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1. Multiple choice questions, no partial marks, chose the best possible answer.

(a) (1 point)

[
4 5 6
3 2 1

]11
1

 =

(a)

[
1 2 3
4 5 6

]
, (b)

57
9

, (c)

[
6
15

]
, (d)

 4
10
18

, (e)

[
15
6

]
.

Solution: (e)

(b) (1 point) Given u⃗ =

[
2
5

]
, v⃗ =

[
0
0

]
, w⃗ =

[
3
6

]
. Which of them are in the span

{[
1
2

]}
?

(a) u⃗ and v⃗, (b) u⃗ and w⃗, (c) w⃗ and v⃗, (d) u⃗ only, (e) w⃗ only.

Solution: (c)

(c) (3 points) Given

A =


1 0 3 4
0 0 0 0
0 1 0 1
0 0 1 1

 , B =

 1 0 0 4
0 1 0 3
0 0 1 2

 , C =


1 0 0 4
0 0 0 0
0 1 0 1
2 0 1 1

 , D =


1 0 0 4
0 1 0 0
0 0 1 1
0 0 0 1

 .

(i) List all matrices which are in reduced row echelon form;

(a) A only, (b) B only, (c) C only, (d) D only, (e) B and C.

Solution: (b)

(ii) List all matrices which are in row echelon form but not in reduced row ech-
elon form;

(a) A only, (b) B only, (c) C only, (d) D only, (e) A and C.

Solution: (d)
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(iii) List all matrices which are not in row echelon form.

(a) A only, (b) B only, (c) C only, (d) D only, (e) A and C.

Solution: (e)
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2. Consider the following linear system 4x1 + 8x2 − 4x3 + 20x4 = 4
2x1 + 2x2 − 2x3 + 6x4 = 3

x1 + x2 − x3 + 3x4 = 2

(a) [4 points] Row reduce the augmented matrix to the reduced row echelon form.
(b) [1 point] Determine if the linear system is consistent or inconsistent. (If the system

is consistent, you do not need to find the general solution.)

Solution: (a)
We write the augmented matrix of the system and row reduce it 4 8 −4 20 4
2 2 −2 6 3
1 1 −1 3 2

 R1→ 1
4
R1−−−−−→

 1 2 −1 5 1
2 2 −2 6 3
1 1 −1 3 2


R2 → R2 − 2R1

R3 → R3 −R1−−−−−−−−−−→

 1 2 −1 5 1
0 −2 0 −4 1
0 −1 0 −2 1


R3→R3− 1

2
R2−−−−−−−−→

 1 2 −1 5 1
0 −2 0 −4 1
0 0 0 0 0.5

 R3→2R3−−−−−→

 1 2 −1 5 1
0 −2 0 −4 1
0 0 0 0 1


R1 → R1 −R3

R2 → R2 −R3−−−−−−−−−→

 1 2 −1 5 0
0 −2 0 −4 0
0 0 0 0 1

 R2→− 1
2
R2−−−−−−→

 1 2 −1 5 0
0 1 0 2 0
0 0 0 0 1


R1→R1−2R2−−−−−−−→

 1 0 −1 1 0
0 1 0 2 0
0 0 0 0 1


(b) Since the rightmost column is a pivot column, the linear system is inconsistent.
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3. [5 points] Determine all values of h such that the vector

−1
h
6

 belongs

to Span


 1
−1
2

 ,

 3
1
−2

.

Solution: We write the corresponding augmented matrix and then row reduce it:

 1 3 −1
−1 1 h
2 −2 6

 R2 → R2 +R1

R3 → R3 − 2R1−−−−−−−−−−→

 1 3 −1
0 4 h− 1
0 −8 8

 R3→R3+2R2−−−−−−−→

 1 3 −1
0 4 h− 1
0 0 2h+ 6


The vector

−1
h
6

 belongs to Span


 1
−1
0

 ,

 3
1
−8

 if and only if the system with the

latter matrix as the augmented matrix is consistent, that is, the rightmost column is not
a pivot column. This is equivalent to 2h+ 6 = 0, or h = −3.
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4. [5 points] Find the general solution to the matrix equation Ax⃗ = b⃗, where

A =

[
1 −3 −1 1
−2 6 3 1

]
, x⃗ =


x1

x2

x3

x4

 , and b⃗ =

[
3
−2

]
.

Indicate which variables are basic, which variables are free.

Solution: We row reduce the augmented matrix of the corresponding linear system.[
1 −3 −1 1 3
−2 6 3 1 −2

]
R2→R2+2R1−−−−−−−→

[
1 −3 −1 1 3
0 0 1 3 4

]
R1→R1+R2−−−−−−−→

[
1 −3 0 4 7
0 0 1 3 4

]
x1, x3 basic. x2, x4 free. Therefore the general solution is:

x1 = 3x2 − 4x4 + 7
x2 = free
x3 = −3x4 + 4
x4 = free
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5. [5 points] Consider the following linear system{
3x1 + x2 = 2x1 + 2x2 + 4

2x1 + hx2 = k.

(i) For what values of h and k does the system have no solution?

(ii) For what values of h and k does the system have only one solution?

(iii) For what values of h and k does the system have infinitely many solution?

Solution: Rewrite the system as{
x1 − x2 = 4

2x1 + hx2 = k.

[A|⃗b] =
[
1 −1 4
2 h k

]
R2→R2−2R1−−−−−−−→

[
1 −1 4
0 h+ 2 k − 8

]
.

(i) h = −2, k ̸= 8;

(ii) h ̸= −2, k ∈ R;
(iii) h = −2, k = 8;
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6. [5 points] Given four vectors u⃗ =

 2
−1
1

 , v⃗ =

 0
8
−2

 , w⃗ =

65
5

 , y⃗ =

 2
−17
9

 . Write

y⃗ as a linear combination of u⃗, v⃗, w⃗.

Solution: [
u⃗ v⃗ w⃗ y⃗

]
=

 2 0 6 2
−1 8 5 −17
1 −2 5 9

 1

2
R1

−−→

 1 0 3 1
−1 8 5 −17
1 −2 5 9


R2 +R1, R3 −R1−−−−−−−−−−−−→

1 0 3 1
0 8 8 −16
0 −2 2 8

 1

8
R2

−−→

1 0 3 1
0 1 1 −2
0 −2 2 8

R3 + 2R2−−−−−−→

1 0 3 1
0 1 1 −2
0 0 4 4


1

4
R3

−−→

1 0 3 1
0 1 1 −2
0 0 1 1

R1 − 3R3, R2 −R3−−−−−−−−−−−−−→

1 0 0 −2
0 1 0 −3
0 0 1 1


Therefore, y⃗ can be written as a linear combination of u⃗, v⃗, w⃗:

y⃗ = −2u⃗− 3v⃗ + w⃗.
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