=1/2e"37/% (1 Point). Writing z = r¢*, the equation becomes (1 Point)

13 5i(30) _ | [9e—il3m/4) ’

that is
{39 = —3r/4+ 2kn :>{ 0 = —7m/4+k2r/3

o= V2 ro= V2
where k = 0,1,2 (1 Point). Thus, since —n/4+27/3 = (5/12)7 and —7/4+47/3 = (13/12),
the solutions are (1 Point)

6/5 —i(n/4)  6/o i(5/12w) 6/5 i(13/127)
2e , V2e and v 2e :

Version C.

Solve the following equation:
P=1-i

Hint: write z = re? and 1 — ¢ in polar form.

Solution. We calculate |1 — 4| = /2 and arctan(—1) = —7/4. Hence 1 +i = /2e7"/* (1
Point). Writing z = e, the equation becomes (1 Point)

p351030) — \/eilm/).

that is
30 = —w/4+42kn N 0 = —n/12+4 k2n/3
= V2 ro= V2

where

{»/564(#/12)’ G26177/12) g1 /2ei(157/12)

20



Version D.

Solve the following equation:
2 =1+i.

Hint: write z = re” and 1 + ¢ in polar form

Solution. We calculate |1 +i| = v/2 and arctan(1) = 7/4. So 1 +i = v/2¢/"/% (1 Point).
Writing z = re?| the equation becomes (1 Point)

7,39 \/_62(71—/4 .
Thus

3= V2 ro= V2

wherek =0, 1,2 (1 Point). Thus, since 7/12 +27/3 = 37/4 and 7/12 + 47 /3 = 177/12, the
solutions are (1 Point)

{39 = 7/4+2kn :>{9 = 7w/12+ k2n/3
r

wei(ﬂ'/w), \6/_ i(3m/4) ot \/_ 177r/12

21



