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Instructions:

(a) You have 80 minutes to complete this exam.

(b) The number of points available for each question is indicated in square brackets.

(¢) All work to be considered for grading should be written in the space provided.
The reverse side of pages is for scrap work. If you find that you need extra space
in order to answer a particular question, you should continue on the reverse side
of the page and indicate this clearly. Otherwise, the work written on the reverse
side of pages will not be considered for marks.

d) Write your student number at the top of each page in the space provided.

(d)

(e) No notes, books, scrap paper, calculators or other electronic devices are allowed.

(f) You are strongly recommended to write in pen, not pencil.

(g) You have to show your work for each question.

Good luck!
Please do not write in the table below.
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1. Multiple choice questions, no partial marks, chose the best possible answer.
1
. 4 5 6
(a) (1 point) [3 9 1] 1 =

@i z o5 @ b, © K

Solution: (e)

(b) (1 point) Given @ = {2} LU= 8] , W= {2} . Which of them are in the span{ B} }?

(a) @ and ¥, (b) 4 and 0, (c) W and v, (d) 4 only, (e) w only.

Solution: (c)

(c) (3 points) Given

10 3 4 L0 0 4 100 4 100 4
0000 0000 010 0
A:0101’328(1)(1)2’020101’D:0011
00 1 1 201 1 0001

(i) List all matrices which are in reduced row echelon form;

(a) A only, (b) B only, (c) C only, (d) D only, (e) B and C.

Solution: (b)

(ii) List all matrices which are in row echelon form but not in reduced row ech-
elon form;

(a) A only, (b) B only, (¢c) Conly, (d) Donly, (e)AandC.

Solution: (d)
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(iii) List all matrices which are not in row echelon form.

(a) A only, (b) B only, (¢c) Conly, (d) Donly, (e) AandC.

Solution: (e)
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2. Consider the following linear system

4r; + 8xy — 4w + 2024 4
201 + 219 — 223 +624 = 3
T +LE2—$3+3$4 = 2
(a) [4 points] Row reduce the augmented matrix to the reduced row echelon form.

(b) [1 point] Determine if the linear system is consistent or inconsistent. (If the system
is consistent, you do not need to find the general solution.)

Solution: (a)
We write the augmented matrix of the system and row reduce it

4 8 —4 204 RislR 1 2 -1 5|1
2 2 =2 613 2 2 =2 6|3
11 -1 3|2 11 -1 3|2
Ry — Ry — 2R
REHR§7R11 1 2 -1 5 |1

0 -2 0 —4|1
0 -1 0 =21

pomeim |12 L 5[ 1] [l 2 -1 5
BTl =2 00 —4] 1 | B2l g 2 0 —4
00 0 0105 00 0 0
R R1 — R
momIe [tz —1osf0) L [12 -1 5]0
Tl 2 00 -4l 2= 001 0 210
00 0 011 00 0 01
10 -1 110
o2 g 1 0 210
00 0 01

(b) Since the rightmost column is a pivot column, the linear system is inconsistent.
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-1
3. [5 points] Determine all values of h such that the vector | h | belongs
6
1 3
to Span —1], |1
2 -2

Solution: We write the corresponding augmented matrix and then row reduce it:

13 [ —-1] feofeti 1 3] -1 1 3] -1
-1 1 |h S e ) RN I S T e ichactic gy By R |
2 =26 0 -8 8 0 0|2h+6
[—1 1 3
The vector | h | belongs to Span< |—1| , | 1 if and only if the system with the
6 0 -8

latter matrix as the augmented matrix is consistent, that is, the rightmost column is not
a pivot column. This is equivalent to 2h +6 = 0, or h = —3.
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4. [5 points] Find the general solution to the matrix equation AZ = b, where

T
I T I P°% . [3
A—{_Q 6 3 1], T = e and b—[_Q].
Ty

Indicate which variables are basic, which variables are free.
Solution: We row reduce the augmented matrix of the corresponding linear system.

1 _3 _1 ]_ 3 Ro—Ro+2R1 ]. _3 _1 1 3 R1—R1+R2 ]. _3 0 4 7
-2 6 3 1|-=-2 0 0 1 3|4 0O 0 1 3|4

21, x3 basic. xo, x4 free. Therefore the general solution is:

T = 3wy —4dxa + 7

To = Iree
r3 = —3r4+4
T4 = free
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5. [5 points] Consider the following linear system

3r1+x9 = 211+ 225+ 4
21 + hxy = k.

(i) For what values of h and k does the system have no solution?
(ii) For what values of h and k does the system have only one solution?

(iii) For what values of h and k does the system have infinitely many solution?

Solution: Rewrite the system as
1 — Xy = 4
201+ hrs = k.
T o 1 _]_ 4 Ro—Ro—2R; 1 _1 4
A=y 5 T

(i) h = =2,k #8;

(ii) h # —2,k € R;
(iii) h = =2,k = &;
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2 0 6 2
6. [5 points| Given four vectors &« = |—=1|,v9= | 8 | ,d = |5|,y= [—17| . Write
1 —2 5 9
¥ as a linear combination of w, U, w.
Solution:
2 0 6 2 1 1 0 3 1
[27 U W yﬂ: -1 8 5 —-17| =Ry |-1 8 5 —17
1 —25 9251 —25 9
1 0 3 1 1 1 0 3 1 1 0 3 1
Ry+R,R3—R; |0 8 8 —16|=Ry |0 1 1 —2| R3+2R, [0 1 1 =2
022 s |35f0 22 8| |oo04 4
1 1 03 1 1 00 =2
ZRg 011 =2/ R —3R3;Ry— Ry |0 1 0 =3
=~ 10 0 1 1 10 001 1
Therefore, 4 can be written as a linear combination of u, v, w:

i = —2ii — 36 + .

Page 8 of 8



