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Chapter 1

PREVIEW

The follow examples will illustrate the ideas and concepts we will study in
STAT 330.

1.1 Example

The following table gives the number of fumbles in a game made by 110
Division A football teams during one weekend:

No. of Fumbles: x 0 1 2 3 4 5 6 7 ≥ 8 Total
Obs. Frequency: fx 8 24 27 20 17 10 3 1 0 110

It is believed that a Poisson model will fit these data well. Why might
this be a reasonable assumption? (PROBABILITY MODELS)
If we let the random variable X = number of fumbles in a game and

assume that the Poisson model is reasonable then the probability function
(p.f.) of X is given by

P (X = x) =
μxe−μ

x!
, x = 0, 1, . . .

where μ is a parameter of the model which represents the mean number
of fumbles in a game. (RANDOM VARIABLES, PROBABILITY FUNC-
TIONS, EXPECTATION, MODEL PARAMETERS) Since μ is unknown
we might estimate it using the sample mean

x̄ =
8(0) + 24(1) + · · ·+ 1(7)

110
=
281

110
≈ 2.55.

(POINT ESTIMATION) The estimate μ̂ = x̄ is the maximum likelihood
(M.L.) estimate of μ. It is the value of μ which maximizes the likelihood
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2 CHAPTER 1. PREVIEW

function. (MAXIMUM LIKELIHOOD ESTIMATION) The likelihood
function is the probability of the observed data as a function of the un-
known parameter(s) in the model. The M.L. estimate is thus the value of
μ which maximizes the probability of the observed data.

In this example the likelihood function is given by

L(μ) = P (observing 0 fumbles 8 times, . . . , ≥ 8 fumbles 0 times;μ), μ > 0

=
110!

8!24! · · · 1!0!

µ
μ0e−μ

0!

¶8µ
μ1e−μ

1!

¶24
· · ·
µ
μ7e−μ

7!

¶1µ ∞P
x=8

μxe−μ

x!

¶0
= cμ8(0)+24(1)+···+1(7)e−(8+24+···+1)

= cμ−281e−110μ, μ > 0

where

c =
110!

8!24! · · · 1!0!

µ
1

0!

¶8µ
1

1!

¶24
. . .

µ
1

7!

¶1
.

The M.L. estimate of μ can be found by solving dL
dμ = 0 (or equivalently

d logL
dμ = 0) and verifying that it corresponds to a maximum.

If we want an interval of values for μ which are reasonable given the
data then we could construct a confidence interval (C.I.) for μ. (INTER-
VAL ESTIMATION) To construct C.I.’s we need to find the sampling
distribution of the estimator. In this example we would need to find the
distribution of the estimator

X̄ =
X1 +X2 + · · ·+Xn

n

where Xi = number of fumbles in game i, i = 1, . . . , n. (FUNCTIONS OF
RANDOM VARIBABLES: cumulative distribution function (c.d.f.) tech-
nique, one-to-one transformations, moment generating function (m.g.f.)
technique) Since Xi ∼ POI(μ) with E(Xi) = μ and V ar(Xi) = μ the
distribution of X̄ for large n is approximately N(μ,μ/n) by the Central
Limit Theorem. (LIMITING DISTRIBUTIONS)

Suppose a football expert claims that ten years ago the mean number
of fumbles was 3. Then we would like to test the hypothesis H : μ = 3.
(TESTS OF HYPOTHESIS) A test of hypothesis uses a test statistic to
measure the evidence based on the observed data against the hypothesis.
A test statistic with good properties for testing H : μ = μ0 is the likelihood
ratio statistic, −2 log [L (μ0) /L (μ̂)]. (LIKELIHOOD RATIO STATIS-
TIC) The limiting distribution of the likelihood ratio statistic is χ2 (1) if
the hypothesis H : μ = μ0 is true.
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1.2 Example

The following are relief times in hours for 20 patients receiving a pain killer:

1.1, 1.4, 1.3, 1.7, 1.9, 1.8, 1.6, 2.2, 1.7, 2.7,

4.1, 1.8, 1.5, 1.2, 1.4, 3.0, 1.7, 2.3, 1.6, 2.0

It is believed that the Weibull distribution with probability density function
(p.d.f.)

f(x) =
β

θβ
xβ−1e−(x/θ)

β

, x > 0, θ > 0, β > 0

will provide a good fit to the data. (CONTINUOUS MODELS, PROBA-
BILITY DENSITY FUNCTIONS) The (approximate) likelihood function
in this case is assuming independent observation is

L(θ,β) =
20Q
i=1

β

θβ
xβ−1i e−(xi/θ)

β

, θ > 0, β > 0

where xi is the observed relief time for the ith patient. (MULTIPARAME-

TER LIKELIHOODS) The M.L. estimates θ̂ and β̂ are found by simulta-
neously solving

∂ logL

∂θ
= 0,

∂ logL

∂β
= 0.

Since an explicit solution to these equations cannot be obtained, a nu-
merical solution must be found using an iterative method. (NEWTON’S
METHOD) Also, since the M.L. estimators cannot be given explicitly, ap-
proximate C.I.’s and tests of hypothesis must be based on the asymptotic
distributions of the M.L. estimators. (LIMITING OR ASYMPTOTIC
DISTRIBUTIONS OF M.L. ESTIMATORS)
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Chapter 2

RANDOM VARIABLES

2.1 Introduction

2.1.1 Definition

Suppose S is a sample space for a random experiment. Let B = {A1, A2, . . . }
be a suitable class of subsets of S. A probability set function is a function
P with domain B that satisfies:
(1) P (A) ≥ 0 for all A ∈ B.
(2) P (S) = 1.

(3) If A1, A2, . . . ∈ B are pairwise mutually exclusive events, then

P

µ ∞S
i=1
Ai

¶
=
∞P
i=1
P (Ai) .

2.1.2 Exercise

If P is a probability set function and A and B are any sets in B then prove
the following:

(a) P
¡
Ā
¢
= 1− P (A)

(b) P (∅) = 0
(c) P (A) ≤ 1
(d) P

¡
A ∩ B̄

¢
= P (A)− P (A ∩B)

(e) P (A ∪B) = P (A) + P (B)− P (A ∩B)
(f) If A ⊆ B then P (A) ≤ P (B)

5



6 CHAPTER 2. RANDOM VARIABLES

2.1.3 Definition

Suppose S is a sample space for a random experiment. Suppose A and B
are subsets of S, that is, A and B are events defined on S. The conditional
probability of event A given event B is

P (A|B) = P (A ∩B)
P (B)

provided P (B) > 0.

2.1.4 Definition

Suppose S is a sample space for a random experiment. Suppose A and B
are events defined on S. A and B are independent events if

P (A ∩B) = P (A)P (B) .

2.1.5 Definition

A random variable X is a function from a sample space S to the real
numbers <, that is,

X : S → <

such that P (X ≤ x) is defined for all x ∈ <.
Note: ‘X ≤ x’ is an abbreviation for {ω ∈ S : X(ω) ≤ x}
where {ω ∈ S : X(ω) ≤ x} ∈ B.

2.1.6 Definition

The cumulative distribution function (c.d.f.) of a random variable X is
defined by

F (x) = P (X ≤ x), x ∈ <.

2.1.7 Properties of F

(1) F is a non-decreasing function, that is, F (x1) ≤ F (x2) for all x1 < x2
(2) lim

x→−∞
F (x) = 0 and lim

x→∞
F (x) = 1

(3) F is a right-continuous function, that is, lim
x→a+

F (x) = F (a)

(4) P (a < X ≤ b) = P (X ≤ b)− P (X ≤ a) = F (b)− F (a), a < b
(5) P (X = b) = F (b)− lim

a→b−
F (a).

Note: The definition and properties of the c.d.f. hold for the random
variable X regardless of whether S is discrete (finite or countable) or not.
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2.2 Discrete Random Variables

2.2.1 Definition

If S is discrete (finite or countable) then X is called a discrete random
variable. In this case F is a right-continuous step function.

2.2.2 Definition

If X is a discrete random variable then the probability function (p.f.) of X
is given by

f(x) = P (X = x) = F (x)− lim
ε→0+

F (x− ε), x ∈ <

The set A = {x : f(x) > 0} is called the support set of X.

2.2.3 Properties of f

(1) f(x) ≥ 0, x ∈ <

(2)
P
x∈A

f(x) = 1

2.2.4 Example

A box contains a red balls and b black balls. Find the p.f. of the random
variable X for each of the following:

(a) X = number of red balls in n selections without replacement.

(b) X = number of red balls in n selections with replacement.

(c) X = number of black balls selected before obtaining the first red ball if
sampling is done with replacement.

(d) X = number of black balls selected before obtaining the kth red ball if
sampling is done with replacement.

2.2.5 Example

If X is a random variable with p.f.

f(x) =
μxe−μ

x!
, x = 0, 1, . . . ; μ > 0

show that ∞P
x=0

f(x) = 1.
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2.2.6 Exercise

If X is a random variable with p.f.

f(x) =
− (1− p)x

x log p
, x = 1, 2, . . . ; 0 < p < 1

show that
∞P
x=1

f(x) = 1.

2.3 Continuous Random Variables

2.3.1 Definition

Suppose X is a random variable with c.d.f. F . If F is a continuous function
for all x ∈ < and F is differentiable except possibly at countably many
points then X is called a continuous random variable.

2.3.2 Definition

If X is a continuous random variable with c.d.f. F (x) then the probability
density function (p.d.f.) of X is f(x) = F 0 (x) if F is differentiable at x
and otherwise we define f(x) = 0. The set A = {x : f(x) > 0} is called the
support set of X.

2.3.3 Properties of f

(1) f(x) ≥ 0 for all x ∈ <

(2)
∞R
−∞

f(x)dx = lim
x→∞

F (x)− lim
x→−∞

F (x) = 1

(3) f(x) = lim
h→0

F (x+h)−F (x)
h = lim

h→0
P (x≤X≤x+h)

h if this limit exists

(4) F (x) =
xR
−∞

f(t)dt, x ∈ <

(5) P (a < X ≤ b) = P (X ≤ b)− P (X ≤ a) = F (b)− F (a) =
bR
a

f(x)dx

(6) P (X = b) = F (b)− lim
a→b−

F (a) = F (b)− F (b) = 0
(since F is continuous).
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2.3.4 Example

Suppose X is a random variable with c.d.f.

F (x) =

⎧⎪⎪⎨⎪⎪⎩
0 x ≤ a
x−a
b−a a< x < b

1 x ≥ b

where b > a. Find the p.d.f. of X and sketch both the c.d.f. and the p.d.f.
of X.

2.3.5 Example

Consider the function

f(x) =
θ

xθ+1
, x ≥ 1

and 0 otherwise. For what values of θ is this function a p.d.f.?

2.3.6 Gamma Function:

The gamma function, denoted by Γ(α) for all α > 0, is given by

Γ(α) =

∞Z
0

yα−1e−ydy.

2.3.7 Properties of the Gamma Function

(1) Γ(α) = (α− 1)Γ(α− 1), α > 1.

(2) Γ(n) = (n− 1)!, n = 1, 2, . . .

(3) Γ( 12) =
√
π.
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2.3.8 Example

Suppose X is a random variable with p.d.f.

f(x) =
xα−1e−x/β

Γ(α)βα
, x > 0, α,β > 0.

X is said to have a gamma distribution with parameters α and β and we

write X v GAM(α,β). Verify that
∞R
−∞

f(x)dx = 1.

0 1 2 3 4 5 6 7 8 9
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

x

f(x)

=1, =3

=2, =1.5

=5, =0.6

=10, =0.3

Figure 2.1: GAM(α,β) p.d.f.’s
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2.3.9 Exercise

Suppose X is a random variable with p.d.f.

f(x) =
β

θβ
xβ−1e−(x/θ)

β

, x > 0, θ,β > 0.

X is said to have a Weibull distribution with parameters θ and β and we

write X vWEI(θ,β). Verify that
∞R
−∞

f(x)dx = 1.

0 0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x

f(x)

=0.5, =1

=1, =2

=0.5, =2

=1, =3

Figure 2.2: WEI(θ,β) p.d.f.’s
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2.4 Location and Scale Parameters

In Chapter 6 we look at methods for constructing confidence intervals for
an unknown parameter θ. If the parameter θ is either a scale parameter or
a location parameter then a confidence interval is easier to construct.

2.4.1 Definition

Suppose X is a continuous random variable with p.d.f. f(x; θ) where θ is a
parameter of the distribution.

Let F0 (x) = F (x; θ = 0) and f0 (x) = f (x; θ = 0). The parameter θ is
called a location parameter of the distribution if

F (x; θ) = F0 (x− θ) , θ ∈ <

or equivalently
f(x; θ) = f0(x− θ), θ ∈ <.

2.4.2 Definition

Suppose X is a continuous random variable with p.d.f. f(x; θ) where θ is a
parameter of the distribution.

Let F1 (x) = F (x; θ = 1) and f1 (x) = f (x; θ = 1). The parameter θ is
called a scale parameter of the distribution if

F (x; θ) = F1

³x
θ

´
, θ > 0

or equivalently

f(x; θ) =
1

θ
f1(
x

θ
), θ > 0.
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2.4.3 Example

(1) If X ∼ EXP(1, θ) then show that θ is a location parameter of the
distribution. See Figure 2.3.

(2) IfX ∼ EXP(θ) then show that θ is a scale parameter of the distribution.
See Figure 2.4.

-1 0 1 2 3 4 5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x

f(x)

=0

=1=-1

Figure 2.3: EXP(1, θ) p.d.f.’s

2.4.4 Exercise

(1) If X ∼ CAU(1, θ) then show that θ is a location parameter of the dis-
tribution. Graph the CAU(1, θ) p.d.f. for θ = −1, 0 and 1 on the same
graph.

(2) If X ∼ CAU(θ, 0) then show that θ is a scale parameter of the dis-
tribution. Graph the CAU(1, θ) p.d.f. for θ = 0.5, 1 and 2 on the same
graph.
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0 0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x

f(x)

θ=0.5

θ=1

θ=2

Figure 2.4: EXP(θ) p.d.f.’s

2.5 Functions of a Random Variable

Suppose X is a continuous random variable with p.d.f. f and c.d.f. F and
we wish to find the p.d.f. of the random variable Y = h(X) where h is a
real-valued function. A useful method is the c.d.f. technique. This method
involves obtaining an expression for G(y) = P (Y ≤ y), the c.d.f. of Y , in
terms of F , the c.d.f. of X. The corresponding p.d.f. g of Y is found by
differentiating G. Care must be taken to determine the support set of Y .

2.5.1 Example

If Z ∼ N(0, 1) find the p.d.f. of Y = Z2. If X ∼ N(μ,σ2) what is the

distribution of W =
³
X−μ
σ

´2
?
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2.5.2 Probability Integral Transformation

If X is a continuous random variable with c.d.f. F then
Y = F (X) ∼ UNIF(0, 1). Y = F (X) is called the probability integral trans-
formation.

2.5.3 Example

Suppose F is a c.d.f. for a continuous random variable. Show that if
U ∼ UNIF(0, 1) then the random variable X = F−1(U) also has c.d.f.
F . Why is this result useful for simulating observations from a continuous
distribution?

2.5.4 Theorem - One-to-One Transformation of a
Random Variable

Suppose X is a continuous random variable with p.d.f. f and support set
A = {x : f(x) > 0} and Y = h(X) where h is a real-valued function. Let g
be the p.d.f. of the random variable Y and let B = {y : g(y) > 0}. If h is
a one-to-one function from A to B and if h0 is continuous then

g(y) = f(h−1(y)) ·
¯̄̄̄
d

dy
h−1(y)

¯̄̄̄
, y ∈ B.

2.5.5 Proof

(1) Suppose h is an increasing function for x ∈ A. Then h−1 (y) is also an
increasing function and d

dyh
−1 (y) > 0 for y ∈ B.

Now G (y) = P (Y ≤ y) = P (h (X) ≤ y)
= P

¡
X ≤ h−1 (y)

¢
since h is a 1-1 increasing function

= F
¡
h−1 (y)

¢
.

Therefore g (y) =
d

dy
G (y) =

d

dy
F
¡
h−1 (y)

¢
= F 0

¡
h−1 (y)

¢ d
dy
h−1 (y) by the Chain Rule

= f
¡
h−1 (y)

¢ ¯̄̄̄ d
dy
h−1 (y)

¯̄̄̄
, y ∈ B since

d

dy
h−1 (y) > 0.
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(2) Suppose h is a decreasing function for x ∈ A. Then h−1 (y) is also a
decreasing function and d

dyh
−1 (y) < 0 for y ∈ B.

Now G (y) = P (Y ≤ y) = P (h (X) ≤ y)
= P

¡
X ≥ h−1 (y)

¢
since h is a 1-1 decreasing function

= 1− F
¡
h−1 (y)

¢
.

Therefore g (y) =
d

dy
G (y) =

d

dy

£
1− F

¡
h−1 (y)

¢¤
= −F 0

¡
h−1 (y)

¢ d
dy
h−1 (y) by the Chain Rule

= f
¡
h−1 (y)

¢ ¯̄̄̄ d
dy
h−1 (y)

¯̄̄̄
, y ∈ B since

d

dy
h−1 (y) > 0.

2.5.6 Example

Find the p.d.f. of Y = log(X) = ln(X) if X is a continuous random variable
with p.d.f.

f(x) =
θ

xθ+1
, x ≥ 1, θ > 0.

2.5.7 Exercise

If X ∼ EXP(1) then show

Y = θX1/β ∼WEI(θ,β), θ,β > 0.
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2.6 Expectation

2.6.1 Definition

If X is a discrete random variable with p.f. f(x) and support set A then
the expectation of X or the expected value of X is defined by

E(X) =
P
x∈A

xf(x)

provided the sum converges absolutely, that is, provided

E(|X|) =
P
x∈A

|x| f(x)dx <∞.

If X is a continuous random variable with p.d.f. f(x) then the expecta-
tion of X or the expected value of X is defined by

E(X) =

∞Z
−∞

xf(x)dx

provided the integral converges absolutely, that is, provided

E(|X|) =
∞Z
−∞

|x| f(x) <∞.

If E(|X|) =∞ then we say that E(X) does not exist.

2.6.2 Example

Find E(X) if X ∼ GEO(p).

2.6.3 Example

Suppose X is a continuous random variable with p.d.f.

f(x) =
θ

xθ+1
, x ≥ 1, θ > 0

and 0 otherwise. Find E(X). For what values of θ does E(X) exist?
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2.6.4 Exercise

Suppose X is a nonnegative continuous random variable with c.d.f. F (x)
and E(X) <∞. Show that

E(X) =

∞Z
0

[1− F (x)] dx.

Hint: Use integration by parts with u = [1− F (x)].

2.6.5 Theorem

Suppose h(x) is a real-valued function.
If X is a discrete random variable with p.f. f(x) and support set A then

E[h(X)] =
P
x∈A

h(x)f(x)

provided the sum converges absolutely.
If X is a continuous random variable with p.d.f. f(x) then

E[h(X)] =

∞Z
−∞

h(x)f(x)dx

provided the integral converges absolutely.

2.6.6 Theorem

Suppose X is a random variable with p.f./p.d.f. f(x), a and b are real
constants, and g(x) and h(x) are real-valued functions. Then

E[ag(X) + bh(X)] = aE[g(X)] + bE[h(X)].

2.6.7 Special Expectations

(1) The variance of a random variable:

V ar(X) = E[(X − μ)2] = σ2 where μ = E(X)

(2) The kth moment (about the origin):

E(Xk)
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(3) The kth moment about the mean:

E[(X − μ)k]

(4) The kth factorial moment:

E(X(k)) = E[X(X − 1) · · · (X − k + 1)].

2.6.8 Theorem

V ar(X) = E(X2)− μ2

= E[X(X − 1)] + μ− μ2,

V ar(aX + b) = a2V ar(X).

and
E(X2) = σ2 + μ2.

2.6.9 Example

If X ∼ BIN(n, p) then show

E(X(k)) = n(k)pk, k = 1, 2, . . .

and thus find V ar(X).

2.6.10 Exercise

Show the following:

(1) If X ∼ POI(θ) then E(X(k)) = θk, k = 1, 2, . . .

(2) If X ∼ NB(k, p) then E(X(j)) = (−k)(j)
³
p−1
p

´j
, j = 1, 2, . . .

(3) If X ∼ GAM(α,β) then E(Xp) = βpΓ (α+ p) /Γ (α), p > −α.
In each case find V ar(X).
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2.7 Inequalities

In Chapter 5 we consider limiting distributions of a sequence of random
variables. The following inequalities which involve the moments of a distri-
bution are useful for proving limit theorems.

2.7.1 Markov’s Inequality

P (|X| ≥ c) ≤ E(|X|
k)

ck
, for all k, c > 0.

2.7.2 Proof of Markov’s Inequality

Suppose X is a continuous random variable with p.d.f. f (x). (The proof
of the discrete case follows by replacing integrals with sums.) Let

A =

½
x :
¯̄̄x
c

¯̄̄k
≥ 1

¾
= {x : |x| ≥ c} since c > 0.

Then

E
³
|X|k

´
ck

= E

Ã¯̄̄̄
X

c

¯̄̄̄k!
=

∞Z
−∞

¯̄̄x
c

¯̄̄k
f (x) dx

=

Z
A

¯̄̄x
c

¯̄̄k
f (x) dx+

Z
Ā

¯̄̄x
c

¯̄̄k
f (x) dx

≥
Z
A

¯̄̄x
c

¯̄̄k
f (x) dx since

Z
Ā

¯̄̄x
c

¯̄̄k
f (x) dx ≥ 0

≥
Z
A

f (x) dx since
¯̄̄x
c

¯̄̄k
≥ 1 for x ∈ A

= P (|X| ≥ c) as required.

2.7.3 Chebyshev’s Inequality

Suppose X is a random variable with finite mean μ and finite variance σ2.
Then for any k > 0

P (|X − μ| ≥ kσ) ≤ 1

k2
.

2.7.4 Exercise

Use Markov’s Inequality to prove Chebyshev’s Inequality.
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2.8 Variance Stabilizing Transformation

In Chapter 6 we look at methods for constructing a confidence interval for
an unknown parameter θ. To do this it is often useful to find a transforma-
tion g (X) of the observed data X whose variance is approximately constant
with respect to θ.
Suppose X is a random variable with finite mean E (X) = θ. Suppose

also that X has finite variance V ar (X) = σ2 (θ) and standard deviationp
V ar (X) = σ (θ) depending on θ as well. Let Y = g (X) where g is a

differentiable function. By the linear approximation

Y = g (X) ≈ g (θ) + g0 (θ) (X − θ) .

Therefore
E (Y ) ≈ E [g (θ) + g0 (θ) (X − θ)] = g (θ)

since
E [g0 (θ) (X − θ)] = g0 (θ)E [(X − θ)] = 0.

Also

V ar (Y ) ≈ V ar [g0 (θ) (X − θ)] = [g0 (θ)]
2
V ar (X) = [g0 (θ)σ (θ)]

2
.

If we want V ar (Y ) ≈ constant with respect to θ then we should choose
g such that

[g0 (θ)]
2
V ar (X) = [g0 (θ)σ (θ)]

2
= constant.

In other words we need to solve the differential equation

dg

dθ
=

k

σ (θ)

where k is a conveniently chosen constant.

2.8.1 Example

If X v POI (θ) then show that the random variable Y = g (X) =
√
X has

approximately constant variance.

2.8.2 Exercise

If X v EXP(θ) then show that the random variable Y = g (X) = logX
has approximately constant variance.
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2.9 Moment Generating Functions

2.9.1 Definition

If X is a random variable then M(t) = E(etX) is called the moment gen-
erating function (m.g.f.) of X if this expectation exists for all t ∈ (−h, h)
for some h > 0.

Important:

When determining the m.g.f. of a random variable the values of t for
which the expectation exists must always be stated.

2.9.2 Example

(1) If X ∼ GAM(α,β) then find M(t).
(2) If X ∼ NB(k, p) then find M(t).

2.9.3 Exercise

Show the following:

(1) If X ∼ BIN(n, p) then M(t) = (q + pet)n , t ∈ <.

(2) If X ∼ POI(θ) then M(t) = eμ(e
t−1), t ∈ <.

2.9.4 Theorem

Suppose the random variable X has m.g.f. MX(t) defined for t ∈ (−h, h)
for some h > 0. Let Y = aX + b where a, b ∈ R and a 6= 0. Then the m.g.f.
of Y is

MY (t) = e
btMX(at), |t| < h

|a| .

2.9.5 Example

If Z ∼ N(0, 1) then find MZ(t), the m.g.f. of Z. Use this to find MX(t) the
m.g.f. of X ∼ N(μ,σ2).

2.9.6 Exercise

If X ∼ NB(k, p) then find the m.g.f. of Y = X + k, k = 1, 2, . . .
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2.9.7 Theorem

Suppose the random variable X has m.g.f. M(t) defined for t ∈ (−h, h) for
some h > 0. Then M (0) = 1 and

M (k)(0) = E(Xk), k = 1, 2, . . .

where

M (k)(t) =
dk

dtk
M(t)

is the kth derivative of M(t).

2.9.8 Important Idea

Suppose M (k)(t), k = 1, 2, . . . exists for t ∈ (−h, h) for some h > 0, then
M (t) has a Maclaurin series given by

∞P
k=0

M (k)(0)

k!
tk

where
M (0)(0) =M(0) = 1.

The coefficient of tk in this power series is equal to

M (k)(0)

k!
=
E(Xk)

k!
.

Therefore if we can obtain a Maclaurin series for M (t), for example, by
using the Binomial series or the exponential series, then we can find E(Xk)
by using

E(Xk) = k!× coefficient of tk in the Maclaurin series for M (t) .

2.9.9 Example

If X ∼ GAM(α,β) then M(t) = (1− βt)
−α
, t < 1/β. Find

M (k)(0) = E
¡
Xk
¢
by first evaluating the derivatives directly and secondly

by using the Binomial series expansion for (1− βt)−α.
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In Chapter 4 we look at methods for determining the distributions of
functions of random variables. The method of moment generating func-
tions is particularly useful for finding distributions of sums of independent
random variables. The following theorem plays an important role in this
technique.

2.9.10 Uniqueness Theorem for m.g.f.’s

Suppose the random variable X has m.g.f. MX(t) and the random variable
Y has m.g.f. MY (t). Suppose also that MX(t) =MY (t) for all t ∈ (−h, h)
for some h > 0. Then X and Y have the same distribution, that is,
P (X ≤ s) = FX(s) = FY (s) = P (Y ≤ s) for all s ∈ <.

2.9.11 Example

If X ∼ EXP(1) then find the distribution of Y = μ+ βX where β > 0 and
μ ∈ <.

2.9.12 Exercise

If X ∼ GAM(α,β), where α is a positive integer and β > 0, then show

2X

β
∼ χ2(2α).

2.9.13 Exercise

Suppose the random variable X has m.g.f.

M(t) = et
2/2, t ∈ <.

(a) Find the m.g.f. of Y = 2X − 1.
(b) Use the m.g.f. of Y to find E (Y ) and V ar (Y ).

(c) What is the distribution of Y ?
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2.10 Calculus Review

2.10.1 Geometric Series

∞P
x=0

atx = a+ at+ at2 + · · · = a

1− t , |t| < 1.

2.10.2 Useful Results

(1)
∞P
x=0

tx =
1

1− t , |t| < 1

(2)
∞P
x=1

xtx−1 =
1

(1− t)2 , |t| < 1

2.10.3 Binomial Series

(1) For n ∈ Z+ (the positive integers)

(a+ b)
n
=

nP
x=0

µ
n

x

¶
axbn−x

where µ
n

x

¶
=

n!

x! (n− x)! =
n(x)

x!
.

(2) For n ∈ Q (the rational numbers) and |t| < 1

(1 + t)n =
∞P
x=0

µ
n

x

¶
tx

where µ
n

x

¶
=
n(x)

x!
=
n(n− 1) · · · (n− x+ 1)

x!
.

2.10.4 Important Identities

(1) x(k)
µ
n

x

¶
= n(k)

µ
n− k
x− k

¶

(2)

µ
x+ k − 1

x

¶
=

µ
x+ k − 1
k − 1

¶
= (−1)x

µ
−k
x

¶
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2.10.5 Exercise

Prove the identities in 2.8.4.

2.10.6 Multinomial Therorem

If n is a positive integer and a1, a2, . . . , ak are real numbers, then

(a1 + a2 + · · ·+ ak)n =
PP

· · ·
P n!

x1!x2! · · · xk!
ax11 a

x2
2 · · · axkk

where the summation extends over all non-negative integers x1, x2, . . . , xk
with x1 + x2 + · · ·+ xk = n.

2.10.7 Hypergeometric Identity

∞P
x=0

µ
a

x

¶µ
b

n− x

¶
=

µ
a+ b

n

¶

2.10.8 Exponential Series

ex = 1 +
x

1!
+
x2

2!
+ · · · =

∞P
x=0

xn

n!
, x ∈ <.

2.10.9 Logarithmic Series

ln (1 + x) = x− x
2

2
+
x3

3
− · · · , − 1 < x ≤ 1

2.10.10 First Fundamental Theorem of Calculus (FTCI)

If f is continuous on [a, b] then the function g defined by

g (x) =

xZ
a

f (t) dt, a ≤ x ≤ b

is continuous on [a, b], differentiable on (a, b) and g0 (x) = f (x).
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2.10.11 FTCI and the Chain Rule

Suppose we want the derivative with respect to x of G (x) where

G (x) =

h(x)Z
a

f (t) dt, a ≤ x ≤ b

and h (x) is a differentiable function on [a, b]. If we define

g (u) =

uZ
a

f (t) dt

then G (x) = g (h (x)). Then by the Chain Rule

G0 (x) = g0 (h (x)) · h0 (x)
= f (h (x)) · h0 (x) a < x < b.

2.10.12 Exercise

Find G0 (x) if

G (x) =

h2(x)Z
h1(x)

f (t) dt, a ≤ x ≤ b

Hint:

G (x) =

cZ
h1(x)

f (t) dt+

h2(x)Z
c

f (t) dt, a < c < b

2.10.13 Improper Integrals

(a) If
bR
a

f (x) dx exists for every number b ≥ a then

∞Z
a

f (x) dx = lim
b→∞

bZ
a

f (x) dx

provided this limit exists. If the limit exists we say the improper integral
converges otherwise we say the improper integral diverges.
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(b) If
bR
a

f (x) dx exists for every number a ≤ b then

bZ
−∞

f (x) dx = lim
a→−∞

bZ
a

f (x) dx

provided this limit exists.

(c) If both
∞R
a

f (x) dx and
aR
−∞

f (x) dx are convergent then we define

∞Z
−∞

f (x) dx =

aZ
−∞

f (x) dx+

∞Z
a

f (x) dx

where a is any real number.

2.10.14 Comparison Test for Improper Integrals

Suppose that f and g are continuous functions with f (x) ≥ g (x) ≥ 0 for
x ≥ a.
(a)

If

∞Z
a

f (x) dx is convergent then

∞Z
a

g (x) dx is convergent.

(b)

If

∞Z
a

g (x) dx is divergent then

∞Z
a

f (x) dx is divergent.

2.10.15 Useful Result for Comparison Test

∞Z
1

1

xp
dx converges if and only if p > 1.

2.10.16 Useful Inequalities

1

1 + yp
≤ 1

yp
, y ≥ 1, p > 0

1

1 + yp
≥ 1

yp + yp
=

1

2yp
, y ≥ 1, p > 0



Chapter 3

Joint Distributions

3.1 Joint and Marginal CDF’s

3.1.1 Definition

Suppose X and Y are random variables defined on a sample space S. The
joint c.d.f. of X and Y is given by

F (x, y) = P (X ≤ x, Y ≤ y), (x, y) ∈ <2.

3.1.2 Properties of F

(1) F is non-decreasing in x for fixed y

(2) F is non-decreasing in y for fixed x

(3) lim
x→−∞

F (x, y) = 0 and lim
y→−∞

F (x, y) = 0

(4) lim
(x,y)→(−∞,−∞)

F (x, y) = 0 and lim
(x,y)→(∞,∞)

F (x, y) = 1

3.1.3 Definition

The marginal c.d.f. of X is given by

F1(x) = P (X ≤ x) = lim
y→∞

F (x, y) = F (x,∞), x ∈ <.

The marginal c.d.f. of Y is given by

F2(y) = P (Y ≤ y) = lim
x→∞

F (x, y) = F (∞, y), y ∈ <.

29
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Note:

The definitions and properties of the joint c.d.f. and the marginal c.d.f.’s
hold for both (X,Y ) discrete random variables and for (X,Y ) continuous
random variables.

3.2 Joint Discrete Random Variables

3.2.1 Definition

Suppose X and Y are random variables defined on a sample space S. If S
is discrete then X and Y are discrete random variables.

The joint p.f. of X and Y is given by

f(x, y) = P (X = x, Y = y), (x, y) ∈ <2.

The set A = {(x, y) : f(x, y) > 0} is called the support set of (X,Y ).

3.2.2 Properties of f

(1) f(x, y) ≥ 0 for (x, y) ∈ <2

(2)
P

(x,y)∈

P
A

f(x, y) = 1

(3) For any set R ⊂ <2,

P [(X,Y ) ∈ R] =
P

(x,y)∈

P
R

f(x, y).

3.2.3 Definition

Suppose X and Y are discrete random variables with joint p.f. f(x, y).

The marginal p.f. of X is given by

f1(x) = P (X = x) =
P
y
f(x, y), x ∈ <

and the marginal p.f. of Y is given by

f2(y) = P (Y = y) =
P
x
f(x, y), y ∈ <.
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3.2.4 Example

In a fourth year statistics course there are 10 actuarial science students, 9
statistics students and 6 math business students. Five students are selected
at random without replacement.

Let X be the number of actuarial students selected and let Y be the
number of statistics students selected.

Find

(a) the joint p.f. of X and Y

(b) the marginal p.f. of X

(c) the marginal p.f. of Y

(d) P (X > Y ) .

3.2.5 Exercise

The Hardy-Weinberg law of genetics states that, under certain conditions,
the relative frequencies with which three genotypes AA, Aa and aa occur
in the population will be θ2, 2θ(1 − θ) and (1 − θ)2 respectively where
0 < θ < 1. Suppose n members of the population are selected at random.

Let X be the number of AA types selected and let Y be the number of
Aa types selected.

Find

(a) the joint p.f. of X and Y

(b) the marginal p.f. of X

(c) the marginal p.f. of Y

(d) P (X + Y = t) for t = 0, 1, . . . .
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3.3 Joint Continuous Random Variables

3.3.1 Definition

Suppose that F (x, y) is continuous and that

f(x, y) =
∂2

∂x∂y
F (x, y)

exists and is continuous except possibly along a finite number of curves.
Suppose also that

∞Z
−∞

∞Z
−∞

f(x, y)dxdy = 1.

Then X and Y are said to be continuous random variables with joint p.d.f.
f . The set A = {(x, y) : f(x, y) > 0} is called the support of (X,Y ).

Note: We arbitrarily define f(x, y) to be equal to 0 when ∂2

∂x∂yF (x, y) does
not exist.

3.3.2 Properties of f

(1) f(x, y) ≥ 0 for all (x, y) ∈ <2

(2)

P [(X,Y ) ∈ R] =
ZZ
R

f(x, y)dxdy, R ⊂ <2

3.3.3 Definition

Suppose X and Y are continuous random variables with joint p.d.f. f(x, y).
Then the marginal p.d.f. of X is given by

f1(x) =

∞Z
−∞

f(x, y)dy, x ∈ <

and the marginal p.d.f. of Y is given by

f2(y) =

∞Z
−∞

f(x, y)dx, y ∈ <.
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3.3.4 Example

Suppose X and Y are continuous random variables with joint p.d.f.

f(x, y) = x+ y, 0 ≤ x ≤ 1, 0 ≤ y ≤ 1

and 0 otherwise. Show that
∞Z
−∞

∞Z
−∞

f(x, y)dxdy = 1.

0

0.2
0.4

0.6

0.8
1

0
0.2

0.4
0.6

0.8
1
0

0.5

1

1.5

2

xy

z

Figure 3.1: Graph of joint p.d.f. for Example 3.3.4

Find

(1) P
¡
X ≤ 1

3 , Y ≤
1
2

¢
(2) P (X ≤ Y )
(3) P (X + Y ≤ 1

2)

(4) P (XY ≤ 1
2)

(5) the marginal p.d.f. of X and the marginal p.d.f. of Y

(6) the joint c.d.f. of X and Y

(7) the marginal c.d.f. of X and the marginal c.d.f. of Y
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3.3.5 Exercise

Suppose X and Y are continuous random variables with joint p.d.f.

f(x, y) = ke−x−y, 0 < x < y <∞

and 0 otherwise. Determine k and sketch f(x, y).

Find

(1) P
¡
X ≤ 1

3 , Y ≤
1
2

¢
(2) P (X ≤ Y )
(3) P (X + Y ≥ 1)
(4) the marginal p.d.f. of X and the marginal p.d.f. of Y

(5) the joint c.d.f. of X and Y

(6) the marginal c.d.f. of X and the marginal c.d.f. of Y

3.3.6 Exercise

Suppose X and Y are continuous random variables with joint p.d.f.

f(x, y) =
k

(1 + x+ y)
3 , 0 < x <∞, 0 < y <∞

and 0 otherwise. Determine k and sketch f(x, y).

Find
(1) P

¡
X ≤ 1

3 , Y ≤
1
2

¢
(2) P (X ≤ Y )
(3) P (X + Y ≥ 1)
(4) the marginal p.d.f. of X and the marginal p.d.f. of Y

(5) the joint c.d.f. of X and Y

(6) the marginal c.d.f. of X and the marginal c.d.f. of Y
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3.4 Independent Random Variables

3.4.1 Definition

Two random variables X and Y are called independent random variables
if,

P (X ∈ A and Y ∈ B) = P (X ∈ A)P (Y ∈ B)
for all sets A and B of real numbers.

3.4.2 Theorem

Suppose X and Y are random variables with joint c.d.f. F (x, y), joint
p.f./p.d.f. f(x, y), marginal c.d.f.’s F1(x) and F2(y) respectively, and mar-
ginal p.f./p.d.f.’s f1(x) and f2(y) respectively. Suppose also that
A1 = {x : f1(x) > 0} is the support set of X, and A2 = {y : f2(y) > 0} is
the support set of Y . Then X and Y are independent random variables if
and only if either of the following holds:

f(x, y) = f1(x)f2(y) for all (x, y) ∈ A1 ×A2

where A1 ×A2 = {(x, y) : x ∈ A1, y ∈ A2}

F (x, y) = F1(x)F2(y) for all x ∈ < and y ∈ <.

3.4.3 Corollary

If X and Y are independent random variables then h (X) and g (Y ) are also
independent random variables where h and g are real-valued functions.

3.4.4 Example

(1) In Example 3.2.4 are X and Y independent random variables?

(2) In Example 3.3.4 are X and Y independent random variables?

3.4.5 Exercise

In Exercises 3.2.5, 3.3.5 and 3.3.6 are X and Y independent random vari-
ables?
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3.4.6 Factorization Theorem for Independence

Suppose X and Y are random variables with joint p.f./p.d.f. f(x, y), and
marginal p.f./p.d.f.’s f1(x) and f2(y) respectively. Suppose also that
A = {(x, y) : f(x, y) > 0} is the support set of (X,Y ), A1 = {x : f1(x) > 0}
is the support set of X, and A2 = {y : f2(y) > 0} is the support set of Y .
Then X and Y are independent random variables if and only if A = A1×A2
and there exist non-negative functions g(x) and h(y) such that

f(x, y) = g(x)h(y)

for all (x, y) ∈ A1 ×A2.
Notes:

(1) If the Factorization Theorem for Independence holds then f1 will be
proportional to g and f2 will be proportional to h.

(2) The above definitions and theorems can easily be extended to the ran-
dom vector (X1,X2, . . . ,Xn).

3.4.7 Example

Suppose X and Y are discrete random variables with joint p.f.

f(x, y) =
θx+ye−2θ

x!y!
, x = 0, 1 . . . , y = 0, 1, . . . .

Are X and Y independent random variables? Find the marginal p.f. of X
and the marginal p.f. of Y.

3.4.8 Example

Suppose X and Y are continuous random variables with joint p.d.f.

f(x, y) =
3

2
y(1− x2), − 1 ≤ x ≤ 1, 0 ≤ y ≤ 1

and 0 otherwise. Are X and Y independent random variables? Find the
marginal p.d.f. of X and the marginal p.d.f. of Y.

3.4.9 Example

Suppose X and Y are continuous random variables with joint p.d.f.

f(x, y) =
2

π
, 0 ≤ x ≤

p
1− y2, − 1 < y < 1

and 0 otherwise. Are X and Y independent random variables? Find the
marginal p.d.f. of X and the marginal p.d.f. of Y.
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3.5 Conditional Distributions

3.5.1 Definition

Suppose X and Y are random variables with joint p.f./p.d.f. f(x, y), and
marginal p.f./p.d.f.’s f1(x) and f2(y) respectively. Suppose also that
A = {(x, y) : f(x, y) > 0}.
The conditional p.f./p.d.f. of X given Y = y is given by

f1(x|y) =
f(x, y)

f2(y)

for (x, y) ∈ A provided f2(y) 6= 0.
The conditional p.f./p.d.f. of Y given X = x is given by

f2(y|x) =
f(x, y)

f1(x)

for (x, y) ∈ A provided f1(x) 6= 0.

Notes:

(1) If X and Y are discrete random variables then

f1(x|y) = P (X = x|Y = y) = P (X = x, Y = y)

P (Y = y)
=
f(x, y)

f2(y)

and P
x
f1(x|y) =

P
x

f(x, y)

f2(y)
=

1

f2(y)

P
x
f(x, y) =

f2(y)

f2(y)
= 1.

Similarly for f2(y|x).

(2) If X and Y are continuous random variables

∞Z
−∞

f1(x|y)dx =
∞Z
−∞

f(x, y)

f2(y)
dx =

1

f2(y)

∞Z
−∞

f(x, y)dx =
f2(y)

f2(y)
= 1

Similarly for f2(y|x).
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(3) If X is a continuous random variable then f1(x) 6= P (X = x) and
P (X = x) = 0 for all x. Therefore to justify the definition of the conditional
p.d.f. of Y given X = x when X and Y are continuous random variables
we consider P (Y ≤ y|X = x) as a limit:

P (Y ≤ y|X = x)

= lim
h→0

P (Y ≤ y|x ≤ X ≤ x+ h)

= lim
h→0

x+hR
x

yR
−∞

f (u, v) dvdu

x+hR
x

f1 (u) du

= lim
h→0

d
dh

x+hR
x

yR
−∞

f (u, v) dvdu

d
dh

x+hR
x

f1 (u) du

by L’Hospital’s Rule

= lim
h→0

yR
−∞

f (x+ h, v) dv

f1 (x+ h)
by the Fundamental Theorem of Calculus

=

limh→0
yR
−∞

f (x+ h, v) dv

limh→0 f1 (x+ h)

=

yR
−∞

f (x, v) dv

f1 (x)

assuming that the limits exist and that integration and the limit operation
can be interchanged. If we differentiate the last term with respect to y
using the Fundamental Theorem of Calculus we have

d

dy
P (Y ≤ y|X = x) =

f (x, y)

f1 (x)

which gives us a justification for using

f2(y|x) =
f(x, y)

f1(x)

as the conditional probability density function of Y given X = x.
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3.5.2 Example

In Example 3.4.9 find the conditional p.d.f. of X given Y = y and the
conditional p.d.f. of Y given X = x.

3.5.3 Exercise

In Exercise 3.2.5 show that

Y |X = x ∼ BIN
µ
n− x, 2θ (1− θ)

1− θ2

¶
.

3.5.4 Exercise

In Example 3.3.4 and Exercises 3.3.5 and 3.3.6 find the conditional p.d.f.
of X given Y = y and the conditional p.d.f. of Y given X = x. Check that
∞R
−∞

f1(x|y)dx =
∞R
−∞

f2(y|x)dy = 1.

3.5.5 Product Rule

Suppose X and Y are random variables with joint p.f./p.d.f. f(x, y), mar-
ginal p.f./p.d.f.’s f1(x) and f2(y) respectively and conditional p.f./p.d.f.’s
f1(x|y) and f2(y|x). Then

f(x, y) = f1(x|y)f2(y) = f2(y|x)f1(x).

3.5.6 Example

Find the marginal p.f. of X if Y ∼ POI(μ) and X|Y = y ∼ BIN(y, p).

3.5.7 Example

Find the marginal p.f. ofX if Y ∼ GAM(α, 1θ ) andX|Y = y ∼WEI(y−1/p, p).

3.5.8 Theorem

Suppose X and Y are random variables with marginal p.f./p.d.f.’s f1(x)
and f2(y) respectively and conditional p.f./p.d.f.’s f1(x|y) and f2(y|x). Let
A1 = {x : f1(x) > 0} and A2 = {y : f2(y) > 0}. Then X and Y are
independent random variables if and only if either of the following holds:

f1(x|y) = f1(x) for all x ∈ A1
or

f2(y|x) = f2(y) for all y ∈ A2.
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3.6 Joint Expectations

3.6.1 Definition

Suppose h(x, y) is a real-valued function.
If X and Y are discrete random variables with joint p.f. f(x, y) and

support A then

E[h(X,Y )] =
P
(x,y)

P
∈A
h(x, y)f(x, y)

provided the joint sum converges absolutely.
If X and Y are continuous random variables then with joint p.d.f.

f(x, y) then

E[h(X,Y )] =

∞Z
−∞

∞Z
−∞

h(x, y)f(x, y)dxdy

provided the joint integral convergs absolutely.

3.6.2 Theorem

Suppose X and Y are random variables with joint p.f./p.d.f. f(x, y), a and
b are real constants, and g(x, y) and h(x, y) are real-valued functions. Then

E[ag(X,Y ) + bh(X,Y )] = aE[g(X,Y )] + bE[h(X,Y )].

3.6.3 Corollary

(1)
E(aX + bY ) = aE(X) + bE(Y ) = aμX + bμY

where μX = E(X) and μY = E(Y ).

(2) If X1,X2, . . . ,Xn are random variables and a1, a2, . . . , an are real con-
stants then

E

µ
nP
i=1

aiXi

¶
=

nP
i=1

aiE(Xi) =
nP
i=1

aiμi

where μi = E(Xi).
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3.6.4 Theorem

(1) If X and Y are independent random variables and g(x) and h(y) are
real valued functions then

E [g(X)h(Y )] = E[g(X)]E[h(Y )].

(2) More generally if X1,X2, . . . ,Xn are independent random variables and
h1, h2, . . . , hn are real valued functions then

E

∙
nQ
i=1
hi(Xi)

¸
=

nQ
i=1
E [hi(Xi)] .

3.6.5 Definition

The covariance of random variables X and Y is given by

Cov(X,Y ) = E[(X − μX)(Y − μY )].

If Cov(X,Y ) = 0 then X and Y are called uncorrelated random variables.

3.6.6 Theorem

If X and Y are random variables then

Cov(X,Y ) = E(XY )− μXμY .

If X and Y are independent random variables then Cov(X,Y ) = 0.

3.6.7 Theorem

(1) Suppose X and Y are random variables and a and b are real constants
then

V ar(aX + bY ) = a2V ar(X) + b2V ar(Y ) + 2abCov(X,Y )

= a2σ2X + b
2σ2Y + 2abCov(X,Y ).

(2) Suppose X1,X2, . . . ,Xn are random variables with V ar(Xi) = σ2i and
a1, a2, . . . , an are real constants then

V ar

µ
nP
i=1
aiXi

¶
=

nP
i=1
a2iσ

2
i + 2

n−1P
i=1

nP
j=i+1

aiajCov (Xi,Xj) .

(3) If X1,X2, . . . ,Xn are independents random variables and a1, a2, . . . , an
are real constants then

V ar

µ
nP
i=1
aiXi

¶
=

nP
i=1
a2iσ

2
i .
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3.6.8 Definition

The correlation coefficient of random variables X and Y is given by

ρ(X,Y ) =
Cov(X,Y )

σXσY
.

3.6.9 Exercise

In Example 3.3.4 and Exercise 3.3.5 find ρ(X,Y ).

3.6.10 Theorem

If ρ(X,Y ) is the correlation coefficient of random variables X and Y then

−1 ≤ ρ(X,Y ) ≤ 1.

ρ(X,Y ) = 1 if and only if Y = aX + b for some a > 0 and ρ(X,Y ) = −1 if
and only if Y = aX + b for some a < 0.

3.7 Conditional Expectation

3.7.1 Definition

The conditional expectation of g(Y ) given X = x is given by

E [g(Y )|x] =
P
y
g(y)f2(y|x)

if Y is a discrete random variable and

E[g(Y )|x] =
∞Z
−∞

g(y)f2(y|x)dy

if Y is a continuous random variable provided the sum/integral converges
absolutely. The conditional expectation of h(X) given Y = y is defined in
a similar manner.

3.7.2 Special Cases

(1) The conditional mean of Y given X = x is denoted by E(Y |x).
(2) The conditional variance of Y given X = x is denoted by V ar(Y |x)
and is given by

V ar(Y |x) = E
©
[Y −E(Y |x)]2|x

ª
= E(Y 2|x)− [E(Y |x)]2.
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3.7.3 Example

In Example 3.4.9 find E(Y |x), E(Y 2|x) and V ar(Y |x).

3.7.4 Exercise

In Example 3.3.4 and Exercise 3.3.5 find E(Y |x), V ar(Y |x), E(X|y) and
V ar(X|y).

3.7.5 Theorem

If X and Y are independent random variables then E[g(Y )|x] = E[g(Y )]
and E[h(X)|y] = E[h(X)].

3.7.6 Definition

E[g(Y )|X] is the function of the random variableX whose value isE[g(Y )|x]
when X = x. This means of course that E[g(Y )|X] is a random variable.

3.7.7 Theorem

Suppose X and Y are random variables then

E{E[g(Y )|X]} = E[g(Y )].

3.7.8 Corollary

Suppose X and Y are random variables then

E[E(Y |X)] = E(Y ).

3.7.9 Theorem

Suppose X and Y are random variables then

V ar(Y ) = E[V ar(Y |X)] + V ar[E(Y |X)].

3.7.10 Exercise

Prove Theorem 3.7.9.

3.7.11 Example

Suppose P ∼ UNIF(0, 0.1) and Y |P = p ∼ BIN(10, p). Find E(Y ) and
V ar(Y ).
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3.7.12 Exercise

In Examples 3.5.6 and 3.5.7 find E (X) and V ar (X) using Corollary 3.7.8
and Theorem 3.7.9.

3.7.13 Exercise

Suppose P ∼ BETA(3, 2) and Y |P = p ∼ GEO(p). Find E(Y ) and
V ar(Y ).

3.8 Joint Moment Generating Functions

3.8.1 Definition

If X and Y are random variables then

M(t1, t2) = E(e
t1X+t2Y )

is called the joint m.g.f. of X and Y if this expectation exists (joint
sum/integral converges absolutely) for all t1 ∈ (−h1, h1) and t2 ∈ (−h2, h2)
for some h1, h2 > 0.

More generally if X1,X2, . . . ,Xn are random variables then

M(t1, t2, . . . , tn) = E

∙
exp

µ
nP
i=1
tiXi

¶¸
is called the joint m.g.f. of X1,X2, . . . ,Xn if this expectation exists for all
ti ∈ (−hi, hi) for some hi > 0, i = 1, . . . , n.

3.8.2 Important Note

If M(t1, t2) exists for all t1 ∈ (−h1, h1) and t2 ∈ (−h2, h2) for some
h1, h2 > 0 then the m.g.f. of X is given by

MX(t) = E(e
tX) =M(t, 0), t ∈ (−h1, h1)

and the m.g.f. of Y is given by

MY (t) = E(e
tY ) =M(0, t), t ∈ (−h2, h2).
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3.8.3 Independence Theorem for m.g.f.’s

Suppose X and Y are random variables with joint m.g.f. M(t1, t2) which
exists for all t1 ∈ (−h1, h1) and t2 ∈ (−h2, h2) for some h1, h2 > 0. Then
X and Y are independent random variables if and only if

M(t1, t2) =MX(t1)MY (t2)

for all t1 ∈ (−h1, h1) and t2 ∈ (−h2, h2) where MX(t1) = M(t1, 0) and
MY (t2) =M(0, t2).

3.8.4 Example

Suppose X and Y are continuous random variables with joint p.d.f.

f (x, y) = e−y, 0 < x < y <∞.

Find the joint m.g.f. of X and Y . Are X and Y independent random
variables? What is the marginal distribution of X? What is the marginal
distribution of Y ?

3.8.5 Exercise

Suppose X1,X2, . . . ,Xn are idependent and identically distributed ran-
dom varibles each with m.g.f. M (t) , t ∈ (−h, h) for some h > 0. Find
M(t1, t2, . . . , tn) the joint m.g.f. of X1,X2, . . . ,Xn. Find the m.g.f. of

T =
nP
i=1

Xi.

3.9 Multinomial Distribution

3.9.1 Definition

Suppose (X1, . . . ,Xk) are discrete random variables with joint p.f.

f(x1, . . . , xk) =
n!

x1!x2! · · ·xk+1!
px11 p

x2
2 · · · p

xk+1
k+1

xi = 0, . . . , n, i = 1, . . . , k + 1, xk+1 = n−
kP
i=1
xi, 0 < pi < 1,

i = 1, . . . , k+1, and pk+1 = 1−
kP
i=1

pi. Then (X1, . . . ,Xk) is said to have a

multinomial distribution. We write (X1, . . . ,Xk) ∼MULT(n, p1, . . . , pk).
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3.9.2 Theorem - Properties of the Multinomial Distri-
bution

Suppose (X1, . . . ,Xk) ∼ MULT(n, p1, . . . , pk), then

(1) (X1, . . . ,Xk) has joint m.g.f.

M(t1, . . . , tk) = E
¡
et1X1+···+tkXk

¢
= (p1e

t1 + · · ·+ pketk + pk+1)n, (t1, . . . , tk) ∈ <k.

(2) Any subset of X1, . . . ,Xk+1 also has a multinomial distribution. In
particular

Xi v BIN(n, pi), i = 1, . . . , k + 1.

(3) If T = Xi +Xj , i 6= j, then

T v BIN(n, pi + pj).

(4)

Cov (Xi,Xj) = −npipj , i 6= j.

(5) The conditional distribution of any subset of (X1, . . . ,Xk+1) given the
rest of the coordinates is a multinomial distribution. In particular the
conditional p.f. of Xi given Xj = xj , i 6= j, is

Xi|Xj = xj ∼ BIN
µ
n− xj ,

pi
1− pj

¶
.

(6) The conditional distribution of Xi given T = Xi +Xj = t, i 6= j, is

Xi|Xi +Xj = t ∼ BIN
µ
t,

pi
pi + pj

¶
.

3.9.3 Example

Prove property (2) in Theorem 3.9.2.

3.9.4 Exercise

Prove properties (1) and (3) in Theorem 3.9.2.
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3.10 Bivariate Normal Distribution

3.10.1 Definition

Suppose X1 and X2 are random variables with joint p.d.f.

f(x1, x2) =
1

2π|Σ|1/2 exp
½
−1
2
(x− μ)TΣ−1(x− μ)

¾
, (x1, x2) ∈ <2

where

x =

µ
x1
x2

¶
, μ =

µ
μ1
μ2

¶
, Σ =

∙
σ21 ρσ1σ2

ρσ1σ2 σ22

¸
and Σ is an nonsingular matrix. Then X = (X1,X2)

T
is said to have a

bivariate normal distribution. We write X v BVN(μ,Σ).

3.10.2 Theorem - Properties of the BVN Distribution

Suppose X v BVN(μ,Σ), then
(1) X has joint m.g.f.

M(t1, t2) = E
£
exp

¡
tTX

¢¤
= E

¡
et1X1+t2X2

¢
= exp

µ
μT t+

1

2
tTΣt

¶
for all (t1, t2) ∈ <2.
(2) X1 ∼ N(μ1,σ21) and X2 ∼ N(μ2,σ22).
(3) Cov (X1,X2) = ρσ1σ2 and Corr (X1,X2) = ρ where −1 ≤ ρ ≤ 1.
(4) X1 and X2 are independent random variables if and only if ρ = 0.

(5) If c = (c1, c2)
T is a nonzero vector of constants then

cTX =
2P
i=1
ciXi v N

¡
cTμ, cTΣc

¢
.

(6) If A is a 2× 2 nonsingular matrix and b is a 2× 1 vector then
Y = AX + b v BVN

¡
Aμ+ b,AΣAT

¢
.

(7)
X2|X1 = x1 v N

¡
μ2 + ρσ2(x1 − μ1)/σ1, σ

2
2(1− ρ2)

¢
and

X1|X2 = x2 v N
¡
μ1 + ρσ1(x2 − μ2)/σ2, σ

2
1(1− ρ2)

¢
.

(8) (X − μ)TΣ−1(X − μ) v χ2(2).
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3.10.3 Example

Prove property (5) in Theorem 3.10.2.

3.10.4 Exercise

Prove property (6) in Theorem 3.10.2.

In the Figures 3.2 − 3.4 the BVN joint p.d.f. is graphed. The graphs
all have the same mean vector μ = [0 0]T but different variance/covariance
matrices Σ. The axes all have the same scale.
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Figure 3.2:

Graph of BVN p.d.f. with μ = [0 0]T and Σ = [1 0 ; 0 1].



3.10. BIVARIATE NORMAL DISTRIBUTION 49

Figure 3.3:
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Graph of BVN p.d.f. with μ = [0 0]T and Σ = [1 0.5; 0.5 1].
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Figure 3.4:
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Graph of BVN p.d.f. with μ = [0 0]T and Σ = [0.6 0.5; 0.5 1].
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3.11 Calculus Review

Consider the region R in the xy-plane in Figure 3.5. Suppose f(x, y) ≥ 0

y=h(x)

y=g(x)

x=a x=b

x

y

R

Figure 3.5:

for all (x, y) ∈ <2. The graph of z = f(x, y) is a surface in 3-space lying
above or touching the xy-plane. The volume of the solid bounded by the
surface z = f(x, y) and the xy-plane above the region R is given by

Volume =

bZ
x=a

h(x)Z
y=g(x)

f(x, y)dydx.

If R is the region in Figure 3.6 then the volume is given by

Volume =

dZ
y=c

h(y)Z
x=g(y)

f(x, y)dxdy.

Give an expression for the volume of the solid bounded by the surface
z = f(x, y) and the xy-plane above the region R in Figure 3.7.
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y=d

y=c

x=g(y) x=h(y)

R

x

y

Figure 3.6:

R1 R2

x

y

Figure 3.7:



Chapter 4

Functions of Random
Variables

4.1 C.D.F. Technique

Suppose (X1, . . . ,Xn) are continuous random variables with joint p.d.f.
f(x1, . . . , xn). We can find the p.d.f. of Y = h(X1, . . . ,Xn) using the c.d.f.
technique that was used in Section 2.4 for the case n = 1.

4.1.1 Example

Suppose X and Y are continuous random variables with joint p.d.f.

f(x, y) = 3y, 0 ≤ x ≤ y ≤ 1

and 0 otherwise. Find the p.d.f. of T = XY .

4.1.2 Exercise

For the previous example show that p.d.f. of S = Y/X is g(s) = s−2, s ≥ 1.

4.1.3 Example

Suppose X1, . . . ,Xn are independent and identically distributed (i.i.d.)
continuous random variables each with p.d.f. f(x) and c.d.f. F (x). Find the
p.d.f. of Y = max(X1, . . . ,Xn) = X(n) and T = min(X1, . . . ,Xn) = X(1).

53
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4.2 One-to-One Bivariate Transformations

Suppose the transformation S defined by

u = h1(x, y)

v = h2(x, y)

is a one-to-one transformation for all (x, y) ∈ RXY and that S maps the
region RXY into the region RUV in the uv-plane. Since S : (x, y)→ (u, v) is
a one-to-one transformation there exists a inverse transformation T defined
by

x = w1(u, v)

y = w2(u, v)

such that T = S−1 : (u, v) → (x, y) for all (u, v) ∈ RUV . The Jacobian of
the transformation T is

∂(x, y)

∂(u, v)
=

¯̄̄̄
¯

∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

¯̄̄̄
¯ =

∙
∂(u, v)

∂(x, y)

¸−1
where ∂(u,v)

∂(x,y) is the Jacobian of the transformation S.

4.2.1 Inverse Mapping Theorem

Consider the transformation S defined by

u = h1(x, y)

v = h2(x, y).

If ∂u
∂x ,

∂u
∂y ,

∂v
∂x and

∂v
∂y are continuous functions and

∂(u,v)
∂(x,y) 6= 0 for all

(x, y) ∈ R then S is one-to-one on R and S−1 exists.

Note: These are sufficient but not necessary conditions for the inverse to
exist.
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4.2.2 Theorem - One-to-One Bivariate Transformations

Let X and Y be continuous random variables with joint p.d.f. f(x, y) and
let RXY = {(x, y) : f(x, y) > 0} be the support set of (X,Y ). Suppose the
transformation S defined by

U = h1(X,Y )

V = h2(X,Y )

is a one-to-one transformation with inverse transformation

X = w1(U, V )

Y = w2(U, V ).

Suppose also that S maps RXY into RUV . Then g(u, v), the joint joint
p.d.f. of U and V , is given by

g(u, v) = f(w1(u, v), w2(u, v))

¯̄̄̄
∂(x, y)

∂(u, v)

¯̄̄̄
for all (u, v) ∈ RUV . (Compare Theorem 2.4.4 for univariate random vari-
ables.)

4.2.3 Proof

We want to find g(u, v), the joint p.d.f. of the random variables U and V .
Suppose S−1 maps the region B ⊂ RUV into the region A ⊂ RXY then

P [(U,V ) ∈ B]

=

ZZ
B

g(u, v)dudv (4.1)

= P [(X,Y ) ∈ A]

=

ZZ
A

f(x, y)dxdy

=

ZZ
B

f(w1(u, v), w2(u, v))

¯̄̄̄
∂(x, y)

∂(u, v)

¯̄̄̄
dudv (4.2)

where the last line follows by the Change of Variable Theorem. Since this
is true for all B ⊂ RUV we have, by comparing (4.1) and (4.2), that the
joint p.d.f. of U and V is given by

g(u, v) = f(w1(u, v), w2(u, v))

¯̄̄̄
∂(x, y)

∂(u, v)

¯̄̄̄
for all (u, v) ∈ RUV .
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4.2.4 Example

Suppose X ∼ GAM(a, 1) and Y ∼ GAM(b, 1) independently. Find the
joint p.d.f. of U = X + Y and V = X

X+Y . Show that U v GAM(a+ b, 1)
and V ∼ BETA(a, b) independently. Find E (V ). See Figure 4.1.
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Figure 4.1: BETA(a, b) p.d.f.’s

4.2.5 Exercise

Suppose X ∼ BETA(a, b) and Y ∼ BETA(a+b, c) independently. Find the
joint p.d.f. of U = XY and V = X. Show that U ∼ BETA(a, b+ c).

4.2.6 Example - Box-Mueller Transformation

Suppose X ∼ UNIF(0, 1) and Y ∼ UNIF(0, 1) independently. Find the
joint p.d.f. of

U = (−2 logX)1/2 cos(2πY )
V = (−2 logX)1/2 sin(2πY ).
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Explain how you could use this result to generate independent observations
from a N(0, 1) distribution.

4.2.7 Exercise

Suppose X and Y are continuous random variables with joint p.d.f.

f(x, y) = e−x−y, 0 < x <∞, 0 < y <∞.

Let U = X + Y and V = X. Find the joint p.d.f. of U and V and the
marginal p.d.f. of U . What is the distribution of U?

4.2.8 Exercise

Suppose X and Y are continuous random variables with joint p.d.f.

f(x, y) = e−x−y, 0 < x <∞, 0 < y <∞.

Let U = X +Y and V = X −Y . Find the joint p.d.f. of U and V . Be sure
to specify the support of (U, V ). Show that U ∼ GAM(2, 1) and
V ∼ DE(1, 0).

4.2.9 Theorem

If Z ∼ N(0, 1) independently of X ∼ χ2(n) then

T =
Zp
X/n

∼ t(n).

4.2.10 Theorem

If X ∼ χ2(n) independently of Y ∼ χ2(n) then

U =
X/n

Y/m
∼ F(n,m).

4.2.11 Exercise

(a) Prove Theorem 4.2.10. (Hint: Complete the transformation with
V = Y .)

(b) Find E(U) and V ar(U) and note for what values of n and m that these
exist. (Hint: Since X and Y are independent random variables
E(X/Y ) = E(X) ·E(Y −1).)
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4.3 Moment Generating Function Method

This method is particularly useful in finding distributions of sums of inde-
pendent random variables.

4.3.1 Theorem

Suppose X1, . . . ,Xn are independent random variables and Xi has m.g.f.
Mi(t) which exists for t ∈ (−h, h) for some h > 0. The m.g.f. of
Y =

nP
i=1

Xi is given by

MY (t) =
nQ
i=1
Mi(t)

for t ∈ (−h, h).
Notes:

(1) If the Xi’s are i.i.d. random variables each with m.g.f. M(t) then Y
has m.g.f.

MY (t) = [M(t)]
n

for t ∈ (−h, h).
(2) This theorem in conjunction with the Uniqueness Theorem for m.g.f.’s
can be used to find the distribution of Y .

4.3.2 Special Results

(1) If X ∼ GAM(α,β), where α is a positive integer, then 2X
β ∼ χ2(2α).

(2) If Xi ∼ GAM(αi,β), i = 1, . . . , n independently, then

nP
i=1
Xi ∼ GAM

µ
nP
i=1

αi, β

¶
.

(3) If Xi ∼ GAM(1,β) = EXP(β), i = 1, . . . , n independently, then

nP
i=1
Xi ∼ GAM(n,β).

(4) If Xi ∼ GAM(ki2 , 2) = χ2(ki), i = 1, . . . , n independently, then

nP
i=1
Xi ∼ χ2

µ
nP
i=1
ki

¶
.
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(5) If Xi ∼ N(μ,σ2), i = 1, . . . , n independently, then

nP
i=1

µ
Xi − μ

σ

¶2
∼ χ2(n).

(6) If Xi ∼ POI(μi), i = 1, . . . , n independently, then
nP
i=1
Xi ∼ POI

µ
nP
i=1

μi

¶
.

(7) If Xi ∼ BIN(ni, p), i = 1, . . . , n independently, then
nP
i=1

Xi ∼ BIN
µ

nP
i=1

ni, p

¶
.

(8) If Xi ∼ NB(ki, p), i = 1, . . . , n independently, then
nP
i=1
Xi ∼ NB

µ
nP
i=1
ki, p

¶
.

4.3.3 Exercise

Prove (1)− (8) in 4.3.2.

4.3.4 Exercise

Suppose X1, . . . ,Xn are i.i.d. random variables with m.g.f. M(t),
E (Xi) = μ, and V ar (Xi) = σ2 <∞. Find the m.g.f. of Z =

√
n
¡
X̄ − μ

¢
/σ

where X̄ = 1
n

nP
i=1
Xi.

4.3.5 Theorem

If Xi ∼ N(μi,σ2i ), i = 1, . . . , n independently, then
nP
i=1
aiXi ∼ N

µ
nP
i=1
aiμi,

nP
i=1
a2iσ

2
i

¶
.

4.3.6 Corollary

Suppose X1, . . . ,Xn is a random sample from the N(μ,σ2) distribution.
Then

nP
i=1
Xi ∼ N(nμ, nσ2) and X̄ =

1

n

nP
i=1
Xi ∼ N

µ
μ,

σ2

n

¶
.
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4.3.7 Useful Identity

nP
i=1

(Xi − μ)2 =
nP
i=1

¡
Xi − X̄

¢2
+ n

¡
X̄ − μ

¢2
4.3.8 Theorem

Suppose X1, . . . ,Xn is a random sample from the N(μ,σ2) distribution.
Then

X̄ ∼ N
µ
μ,

σ2

n

¶
independently of

(n− 1)S2
σ2

=

nP
i=1

¡
Xi − X̄

¢2
σ2

∼ χ2(n− 1)

where

S2 =

nP
i=1

¡
Xi − X̄

¢2
n− 1 .

4.3.9 Theorem

Suppose X1, . . . ,Xn is a random sample from the N(μ,σ2) distribution.
Then

X̄ − μ

S/
√
n
∼ t(n− 1).

4.3.10 Theorem

Suppose X1, . . . ,Xn is a random sample from the N(μ1,σ
2
1) distribution

and independently Y1, . . . , Ym is a random sample from the N(μ2,σ
2
2) dis-

tribution. Let

S21 =
nP
i=1
(Xi − X̄)2/(n− 1) and S22 =

mP
i=1
(Yi − Ȳ )2/(m− 1).

Then
S21/σ

2
1

S22/σ
2
2

v F(n− 1,m− 1).

4.3.11 Exerecise

Prove Theorem 4.3.10. Hint: Use Theorems 4.2.10 and 4.3.8.
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Limiting or Asymptotic
Distributions

5.1 Convergence in Distribution

5.1.1 Definition - Convergence in Distribution

Let X1,X2, . . . ,Xn, . . . be a sequence of random variables such that Xn
has c.d.f. Fn(x). Let X be a random variable with c.d.f. F (x). We say Xn
converges in distribution to X and we write

Xn →D X

if
lim
n→∞

Fn(x) = F (x)

at all points x at which F (x) is continuous. We call F the limiting or
asymptotic distribution of Xn.

Note:

(1) Although we talk of a sequence of random variables converging in dis-
tribution, it is really the c.d.f.’s that converge, not the random variables.

(2) This definition holds for both discrete and continuous random variables.

5.1.2 Theorem - e Limit

If b and c are real constants and lim
n→∞

ψ(n) = 0 then

lim
n→∞

∙
1 +

b

n
+

ψ(n)

n

¸cn
= ebc.

61



62 CHAPTER 5. LIMITING OR ASYMPTOTIC DISTRIBUTIONS

5.1.3 Corollary

If b and c are real constants then

lim
n→∞

µ
1 +

b

n

¶cn
= ebc.

5.1.4 Example

Suppose Xi v EXP (1) , i = 1, 2, . . . independently. Consider the sequence
of random variables Y1, Y2, . . . , Yn, . . . where Yn = max(X1, . . . ,Xn) −
logn. Find the limiting distribution of Yn. See Figure 5.1.
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5.1.5 Example

Suppose Xi v UNIF(0, θ), i = 1, 2, . . . independently. Consider the se-
quence of random variables Y1, Y2, . . . , Yn, . . . where Yn = max(X1, . . . ,Xn).
Find the limiting distribution of Yn. See Figure 5.2.

Figure 5.2:
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5.2 Convergence in Probability

5.2.1 Definition - Convergence in Probability

A sequence of random variablesX1,X2, . . . ,Xn, . . . converges in probability
to a random variable X if, for every ε > 0,

lim
n→∞

P (|Xn −X| ≥ ε) = 0

or equivalently
lim
n→∞

P (|Xn −X| < ε) = 1.

We write
Xn →p X.

5.2.2 Theorem - Convergence in Probability Implies
Convergence in Distribution

If Xn →p X then Xn →D X.

Many of the examples we consider involve convergence in probability to
a constant.

5.2.3 Definition - Convergence in Probability to a
Constant

A sequence of random variablesX1,X2, . . . ,Xn, . . . converges in probability
to a constant b if, for every ε > 0,

lim
n→∞

P (|Xn − b| ≥ ε) = 0

or equivalently
lim
n→∞

P (|Xn − b| < ε) = 1.

We write
Xn →p b.
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The following theorem is one way to prove convergence in probability
to a constant.

5.2.4 Theorem

Suppose X1,X2, . . . ,Xn, . . . is a sequence of random variables such that
Xn has c.d.f. Fn(x). If

lim
n→∞

Fn(x) = lim
n→∞

P (Xn ≤ x) =
(
0 x < b

1 x > b

then Xn →p b.

Note:

We do not need to worry about whether lim
n→∞

Fn(b) exists since x = b is a

point of discontinuity of the limiting distribution (see Definition 5.1.1).

Figure 5.3:
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5.2.5 Example

Suppose Xi v EXP(1, θ), i = 1, 2, . . . independently. Consider the se-
quence of random variables Y1, Y2, . . . , Yn, . . . where Y = min(X1, . . . ,Xn).
Show that Yn = min(X1, . . . ,Xn)→p θ. See Figure 5.3.

5.2.6 Comment

Suppose Yn →D Y. Then for large n we can use the approximation

P (Yn ≤ y) ≈ P (Y ≤ y).

If Y is degenerate at b then P (Y = b) = 1 and this approximation is
not useful. However, if Yn →p b then we would use this result in another
way. For example, if X1, . . . ,Xn is a random sample from the UNIF(0, θ)
distribution then Yn = max(X1, . . . ,Xn) →p θ. If θ were unknown, this

result suggests that we could use θ̃ = θ̃(X1, . . . ,Xn) = max(X1, . . . ,Xn)
as an estimator of θ. (Note: max(x1, . . . , xn) is an estimate of θ.)

5.3 Limit Theorems

5.3.1 Limit Theorem for m.g.f.’s

Let X1,X2, . . . ,Xn, . . . be a sequence of random variables such that Xn
has m.g.f. Mn(t) and let X be a random variable with m.g.f. M(t). If there
exists an h > 0 such that

lim
n→∞

Mn(t) =M(t)

for all t ∈ (−h, h) then Xn →D X.

5.3.2 Example

Suppose Yk ∼ NB(k, p). Find the limiting distribution of Yk as k → ∞,
p→ 1 such that kq/p = μ remains constant where q = 1− p.

5.3.3 Exercise - Poisson Approximation to the
Binomial Distribution

Suppose Yn ∼ BIN(n, p). Find the limiting distribution of Yn as n → ∞,
p→ 0 such that np = μ remains constant.
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5.3.4 Theorem

If Xn →D X and Xn and X are non-negative integer-valued random vari-
ables then lim

n→∞
P (Xn ≤ x) = P (X ≤ x) holds for all x.

Also lim
n→∞

P (Xn = x) = P (X = x) holds for x = 0, 1, . . . .

5.3.5 Central Limit Theorem

Suppose X1,X2, . . . ,Xn, . . . is a sequence of independent random variables
with E(Xi) = μ and
V ar(Xi) = σ2 <∞. Then

√
n(X̄n − μ)

σ
→D Z v N(0, 1)

where X̄n =
1
n

nP
i=1
Xi.

5.3.6 Example - Normal Approximation to the
χ2 Distribution:

If Yn ∼ χ2(n) then show

Yn − n√
2n
→D Z ∼ N(0, 1).

5.3.7 Exercise - Normal Approximation to the
Binomial Distribution

If Yn ∼ BIN(n, p) then show

Yn − npp
np(1− p)

→D Z ∼ N(0, 1).

Hint: LetXi ∼ BIN(1, p), i = 1, . . . , n independently. Find the distribution
of

nP
i=1
Xi and the limiting distribution of

nP
i=1
Xi.

5.3.8 Weak Law of Large Numbers (WLLN)

Suppose X1,X2, . . . ,Xn, . . . is a sequence of independent random variables
with E(Xi) = μ and
V ar(Xi) = σ2 <∞. Then

X̄n →p μ.
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5.3.9 Limit Theorems

(1) If Xn →p a and g is continuous at x = a then g(Xn)→p g(a).

(2) If Xn →p a, Yn →p b and g(x, y) is continuous at (a, b) then
g(Xn, Yn)→p g(a, b).

(3) (Slutsky) If Xn →D X, Yn →p b and g(x, b) is continuous for all
x ∈ support set of X then g(Xn, Yn)→D g(X, b).

5.3.10 Example

If Xn →p a > 0, Yn →p b 6= 0 and Zn →D Z ∼ N(0, 1) then find the
limiting distributions of each of the following:

(1) X2
n (2)

p
Xn (3) XnYn (4) Xn + Yn (5) Xn/Yn

(6) 2Zn (7) Zn + Yn (8) XnZn (9) Z2n (10) 1/Zn

5.3.11 Example

Let X1,X2, . . . ,Xn, . . . is a sequence of independent POI(μ) random vari-

ables. Find the limiting distribution of Zn =
√
n
¡
X̄n − μ

¢
/
p
X̄n.

5.3.12 Exercise

Suppose Xi v UNIF(0, 1), i = 1, 2, . . . independently. Consider the se-
quence of random variables U1, U2, . . . , Un, . . . where Un = max(X1, . . . ,Xn).
Show

Un →p 1, n (1− Un)→D X ∼ EXP(1),

eUn →p e, sin (1− Un)→p 0,

e−n(1−Un) →D e
−X ∼ UNIF(0, 1),

and (Un + 1)
2
[n (1− Un)]→D 4X ∼ EXP(4).

5.3.13 Delta Method (∂-Method)

Let X1,X2, . . . ,Xn, . . . be a sequence of random variables such that

nb(Xn − a)→D X

for some b > 0. Suppose the function g(x) is differentiable at a and
g0(a) 6= 0. Then

nb[g(Xn)− g(a)]→D g
0(a)X.
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5.3.14 Example

Let X1,X2, . . . ,Xn, . . . be a sequence of independent EXP(θ) random vari-
ables. Find the limiting distribution of X̄n,

Zn =
√
n
¡
X̄n − θ

¢
/X̄n,

Un =
√
n
¡
X̄n − θ

¢
and Vn =

√
n
¡
log(X̄n)− log θ

¢
.

5.3.15 Exercise

Let X1,X2, . . . ,Xn, . . . be a sequence of independent POI(θ) random vari-
ables. Show that

Un =
√
n
¡
X̄n − θ

¢
→D U ∼ N(0, θ)

and Vn =
√
n
³p

X̄n −
√
θ
´
→D V ∼ N

µ
0,
1

4

¶
.

5.3.16 Theorem

Let X1,X2, . . . ,Xn, . . . be a sequence of random variables such that

√
n(Xn − a)→D X ∼ N

¡
0,σ2

¢
.

Suppose the function g(x) is differentiable at a and g0(a) 6= 0. Then
√
n[g(Xn)− g(a)]→D W ∼ N

³
0, [g0(a)]

2
σ2
´
.

5.3.17 Exercise

Prove Theorem 5.3.16. Hint: Use the ∂-method.
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Chapter 6

Estimation

6.1 Introduction

Suppose X1, . . . ,Xn is a random sample, that is, X1, . . . ,Xn are i.i.d.
random variables, from the distribution with p.f./p.d.f. f(x; θ). Suppose
also that θ is unknown and θ ∈ Ω where Ω is the parameter space or the
set of possible values of θ. Note that θ could be a vector, θ = (θ1, . . . , θk)

T .
We are interested in making inferences about the unknown parameter θ,
that is, we want to find estimators (point and interval) of θ and we want to
test hypotheses about θ. The joint distribution of X1, . . . ,Xn is given by

nQ
i=1
f(xi; θ).

We will sometimes denote the data more compactly by the random vector
X = (X1, . . . ,Xn).

6.1.1 Definition

A statistic, T = T (X) = T (X1, . . . ,Xn), is a function of the data which
does not depend on any unknown parameter(s).

Suppose X1, . . . ,Xn is a random sample from a distribution with
E(Xi) = μ and V ar(Xi) = σ2 where μ and σ2 are unknown. The sample

mean X̄ and the sample variance S2 are statistics while X̄−μ
σ/
√
n
is not a

statistic.
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6.1.2 Definition

A statistic T = T (X) = T (X1, . . . ,Xn) that is used to estimate τ(θ), a
function of θ, is called an estimator of τ(θ) and an observed value of the
statistic t = t(x) = t(x1, . . . , xn) is called an estimate of τ(θ).

Suppose X1, . . . ,Xn are i.i.d. random variables with E(Xi) = μ. The
random variable X̄ is an estimator of μ. For a given set of observations
x1, . . . , xn, the number x̄ is an estimate of μ.

6.2 Maximum Likelihood Method
- One Parameter

Suppose X is discrete random variable with probability function
P (X = x; θ) = f(x; θ), θ ∈ Ω where the scalar parameter θ is unknown.
Suppose x is an observed value of the random variable X. Then the prob-
ability of observing this value is, P (X = x; θ) = f(x; θ).With the observed
value of x substituted into f(x; θ) we have a function of the parameter θ
only, referred to as the likelihood function and denoted L(θ). In the ab-
sence of any other information, it seems logical that we should estimate the
parameter θ using a value most compatible with the data. For example we
might choose the value of θ which maximizes the probability of the observed
data or equivalently the value of θ which maximizes the likelihood function
L(θ).

6.2.1 Definition

Suppose X is a random variable with p.f. f(x; θ), where θ is a scalar and
θ ∈ Ω. If x is the observed data, then the likelihood function for θ based on
x is

L(θ) = L (θ;x)

= P (observing the data x; θ)

= P (X = x; θ)

= f(x; θ), θ ∈ Ω.
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Suppose X1, . . . ,Xn is a random sample from a distribution with p.f.
f(x; θ) and x1, . . . , xn are the observed data. The likelihood function for θ
based on x1, . . . , xn is

L(θ) = L (θ;x1, . . . , xn)

= P (observing the data x1, . . . , xn; θ)

= P (X1 = x1,X2 = x2, . . . ,Xn = xn; θ)

=
nQ
i=1
f(xi; θ), θ ∈ Ω.

The value of θ which maximizes the likelihood L (θ) also maximizes the
logarithm of the likelihood function. (Why?) Since it is easier to find the
derivative of the sum of n terms rather than the product, it is usually easier
to determine the maximum of the logarithm of the likelihood function.

6.2.2 Definition

The log likelihood function is defined as

l(θ) = logL(θ), θ ∈ Ω

where log is the natural logarithmic function.

6.2.3 Definition

The value of θ that maximizes the likelihood function L(θ) or equivalently
the log likelihood function l(θ) is called the maximum likelihood (M.L.)
estimate. The M.L. estimate is a function of the data x and we write
θ̂ = θ̂ (x). The corresponding M.L. estimator is denoted θ̂ = θ̂(X).

6.2.4 Example

Suppose in a sequence of n Bernoulli trials the probability of success is
equal to θ and we have observed x successes. Find the likelihood function,
the log likelihood function, the M.L. estimate of θ and the M.L. estimator
of θ.

6.2.5 Example

Suppose we have collected data x1, . . . , xn and we believe these observa-
tions are independent observations from a POI(θ) distribution. Find the
likelihood function, the log likelihood function, the M.L. estimate of θ and
the M.L. estimator of θ.
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6.2.6 Exercise

Suppose we have collected data x1, . . . , xn and we believe these observa-
tions are independent observations from the DU(θ) distribution. Find the
likelihood function, the M.L. estimate of θ and the M.L. estimator of θ.

6.2.7 Definition

The score function is defined as

S(θ) = S(θ;x) =
d

dθ
l (θ) =

d

dθ
logL (θ) , θ ∈ Ω.

6.2.8 Definition

The information function is defined as

I(θ) = I(θ;x) = − d
2

dθ2
l(θ) = − d

2

dθ2
logL(θ), θ ∈ Ω.

I(θ̂) is called the observed information.

1 1.5 2 2.5 3 3.5
-10

-8

-6

-4

-2

0

2

θ

R(θ)

n=10

n=25

Figure 6.1: Poisson Log Likelihoods for n = 10 and n = 25
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In Section 6.5 we will see how the observed information I(θ̂) can be used
to construct approximate confidence intervals for the unknown parameter
θ. I(θ̂) also tells us about the concavity of the log likelihood function.

Suppose in Example 6.2.5 the M.L. estimate of θ was θ̂ = 2. If n = 10
then I(θ̂) = I (2) = n/θ̂ = 10/2 = 5. If n = 25 then I(θ̂) = I (2) = 25/θ̂ =
25/2 = 12.5. See Figure 6.1. The log likelihood function is more concave
down for n = 25 than for n = 10 which reflects the fact that as the number
of observations increases we have more “information” about the unknown
parameter θ.

Although we view the likelihood, log likelihood, score and information func-
tions as functions of θ they are, of course, also functions of the observed
data x. When it is important to emphasize the dependence on the data
x we will write L(θ;x), S(θ;x), and I(θ;x). Also when we wish to deter-
mine the sampling properties of these functions as functions of the random
variable X we will write L(θ;X), S(θ;X), and I(θ;X).

6.2.9 Definition

If θ is a scalar then the expected or Fisher information (function) is given
by

J(θ) = E [I(θ;X)] = E

∙
− ∂2

∂θ2
l(θ;X)

¸
θ ∈ Ω.

Note:

If X1, . . . ,Xn is a random sample from f(x; θ) then

J (θ) = E

∙
− ∂2

∂θ2
l(θ;X)

¸
= nE

∙
− ∂2

∂θ2
log f(X; θ)

¸
where X has p.d.f. f(x; θ).

6.2.10 Example

In Examples 6.2.4 and 6.2.5 find the Fisher information and compare it
with the variance of the M.L. estimator of θ.



76 CHAPTER 6. ESTIMATION

6.2.11 Likelihood Functions for Continuous Models

Suppose X is a continuous random variable with probability density func-
tion f(x; θ). We will often observe only the value of X rounded to some
degree of precision (say one decimal place) in which case the actual obser-
vation is a discrete random variable. For example, suppose we observe X
correct to one decimal place. Then

P (we observe 1.1 ; θ) =

1.15Z
1.05

f(x; θ)dx ≈ (0.1)f(1.1; θ)

assuming the function f(x; θ) is quite smooth over the interval. More gen-
erally, if we observe X rounded to the nearest ∆ (assumed small) then the
likelihood of the observation is approximately ∆f(observation; θ). Since
the precision ∆ of the observation does not depend on the parameter, then
maximizing the discrete likelihood of the observation is essentially equiva-
lent to maximizing the probability density function f(observation; θ) over
the parameter. This partially justifies the use of the probability density
function in the continuous case as the likelihood function.

6.2.12 Example

Suppose X1, . . . ,Xn is a random sample from the distribution with p.d.f.

f(x; θ) = θxθ−1, 0 ≤ x ≤ 1, θ > 0.

Find the score function, the M.L. estimator of θ, the information function
and the observed information.

6.2.13 Example

Suppose X1, . . . ,Xn is a random sample from the UNIF(0, θ) distribution.
Find the M.L. estimator of θ.

6.2.14 Finding M.L. Estimates

If X1, . . . ,Xn is a random sample from a distribution whose support set
does not depend on θ then we usually find θ̂ by solving S(θ) = 0. It

is important to verify that θ̂ is the value of θ which maximizes L (θ) or
equivalently l (θ). This can be done using the First Derivative Test. Note

that the condition I(θ̂) > 0 only checks for a local maximum.
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Often S(θ) = 0 must be solved numerically using an iterative method
such as Newton’s Method.

6.2.15 Newton’s Method

Let θ(0) be an initial estimate of θ. The estimate θ(i) can be updated using

θ(i+1) = θ(i) +
S(θ(i))

I(θ(i))
, for i = 0, 1, . . .

Notes:

(1) The initial estimate, θ(0), may be determined by graphing L (θ) or l (θ).

(2) The algorithm is usually run until the value of θ(i) no longer changes
to a reasonable number of decimal places. When the algorithm is stopped
it is always important to check that the value of θ obtained does indeed
maximize L (θ).

(3) This algorithm is also called the Newton-Raphson Method.

(4) I (θ) can be replaced by J (θ) for a similar algorithm which is called the
method of scoring or Fisher’s method of scoring.

(5) The value of θ̂ may also be found by maximizing L(θ) or l(θ) using
the maximization (minimization) routines available in various statistical
software packages such as Maple, S-Plus, Matlab, R etc.

(6) If the support of X depends on θ (e.g. UNIF(0, θ)) then θ̂ is not found
by solving S(θ) = 0.

6.2.16 Example

Suppose X1, . . . ,Xn is a random sample from the WEI(1, θ) distribution.
Explain how you would find the M.L. estimate of θ using Newton’s Method.

6.2.17 Theorem - Invariance of the M.L. Estimator

Suppose τ = h(θ) is a one-to-one function of θ. Suppose also that θ̂ is the

M.L. estimator of θ. Then τ̂ = h(θ̂) is the M.L. estimator of τ.

Note: The invariance property of the M.L. estimator means that if we
know the M.L estimator of θ then we know the M.L. estimator of any one-
to-one function of θ. This property is one reason why this estimator is so
widely used.
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6.2.18 Example

In Example 6.2.12 find the M.L. estimator of the median of the distribution.

6.2.19 Exercise

Suppose X1, . . . ,Xn is a random sample from the EXP(θ) distribution.
Find the score function, the M.L. estimator of θ, the information func-
tion, the observed information and the Fisher information. Find the M.L.
estimator of V ar (Xi) .

6.2.20 Definition

The relative likelihood function R(θ) is defined by

R(θ) = R (θ;x) =
L(θ)

L(θ̂)
, θ ∈ Ω.

The relative likelihood function takes on values between 0 and 1 and can
be used to rank parameter values according to their plausibilities in light
of the data. If R(θ1) = 0.1, say, then θ1 is rather an implausible parameter

value because the data are ten times more probable when θ = θ̂ than they
are when θ = θ1. However, if R(θ1) = 0.5, say, then θ1 is a fairly plausible
value because it gives the data 50% of the maximum possible probability
under the model.

6.2.21 Definition

The set of θ values for which R(θ) ≥ p is called a 100p% likelihood region
for θ. If the region is an interval of real values then it is called a 100p%
likelihood interval (L.I.) for θ.

Values inside the 10% L.I. are referred to as plausible and values outside
this interval as implausible. Values inside a 50% L.I. are very plausible and
outside a 1% L.I. are very implausible in light of the data.

6.2.22 Definition

The log relative likelihood function is the natural logarithm of the relative
likelihood function:

r(θ) = r (θ;x) = log[R(θ)] = log[L(θ]− log[L(θ̂)] = l(θ)− l(θ̂), θ ∈ Ω.
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Likelihood regions or intervals may be determined from a graph of R(θ)
or r(θ) and usually it is more convenient to work with r(θ). Alternatively,
they can be found by solving r(θ) − log p = 0. Usually this must be done
numerically.

6.2.23 Example

Plot the relative likelihood function for θ in Example 6.2.4 if n = 30 and
θ̂ = 5. Find 10% and 50% L.I.’s for θ. See Figure 6.2.
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0.4
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R(theta)

R=0.5

R=0.1

Figure 6.2: Poisson Relative Likelihood Function

6.2.24 Exercise

Suppose (X1, . . . ,Xn) is a random sample from the EXP(1, θ) distribution.
Plot the relative likelihood function for θ if n = 20 and x(1) = 1. Find 10%
and 50% L.I.’s for θ.
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6.3 Maximum Likelihood Method
- Multiparameter

The case of several parameters is exactly analogous to the one parameter
case. Suppose θ = (θ1, . . . , θk)

T . In this case the “parameter” can be
thought of as a column vector of k scalar parameters. The likelihood func-
tion l (θ1, . . . , θk) = logL (θ1, . . . , θk) is a function of k parameters. The

M.L. estimate of θ, θ̂ = (θ̂1, . . . , θ̂k)
T is usually found by solving ∂l

∂θj
= 0,

j = 1, . . . , k simultaneously.
The invariance property of the M.L. estimator also holds in the multi-

parameter case.

6.3.1 Definition

If θ = (θ1, . . . , θk)
T then the score vector is defined as

S(θ) = S(θ;x) =

∙
∂l

∂θ1
, . . . ,

∂l

∂θk

¸T
θ ∈ Ω.

6.3.2 Definition

If θ = (θ1, . . . , θk)
T then the information matrix I(θ) = I (θ;x) is a k × k

symmetric matrix whose (i, j) entry is given by

− ∂2

∂θi∂θj
l(θ).

I(θ̂) is called the observed information matrix.

6.3.3 Definition

If θ = (θ1, . . . , θk)
T then the expected or Fisher information matrix J(θ) is

a k × k symmetric matrix whose (i, j) entry is given by

E

∙
− ∂2

∂θi∂θj
l(θ;X)

¸
.

6.3.4 Likelihood Regions

The set of θ values for which R(θ) ≥ p is called a 100p% likelihood region
for θ.
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6.3.5 Example

Suppose X1, . . . ,Xn is a random sample from the N(μ,σ2) distribution.
Find the score vector, the information matrix, the Fisher information ma-

trix and the M.L. estimator of θ =
¡
μ,σ2

¢T
. Find the observed information

matrix I
¡
μ̂, σ̂2

¢
and thus verify that

¡
μ̂, σ̂2

¢
is the M.L. estimator of

¡
μ,σ2

¢
.

What is the M.L. estimator of the parameter τ = τ
¡
μ,σ2

¢
= μ/σ which is

called the coefficient of variation?

Since X1, . . . ,Xn is a random sample from the N
¡
μ,σ2

¢
distribution

the likelihood function is

L
¡
μ,σ2

¢
=

nQ
i=1

1√
2πσ

exp

∙
−1
2σ2

(xi − μ)2
¸

= (2π)−n/2
¡
σ2
¢−n/2

exp

∙
−1
2σ2

nP
i=1
(xi − μ)2

¸
.

The log likelihood function is

l
¡
μ,σ2

¢
= −n

2
log (2π)− n

2
log
¡
σ2
¢
− 1

2σ2

nP
i=1
(xi − μ)

2

= −n
2
log (2π)− n

2
log
¡
σ2
¢
− 1
2

¡
σ2
¢−1 ∙ nP

i=1
(xi − x̄)2 + n (x̄− μ)

2

¸
= −n

2
log (2π)− n

2
log
¡
σ2
¢
− 1
2

¡
σ2
¢−1 h

(n− 1) s2 + n (x̄− μ)2
i

where

s2 =
1

n− 1
nP
i=1
(xi − x̄)2 .

Now
∂l

∂μ
=
n

σ2
(x̄− μ) = n

¡
σ2
¢−1

(x̄− μ)

and
∂l

∂σ2
= −n

2

¡
σ2
¢−1

+
1

2

¡
σ2
¢−2 h

(n− 1) s2 + n (x̄− μ)
2
i
.

The equations
∂l

∂μ
= 0,

∂l

∂σ2
= 0

are solved simultaneously for

μ = x̄ and σ2 =
1

n

nP
i=1
(xi − x̄)2 =

(n− 1)
n

s2.
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Since

− ∂2l

∂μ2
=

n

σ2
, − ∂2l

∂σ2∂μ
=
n (x̄− μ)

σ4

− ∂2l

∂ (σ2)
2 = −n

2

1

σ4
+
1

σ6

h
(n− 1) s2 + n (x̄− μ)2

i
the information matrix is

I
¡
μ,σ2

¢
=

⎡⎣ n/σ2 n (x̄− μ) /σ4

n (x̄− μ) /σ4 −n2
1
σ4 +

1
σ6

h
(n− 1) s2 + n (x̄− μ)

2
i ⎤⎦ .

Since

I11
¡
μ̂, σ̂2

¢
=
n

σ̂2
> 0 and det I

¡
μ̂, σ̂2

¢
=
n2

2σ̂6
> 0

then by the Second Derivative Test the M.L. estimates of of μ and σ2 are

μ̂ = x̄ and σ̂2 =
1

n

nP
i=1
(xi − x̄)2 =

(n− 1)
n

s2

and the M.L. estimators are

μ̂ = X̄ and σ̂2 =
1

n

nP
i=1

¡
Xi − X̄

¢2
=
(n− 1)
n

S2.

The observed information is

I
¡
μ̂, σ̂2

¢
=

"
n/σ̂2 0

0 1
2

¡
n/σ̂4

¢ # .
Now

E
³ n
σ2

´
=
n

σ2
, E

"
n
¡
X̄ − μ

¢
σ4

#
= 0,

and

E

½
−n
2

1

σ4
+
1

σ6

h
(n− 1)S2 + n

¡
X̄ − μ

¢2i¾
= −n

2

1

σ4
+
1

σ6

n
(n− 1)E(S2) + nE

h¡
X̄ − μ

¢2io
= −n

2

1

σ4
+
1

σ6
©
(n− 1)σ2 + σ2

ª
=

n

2σ4
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since

E
¡
X̄ − μ

¢
= 0, E

h¡
X̄ − μ

¢2i
= V ar

¡
X̄
¢
=

σ2

n
and E

¡
S2
¢
= σ2.

Therefore the Fisher information matrix is

J
¡
μ,σ2

¢
=

"
n/σ2 0

0 1
2

¡
n/σ4

¢ #

and the inverse of the Fisher information matrix is

£
J
¡
μ,σ2

¢¤−1
=

"
σ2/n 0

0
¡
2σ4

¢
/n

#

Note that

V ar
¡
X̄
¢
=

σ2

n

V ar
¡
σ̂2
¢
= V ar

∙
1

n

nP
i=1

¡
Xi − X̄

¢2¸
=
2(n− 1)σ4

n2
≈
2σ4

n

and

Cov(X̄, σ̂2) =
1

n
Cov(X̄,

nP
i=1

¡
Xi − X̄

¢2
) = 0

since X̄ and
nP
i=1

¡
Xi − X̄

¢2
are independent random variables.

By the invariance property of M.L. estimators the M.L. estimator of
τ = μ/σ is τ̂ = μ̂/σ̂.

Recall from STAT 231 that inferences for μ and σ2 are made using the
pivotal quantities

X̄ − μ

S/
√
n
v t (n− 1) and

(n− 1)S2
σ2

v χ2 (n− 1) .

See Figure 6.3 for a graph of R
¡
μ,σ2

¢
for n = 350, μ̂ = 160 and σ̂2 = 36.
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Figure 6.3: Normal Relative Likelihood Function for n = 350, μ̂ = 160 and
σ̂2 = 36

Often S(θ) = (0, . . . , 0)T must be solved numerically using a method
such as Newton’s Method.

6.3.6 Newton’s Method

Let θ(0) be an initial estimate of θ = (θ1, . . . , θk)
T . The estimate θ(i) can

be updated using

θ(i+1) = θ(i) +
h
I(θ(i))

i−1
S(θ(i)), i = 0, 1, . . .

Note: The initial estimate, θ(0), may be determined by calculating L (θ) for
a grid of values to determine the region in which L (θ) obtains a maximum.
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6.3.7 Example

The following data are 30 independent observations from a BETA(a, b)
distribution:

0.2326, 0.0465, 0.2159, 0.2447, 0.0674, 0.3729, 0.3247, 0.3910, 0.3150,
0.3049, 0.4195, 0.3473, 0.2709, 0.4302, 0.3232, 0.2354, 0.4014, 0.3720,
0.5297, 0.1508, 0.4253, 0.0710, 0.3212, 0.3373, 0.1322, 0.4712, 0.4111,
0.1079, 0.0819, 0.3556

The likelihood function for observations x1, x2, ..., xn is

L(a, b) =
nQ
i=1

Γ(a+ b)

Γ(a)Γ(b)
xa−1i (1− xi)b−1 , a > 0, b > 0

=

∙
Γ(a+ b)

Γ(a)Γ(b)

¸n ∙ nQ
i=1
xi

¸a−1 ∙ nQ
i=1
(1− xi)

¸b−1
.

The log likelihood function is

l(a, b) = n [logΓ(a+ b)− logΓ(a)− logΓ(b) + (a− 1)t1 + (b− 1)t2]

where

t1 =
1

n

nP
i=1

log xi and t2 =
1

n

nP
i=1

log(1− xi).

Let

Ψ (z) =
d logΓ(z)

dz
=
Γ0 (z)

Γ(z)

which is called the digamma function. The score vector is

S (a, b) =

∙
∂l/∂a
∂l/∂b

¸
= n

"
Ψ (a+ b)−Ψ (a) + t1
Ψ (a+ b)−Ψ (b) + t2

#
.

S (a, b) = [0 0]T must be solved numerically to find the M.L. estimates of
a and b.
Let

Ψ0 (z) =
d

dz
Ψ (z)

which is called the trigamma function. The information matrix is

I(a, b) = n

"
Ψ0 (a)−Ψ0 (a+ b) −Ψ0 (a+ b)
−Ψ0 (a+ b) Ψ0 (b)−Ψ0 (a+ b)

#

which is also the Fisher or expected information matrix.
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For the data above

t1 =
1

30

nP
i=1
log xi = −1.3929 and t2 =

1

30
log

nP
i=1
log(1− xi) = −0.3594.

The M.L. estimates of a and b can be found using Newton’s Method given
by ∙

a(i+1)

b(i+1)

¸
=

∙
a(i)

b(i)

¸
+
h
I(a(i), b(i))

i−1
S(a(i), b(i))

for i = 0, 1, ... until convergence. Newton’s Method converges after 8 inter-
ations beginning with the initial estimates a(0) = 2, b(0) = 2. The iterations
are given below:∙
0.6449
2.2475

¸
=

∙
2
2

¸
+

∙
10.8333 −8.5147
−8.5147 10.8333

¸−1 ∙ −16.7871
14.2190

¸
∙
1.0852
3.1413

¸
=

∙
0.6449
2.2475

¸
+

∙
84.5929 −12.3668
−12.3668 4.3759

¸−1 ∙
26.1919
−1.5338

¸
∙
1.6973
4.4923

¸
=

∙
1.0852
3.1413

¸
+

∙
35.8351 −8.0032
−8.0032 3.2253

¸−1 ∙
11.1198
−0.5408

¸
∙
2.3133
5.8674

¸
=

∙
1.6973
4.4923

¸
+

∙
18.5872 −5.2594
−5.2594 2.2166

¸−1 ∙
4.2191
−0.1922

¸
∙
2.6471
6.6146

¸
=

∙
2.3133
5.8674

¸
+

∙
12.2612 −3.9004
−3.9004 1.6730

¸−1 ∙
1.1779
−0.0518

¸
∙
2.7058
6.7461

¸
=

∙
2.6471
6.6146

¸
+

∙
10.3161 −3.4203
−3.4203 1.4752

¸−1 ∙
0.1555
−0.0067

¸
∙
2.7072
6.7493

¸
=

∙
2.7058
6.7461

¸
+

∙
10.0345 −3.3478
−3.3478 1.4450

¸−1 ∙
0.0035
−0.0001

¸
∙
2.7072
6.7493

¸
=

∙
2.7072
6.7493

¸
+

∙
10.0280 −3.3461
−3.3461 1.4443

¸−1 ∙
0.0000
0.0000

¸
The M.L. estimates are â = 2.7072 and b̂ = 6.7493.
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The observed information matrix is

I(â, b̂) =

∙
10.0280 −3.3461
−3.3461 1.4443

¸
Note that since det[I(â, b̂)] = (10.0280) (1.4443)− (3.3461)2 > 0 and
[I(â, b̂)]11 = 10.0280 > 0 and then by the Second Derivative Test we have
found the M.L. estimates.

A graph of the relative likelihood function is given in Figure 6.4.
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Figure 6.4: Beta Relative Likelihood Function
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A 100p% likelihood region for (a, b) is given by {(a, b) ; R (a, b) ≥ p}.
The 1%, 5% and 10% likelihood regions for (a, b) are shown in Figure 6.5.
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Figure 6.5: Likelihood Regions for BETA(a,b) Example

Note that the likelihood contours are elliptical in shape and are skewed
relative to the ab coordinate axes. This follows since, for (a, b) sufficiently

close to (â, b̂),

L (a, b) ≈ L(â, b̂) + S(â, b̂)

"
â− a
b̂− b

#
+
1

2

£
â− a b̂− b

¤
I(â, b̂)

"
â− a
b̂− b

#

= L(â, b̂) +
1

2

£
â− a b̂− b

¤
I(â, b̂)

"
â− a
b̂− b

#
since S(â, b̂) = 0.
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Therefore

R (a, b) =
L (a, b)

L(â, b̂)

≈ 1−
h
2L(â, b̂)

i−1 £
â− a b̂− b

¤
I(â, b̂)

"
â− a
b̂− b

#

= 1−
h
2L(â, b̂)

i−1 £
â− a b̂− b

¤ ∙ Î11 Î12
Î12 Î22

¸"
â− a
b̂− b

#

= 1−
h
2L(â, b̂)

i−1 h
(a− â)2 Î11 + 2 (a− â) (b− b̂)Î12 + (b− b̂)2Î22

i
.

The set of points (a, b) which satisfy R (a, b) = p is approximately the set
of points (a, b) which satisfy

(a− â)2 Î11 + 2 (a− â) (b− b̂)Î12 + (b− b̂)2Î22 = 2 (1− p)L(â, b̂)

which we recognize as the points on an ellipse centred at (â, b̂). The skew-
ness of the likelihood contours relative to the ab coordinate axes is deter-
mined by the value of Î12. If this value is close to zero the skewness will be
small.

6.3.8 Exercise

Suppose Yi ∼ N(α+ βxi,σ
2), i = 1, . . . , n independently where the xi are

known constants. Show that the M.L. estimators of α, β and σ2 are given
by

α̂ = Ȳ − β̂x̄,

β̂ =

nP
i=1
(xi − x̄)

¡
Yi − Ȳ

¢
nP
i=1
(xi − x̄)2

,

σ̂2 =
1

n

nP
i=1
(Yi − α̂− β̂xi)

2

Note: α̂ and β̂ are also the least squares estimators of α and β.
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6.4 Asymptotic Properties of M.L.
Estimators - One Parameter

6.4.1 Theorem - Asymptotic Distribution of the M.L.
Estimator

Suppose X = (X1, . . . ,Xn) be a random sample from f(x; θ). Let

θ̂n = θ̂n(X1, . . . ,Xn) be the M.L. estimator of θ based on X. Then under
certain (regularity) conditions

θ̂n →p θ0 (6.1)

[J(θ0)]
1/2(θ̂n − θ0)→D Z v N(0, 1) (6.2)

−2 logR(θ0;X) = 2[l(θ̂n;X)− l(θ0;X)]→D W v χ2(1) (6.3)

where θ0 is the true but unknown value of θ.

Since (6.1) holds θ̂n is called a consistent estimator of θ.

This theorem implies that for sufficiently large n, θ̂n has an approx-
imately N(θ0, [J(θ0)]

−1) distribution. [J(θ0)]
−1 is called the asymptotic

variance of θ̂n and for sufficiently large n

V ar(θ̂n) ≈ [J(θ0)]−1 .

Of course J(θ0) is unknown because θ0 is unknown. But (6.1), (6.2) and
the Limit Theorems imply that

[J(θ̂n)]
1/2(θ̂n − θ0)→D Z v N(0, 1) (6.4)

and therefore for sufficiently large n

V ar(θ̂n) ≈
h
J(θ̂n)

i−1
.

We will see in the next section how these results can be used to construct
approximate confidence intervals for θ.
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By the WLLN

1

n
I(θ;X) = − 1

n

nP
i=1

d2

dθ2
l(θ;Xi)→p E

∙
− d

2

dθ2
l(θ;Xi)

¸
. (6.5)

Therefore by (6.1), (6.2), (6.5) and the Limit Theorems it follows that

[I(θ̂n;X)]
1/2(θ̂n − θ0)→D Z v N(0, 1) (6.6)

so that for sufficiently large n

V ar(θ̂n) ≈
h
I(θ̂n)

i−1
where I(θ̂n) is the observed information.

In Chapter 7 we will see how result (6.3) can be used in a test of hy-
pothesis.

Note: These results do not hold if the support set of X depends
on θ.

6.4.2 Example

Suppose X1, . . . ,Xn is a random sample from the WEI(θ, 2) distribution.
Verify that (6.1), (6.2), (6.4) and (6.6) hold for this distribution. Note: if
X v WEI(θ, 2) then E

¡
Xk
¢
= θkΓ

¡
k
2 + 1

¢
.

6.4.3 Example

Suppose X1, . . . ,Xn is a random sample from the UNIF(0, θ) distribution.
Since the support of Xi depends on θ Theorem 6.4.1 does not hold. Show
however that θ̂n = X(n) is still a consistent estimator of θ. See Example
5.1.5.

6.4.4 Exercise

In Example 6.4.3 show that n(1− θ̂n/θ0)→D W v EXP(1).
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6.5 Interval Estimators

6.5.1 Definition

Suppose X is a random variable whose distribution depends on θ. Suppose
that A(x) and B(x) are functions such that A(x) ≤ B(x) for all x ∈ support
of X and θ ∈ Ω. Let x be the observed data. Then (A(x), B(x)) is an
interval estimate for θ. The interval (A(X), B(X)) is an interval estimator
for θ.

Likelihood intervals are one type of interval estimator. Confidence in-
tervals are another type of interval estimator.

We now consider a general approach for constructing confidence inter-
vals based on pivotal quantities.

6.5.2 Definition

Suppose X is a random variable whose distribution depends on θ. The
random variable Q(X; θ) is called a pivotal quantity if the distribution of
Q does not depend on θ. Q(X; θ) is called an asymptotic pivotal quantity if
the limiting distribution of Q as n→∞ does not depend on θ.

6.5.3 Exercise - Pivotal Quantities for the Normal
Distribution (STAT 231)

Suppose X1, . . . ,Xn is a random sample from the N(μ,σ2) distribution.
Show that

X̄ − μ

σ/
√
n
,
X̄ − μ

S/
√
n
,

nP
i=1

(Xi − μ)2

σ2
and

(n− 1)S2
σ2

=

nP
i=1

¡
Xi − X̄

¢2
σ2

are all pivotal quantities.

6.5.4 Example

Suppose X1, . . . ,Xn is a random sample from the POI(θ) distribution.
Show that

√
n
¡
X̄n − θ

¢
/X̄n

is an asymptotic pivotal. See Example 5.3.11.
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6.5.5 Definition

Suppose A(X) and B(X) are statistics. If P [A(X) < θ < B(X)] = p,
0 < p < 1 then (a(x), b(x)) is called a 100p% confidence interval (C.I.) for
θ.

Pivotal quantities can be used for constructing C.I.’s in the following
way. Since the distribution of Q(X; θ) is known we can write down a
probability statement of the form

P (q1 ≤ Q(X; θ) ≤ q2) = p.

If Q is a monotone function of θ then this statement can be rewritten as

P [A(X) ≤ θ ≤ B(X)] = p

and the interval [a(x), b(x)] is a 100p% C.I..

6.5.6 Exercise

Suppose X1, . . . ,Xn is a random sample from the N(μ,σ2) distribution.
Use the pivotal quantities in Example 6.5.5 to find:

(1) a 100p% C.I. for μ if σ2 is known

(2) a 100p% C.I. for μ if σ2 is unknown

(3) a 100p% C.I. for σ2 if μ is known

(4) a 100p% C.I. for σ2 if μ is unknown.

The following theorem gives the pivotal quantity in the case in which θ
is either a location or scale parameter.

6.5.7 Theorem

Let X = (X1, . . . ,Xn) be a random sample from f (x; θ) and let θ̂ = θ̂(X)
be the M.L. estimator of the scalar parameter θ based on X.

(1) If θ is a location parameter then Q = θ̂ − θ is a pivotal quantity.

(2) If θ is a scale parameter then Q = θ̂/θ is a pivotal quantity.
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6.5.8 Example

Suppose X1, . . . ,Xn is a random sample from the EXP(θ) distribution.

Show that θ is a scale parameter and θ̂ = X̄. Find the distribution of the
pivotal quantity Q = θ̂/θ and show how it can be used to construct an

exact equal tail 100p% C.I. for θ. For the data n = 15 and
15P
i=1
xi = 36 find

a 95% equal tail C.I. for θ.

6.5.9 Exercise

Suppose X1, . . . ,Xn is a random sample from the WEI(θ, 2) distribution.
Show that θ is a scale parameter. Find the distribution of the pivotal quan-
tity Q = 2n(θ̂/θ)2. (Hint: Show that X2

i v EXP
¡
θ2
¢
and then use the

m.g.f. technique.) Use this pivotal quantity to construct an equal tail 95%

C.I. for θ for the data n = 12 and
12P
i=1
x2i = 24. (Answer: [1.1043, 1.9675])

6.5.10 Example

Suppose X1, . . . ,Xn is a random sample from the EXP(1, θ) distribution.

Show that θ is a location parameter and θ̂ = X(1) is the M.L. estimator of
θ. Show that

P (θ̂ − θ ≤ q) = 1− e−nq, q ≥ 0
and thus show that

[θ̂ + n−1 log (1− p) , θ̂]

and
[θ̂ + n−1 log ((1− p) /2), θ̂ + n−1 log ((1 + p) /2)]

are both 100p% C.I.’s for θ. Which C.I. seems more reasonable?

6.5.11 Exercise

Suppose (X1, . . . ,Xn) is a random sample from the UNIF(0, θ) distribution.

Find the c.d.f. of Q = θ̂/θ and thus show that Q is a pivotal quantity.
Determine a such that

[θ̂, aθ̂]

is a 100p% C.I. for θ.
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6.5.12 Asymptotic Pivotal Quantities and Approximate
C.I.’s

In cases in which an exact pivotal quantity cannot be constructed we can
use the limiting distribution of the M.L. estimator θ̂n = θ̂n(x1, . . . , xn) (see
Section 6.4) to construct approximate C.I.’s. Since

[J(θ̂n)]
1/2(θ̂n − θ0)→D Z v N(0, 1)

then [J(θ̂n)]
1/2(θ̂n−θ0) is an asymptotic pivotal quantity. An approximate

100p% C.I. based on this asymptotic pivotal quantity is given by

[θ̂n − a[J(θ̂n)]−1/2, θ̂n + a[J(θ̂n)]−1/2] (6.7)

where P (−a < Z < a) = p and Z v N(0, 1).
Simlarly since

[I(θ̂n;X)]
1/2(θ̂n − θ0)→D Z v N(0, 1)

then [I(θ̂n;X)]
1/2(θ̂n − θ0) is an asymptotic pivotal quantity. An approxi-

mate 100p% C.I. based on this asymptotic pivotal quantity is given by

[θ̂n − a[I(θ̂n)]−1/2, θ̂n + a[I(θ̂n)]−1/2] (6.8)

where I(θ̂n) is the observed information.

6.5.13 Example

Suppose X ∼ BIN(n, θ). Show how you would construct an approximate
100p% C.I. for θ.

6.5.14 Example

For the data in Example 6.5.8 find approximate 95% C.I.’s based on (6.7)
and (6.8). Compare these intervals with the equal tail 95% C.I. in Example
6.5.8.

6.5.15 Exercise

Suppose X1, . . . ,Xn is a random sample from the POI(θ) distribution.
Show how you would construct an approximate 100p% C.I. for θ.
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6.5.16 Exercise

For the data in Exercise 6.5.9 find approximate 95% C.I.’s based on (6.7)
and (6.8). Compare these intervals with the equal tail 95% C.I. in Exercise
6.5.9.

6.5.17 Likelihood Intervals and Approximate C.I.’s

A 15% L.I. for θ is given by

{θ : R(θ;x) ≥ 0.15}.

Since
−2 logR(θ0;X)→D W v χ2(1),

P [R(θ;X) ≥ 0.15] = P [−2 logR(θ;X) ≤ −2 log (0.15)]
= P [−2 logR(θ;X) ≤ 3.79]
≈ P (W ≤ 3.79) = P

¡
Z2 ≤ 3.79

¢
where Z v N(0, 1)

≈ P (−1.95 ≤ Z ≤ 1.95)
≈ 0.95

and therefore a 15% L.I. is an approximate 95% C.I. for θ. Note that while
the confidence intervals given by (6.7) or (6.8) are symmetric about the

point estimate θ̂n, this is not true in general for likelihood intervals.

6.5.18 Example

For the data in Example 6.5.8 find a 15% L.I. Compare this interval with
the intervals in Example 6.5.13.

6.5.19 Exercise

For the data in Example 6.5.9 find a 15% L.I. Compare this interval with
the intervals in Exercise 6.5.16.



6.6. ASYMPTOTIC PROPERTIES OFM.L.ESTIMATORS - MULTIPARAMETER97

6.6 Asymptotic Properties of M.L.
Estimators - Multiparameter

To discuss the asymptotic properties of the M.L. estimator in the multipa-
rameter case we first review the definition and properties of the multivariate
normal distribution.

6.6.1 Definition - Multivariate Normal Distribution

Let X = (X1, . . . ,Xk)
T be a k × 1 random vector with E(Xi) = μi and

Cov(Xi,Xj) = σij , i, j = 1, . . . , k. (Note: Cov(Xi,Xi) = σii = V ar(Xi) =
σ2i .) Let μ = (μ1, . . . ,μk)

T be the mean vector and Σ be the k×k symmetric
covariance matrix whose (i, j) entry is σij . Suppose also that Σ

−1 exists. If
the joint p.d.f. of (X1, . . . ,Xk) is given by

f(x1, . . . , xk) =
1

(2π)k/2|Σ|1/2 exp
∙
−1
2
(x− μ)TΣ−1(x− μ)

¸
, x ∈ <k

where x = (x1, . . . , xk)
T then X is said to have a multivariate normal

distribution. We write Y v MVN(μ,Σ).

6.6.2 Theorem

Suppose X = (X1, . . . ,Xk)
T vMVN(μ,Σ). Then

(1) X has joint m.g.f.

M(t1, . . . , tk) = exp(μ
T t+

1

2
tTΣt), t = (t1, . . . , tk)

T ∈ <k.

(2) Any subset of X1, . . . ,Xk also has a MVN distribution and in particular
Xi v N

¡
μi,σ

2
i

¢
, i = 1, . . . , k.

(3) (X − μ)TΣ−1(X − μ) v χ2(k).
(4) Let c = (c1, . . . , ck)

T be a nonzero vector of constants then

cTX =
kP
i=1
ciXi v N

¡
cTμ, cTΣc

¢
.

(5) Let A be a k × p vector of constants of rank p then

ATX v N(ATμ, ATΣA).
(6) The conditional distribution of any subset of (X1, . . . ,Xk) given the
rest of the coordinates is a multivariate normal distribution. In particular
the conditional p.d.f. of Xi given Xj = xj , i 6= j, is

Xi|Xj = xj ∼ N(μi + ρijσi(xj − μj)/σj , (1− ρ2ij)σ
2
i ).
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6.6.3 Theorem - Asymptotic Distribution of the M.L.
Estimator in the Multiparmeter Case

Suppose X = (X1, . . . ,Xn) is a random sample from f(x; θ) where

θ = (θ1, . . . , θk)
T is a vector. Let θ̂n = θ̂n(X1, . . . ,Xn) be the M.L. esti-

mator of θ based on X. Let 0k be a k × 1 vector of zeros and let Ik be the
k × k identity matrix. Then under certain (regularity) conditions

θ̂n →p θ0 (6.9)

[J(θ0)]
1/2(θ̂n − θ0)→D Z v MVN(0k, Ik) (6.10)

−2 logR(θ0;X) = 2[l(θ̂n;X)− l(θ0;X)]→D W v χ2(k)
(6.11)

where θ0 is the true but unknown value of θ.

This theorem implies that for sufficiently large n, θ̂n has an approxi-
mately MVN(θ0, [J(θ0)]

−1) distribution. [J(θ0)]
−1 is called the asymptotic

variance/covariance matrix of θ̂n and for sufficiently large n

V ar(θ̂n) ≈ [J(θ0)]−1 .

Of course J(θ0) is unknown because θ0 is unknown. But (6.9), (6.10) and
the Limit Theorems imply that

[J(θ̂n)]
1/2(θ̂n − θ0)→D Z v MVN(0k, Ik) (6.12)

and therefore for sufficiently large n

V ar(θ̂n) ≈
h
J(θ̂n)

i−1
.

These results can be used to construct approximate confidence regions for
θ.

It is also possible to show that

[I(θ̂n;X)]
1/2(θ̂n − θ0)→D MVN(0k, Ik) (6.13)

so that for sufficiently large n we also have

V ar(θ̂n) ≈
h
I(θ̂n)

i−1
where I(θ̂n) is the observed information matrix.

Note: These results do not hold if the support set of X depends
on θ.
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6.7 Confidence Regions

6.7.1 Definition

A 100p% confidence region for the vector θ = (θ1, . . . , θk)
T based on X =

(X1, . . . ,Xn) is a region R(X) ⊂ Rk which satisfies

P [θ ∈ R(X)] = p.

6.7.2 Aymptotic Pivotal Quantities and Approximate
Confidence Regions

The limiting distribution of θ̂n can be used to obtain approximate confi-
dence regions for θ. Since

[J(θ̂n)]
1/2(θ̂n − θ0)→D Z v MVN(0k, Ik)

it follows that

(θ̂n − θ0)
TJ(θ̂n)(θ̂n − θ0)→D W v χ2(k)

and an approximate 100p% confidence region for θ based on this asymptotic
pivotal quantity is the set of all θ vectors in the set

{θ : (θ̂n − θ)TJ(θ̂n)(θ̂n − θ) ≤ b}

where c is the value such that P (W < c) = p and W v χ2(k).

Similarly since

[I(θ̂n;X)]
1/2(θ̂n − θ0)→D Z v MVN(0k, Ik)

it follow that

(θ̂n − θ0)
T I(θ̂n;X)(θ̂n − θ0)→D W v χ2(k)

and an approximate 100p% confidence region for θ based on this asymptotic
pivotal quantity is the set of all θ vectors in the set

{θ : (θ̂n − θ)T I(θ̂n)(θ̂n − θ) ≤ c}

where I(θ̂n) is the observed information.

Finally since
−2 logR(θ0;X)→D W v χ2(k)

an approximate 100p% confidence region for θ based on this asymptotic
pivotal quantity is the set of all θ vectors satisfying

{θ : −2 logR(θ;x) ≤ c}

where (x1, . . . , xn) are the observed data.
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6.7.3 Approximate C.I.’s for a Single Parameter

Let θi be the ith entry in the vector θ = (θ1, . . . , θk)
T . Approximate

confidence intervals for θi can also be obtained. Since

[J(θ̂n)]
1/2(θ̂n − θ0)→D Z v MVN(0k, Ik)

it follows that an approximate 100p% C.I. for θi is given by

[θ̂i − a
p
v̂ii, θ̂i + a

p
v̂ii]

where θ̂i is the ith entry in the vector θ̂n, v̂ii is the (i, i) entry of [J(θ̂n)]
−1

and a is the value such that P (−a < Z < a) = p where Z v N(0, 1).
Simlarly since

[I(θ̂n;X)]
1/2(θ̂n − θ0)→D Z v MVN(0, Ik)

it follows that an approximate 100p% C.I. for θi is given by

[θ̂i − a
p
v̂ii, θ̂i + a

p
v̂ii]

where v̂ii is now the (i, i) entry of [I(θ̂n)]
−1.

6.7.4 Example

Recall from Example 6.3.6 that for a random sample from the BETA(a, b)
distribution the information matix and the Fisher information matrix are
given by

I(a, b) = n

∙
Ψ0 (a)−Ψ0 (a+ b) −Ψ0 (a+ b)
−Ψ0 (a+ b) Ψ0 (b)−Ψ0 (a+ b)

¸
= J(a, b).

Since £
â− a0 b̂− b0

¤
J(â, b̂)

∙
â− a0
b̂− b0

¸
→D W v χ2 (2) ,

an approximate 100p% confidence region for (a, b) is given by

{(a, b) :
£
â− a b̂− b

¤
J(â, b̂)

∙
â− a
b̂− b

¸
≤ c}

where P (W ≤ c) = p. Since χ2 (2) = GAM(1, 2) = EXP(2), c can be
determined using

p = P (W ≤ c) =
cZ
0

1

2
e−x/2dx = 1− e−c/2
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which gives
c = −2 log(1− p).

For p = 0.95, c = −2 log(0.05) = 5.99, an approximate 95% confidence
region is given by

{(a, b) :
£
â− a b̂− b

¤
J(â, b̂)

∙
â− a
b̂− b

¸
≤ 5.99}.

If we let

J(â, b̂) =

∙
Ĵ11 Ĵ12
Ĵ12 Ĵ22

¸
then the approximate confidence region can be written as

{(a, b) : (â− a)2 Ĵ11 + 2 (â− a) (b̂− b)Ĵ12 + (b̂− b)2Ĵ22 ≤ 5.99}.

We note that the approximate confidence region is the set of points inside
the ellipse

(â− a)2 Ĵ11 + 2 (â− a) (b̂− b)Ĵ12 + (b̂− b)2Ĵ22 = 5.99

which is centred at (â, b̂).

For the data in Example 6.3.6, â = 2.7072, b̂ = 6.7493 and

J(â, b̂) =

∙
10.0280 −3.3461
−3.3461 1.4443

¸
.

Approximate 90%, 95% and 99% confidence regions are shown in Figure
6.3.

A 10% likelihood region for (a, b) is given by {(a, b) : R(a, b;x) ≥ 0.1}.
Since

−2 logR(a0, b0;X)→D W v χ2 (2) = EXP (2)

we have

P [R(a, b;X) ≥ 0.1] = P [−2 logR(a, b;X) ≤ −2 log (0.1)]
≈ P (W ≤ −2 log (0.1))
= 1− e−[−2 log(0.1)]/2

= 1− 0.1 = 0.9

and therefore a 10% likelihood region corresponds to an approximate 90%
confidence region. Similarly 1% and 5% likelihood regions correspond to
approximate 99% and 95% confidence regions respectively. Compare the
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(2.7,6.7)

(1.5,8)
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Figure 6.6: Approximate Confidence Regions for BETA(a,b) Example

likelihood regions in Figure 6.2 with the approximate confidence regions
shown in Figure 6.3. What do you notice?

Let h
J(â, b̂)

i−1
=

∙
v̂11 v̂12
v̂12 v̂22

¸
.

Since

[J(â, b̂)]1/2
∙
â− a0
b̂− b0

¸
→D Z v BVN

µ∙
0
0

¸
,

∙
1 0
0 1

¸¶
then for large n, V ar(â) ≈ v̂11, V ar(b̂) ≈ v̂22 and Cov(â, b̂) ≈ v̂12. There-
fore an approximate 95% C.I. for a is given by

[â− 1.96
p
v̂11, â+ 1.96

p
v̂11]

and an approximate 95% C.I. for b is given by

[b̂− 1.96
p
v̂22, b̂+ 1.96

p
v̂22].
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For the data in Example 6.2.23, â = 2.7072, b̂ = 6.7493 andh
J(â, b̂)

i−1
=

∙
0.4393 1.0178
1.0178 3.0503

¸
.

An approximate 95% C.I. for a is

[2.7072 + 1.96
√
0.44393, 2.7072− 1.96

√
0.44393] = [1.4080, 4.0063]

and an approximate 95% C.I. for b is

[6.7493− 1.96
√
3.0503, 6.7493 + 1.96

√
3.0503] = [3.3261, 10.1725].

Note that a = 1.5 is in the approximate 95% C.I. for a and b = 8 is in
the approximate 95% C.I. for b and yet the point (1.5, 8) is not in the
approximate 95% joint confidence region for (a, b). Clearly these marginal
C.I.’s for a and b must be used with care.

To obtain an approximate 95% C.I. for a+ b we note that

V ar(â+ b̂) = V ar(â) + V ar(b̂) + 2Cov(â, b̂)

≈ v̂11 + v̂22 + 2v̂12 = v̂

so that an approximate 95% C.I. for a+ b is given by

[â+ b̂− 1.96
√
v̂, â+ b̂+ 1.96

√
v̂].

For the data in Example 6.3.6

â+ b̂ = 2.7072 + 6.7493 = 9.4565,

v̂ = v̂11 + v̂22 + 2v̂12 = 0.4393 + 3.0503 + 2(1.0178) = 5.5293

and an approximate 95% C.I. for a+ b is

[9.4565 + 1.96
√
5.5293, 9.4565− 1.96

√
5.5293] = [4.8493, 14.0636].
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Chapter 7

Hypothesis Tests

7.1 Introduction

A test of hypothesis is a procedure for evaluating the strength of the evidence
provided by the data against an hypothesis. In many cases the hypothesis
can be formulated in terms of the parameters in the model f(x; θ) where
θ = (θ1, . . . , θk)

T ∈ Ω and Ω is the parameter space or set of possible values
of θ. Usually we write

H : θ ∈ Ω0

where Ω0 is some subset of Ω.

To measure the evidence against H based on the observed data we use
a test statistic or discrepancy measure. A small observed value of the
test statistic shows close agreement between the observed data and the
hypothesis and a large observed value of the test statistic indicates poor
agreement. The test statistic is chosen before the data are examined and
the choice reflects the type of departure from the hypothesis that we wish
to detect. A general method for constructing test statistics can be based
on the likelihood function as we will see in the next section.

After the data have been collected the observed value of the test sta-
tistic is calculated. Assuming the hypothesis H is true we compute the
probability of observing a value of the test statistic at least as great as that
observed. This probability is called the significance level (S.L.) or p-value
of the data in relation to the hypothesis. The S.L. is the probability of
observing such poor agreement between the hypothesis and the data if the
hypothesis is true. If the S.L. is very small, then such poor agreement would
occur very rarely if the hypothesis is true, and we have evidence against
the hypothesis. The smaller the S.L. the stronger the evidence against the
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hypothesis. A large S.L. does not mean that the hypothesis is true but only
indicates a lack of evidence against the hypothesis based on the observed
data.

7.1.1 Example

Suppose X1, . . . ,Xn is a random sample from the N(μ,σ2) distribution
where σ2 is known and we wish to test H : μ = μ0. The test statistic
usually used for this case is

T =
|X̄ − μ0|
σ/
√
n
.

What is the distribution of
X̄ − μ0
σ/
√
n

if H is true? Suppose σ2 = 1. Find the S.L. if the observed data are n = 25,
x̄ = 0.5 and μ0 = 0. What would you conclude?

7.2 Likelihood Ratio Tests for Simple
Hypotheses

SupposeX1, . . . ,Xn is a random sample from f(x; θ) where θ = (θ1, . . . , θk)
T .

Suppose we wish to test H : θ = θ0 where θ0 is a completely known k × 1
vector. This hypothesis is called a simple hypothesis since it specifies the
values of all unknown parameters in the model.
The likelihood ratio (L.R.) statistic is defined as

−2 logR(θ0;X) = −2 log
"
L(θ0;X)

L(θ̂;X)

#
= 2

h
l(θ̂;X)− l (θ0;X)

i
where X = (X1, . . . ,Xn) are the data and θ̂ = θ̂ (X1, . . . ,Xn) is the M.L.
estimator of θ. Under certain regularity conditions and assuming H is true,

−2 logR(θ0;X)→D W v χ2(k).

Therefore an approximate S.L. is given by

S.L. ≈ P (W ≥ −2 logR(θ0;x))

where x = (x1, . . . , xn) are the observed data.
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7.2.1 Example

In Example 7.1.1 find the L.R. statistic and compare it to the test statistic
used there.

7.2.2 Example

Suppose X1, . . . ,Xn is a random sample from the N(μ,σ2) distribution
where μ is known. Find the L.R. statistic for testing H : σ2 = σ20.

7.2.3 Exercise

In the previous example show that the L.R. statistic takes on large values if
σ̂2 > σ20 or σ̂

2 < σ20. Hint: Compare the graphs of the functions f(t) = t−1
and g(t) = log t, t > 0 and let t = (σ̂/σ0)

2.

7.2.4 Example

Suppose X1, . . . ,Xn is a random sample from the POI(θ) distribution.
Find the L.R. statistic for testing H : θ = θ0. Another test statistic which
could be used is

T =
|X̄ − θ0|p

θ0/n
.

What is the approximate distribution of

X̄ − θ0p
θ0/n

for large n if H is true and how could you use this to find an approximate
S.L.?

7.2.5 Exercise

Suppose X1, . . . ,Xn is a random sample from the EXP(θ) distribution.
Show that the L.R. statistic for testing H : θ = θ0 is given by

−2 logR(θ0;X) = 2n
∙
X̄

θ0
− log

µ
X̄

θ0

¶
− 1
¸

Another test statistic which could be used is

T =
|X̄ − θ0|
θ0/
√
n
.
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What is the approximate distribution of

X̄ − θ0
θ0/
√
n

for large n if H is true and how could you use this to find an approximate
S.L.?

7.2.6 Example

The following table gives the observed frequencies of the six faces in 100
rolls of a die:

Face: i 1 2 3 4 5 6 Total
Obs. Freq.: fi 16 15 14 20 22 13 100

Are these observations consistent with the hypothesis that the die is fair?

7.2.7 Exercise

In a long-term study of heart disease in a large group of men, it was noted
that 63 men who had no previous record of heart problems died suddenly of
heart attacks. The following table gives the number of such deaths recorded
on each day of the week:

Day of Week Mon. Tues. Wed. Thurs. Fri. Sat. Sun.
No. of Deaths 22 7 6 13 5 4 6

The hypothesis of interest for these data is that the deaths are equally
likely to occur on any day of the week. Show that the observed value of
the likelihood ratio statistic for testing this hypothesis is 23.3. What would
you conclude?
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7.3 Likelihood Ratio Tests for Composite
Hypotheses

Suppose X1, . . . ,Xn is a random sample from f(x; θ) where θ ∈ Ω and
Ω is an open set in Rk. Suppose we wish to test H : θ ∈ Ω0 where Ω0
is an open set in Rq where 0 < q < k. The hypothesis H is a composite
hypothesis since all the values of the unknown parameters are not specified.
For testing composite hypotheses we use the likelihood ratio statistic

Λ(X) = −2 log

⎡⎣maxθ∈Ω0
L(θ;X)

max
θ∈Ω

L(θ;X)

⎤⎦
= 2

∙
l(θ̂;X)−max

θ∈Ω0
l(θ;X)

¸
where X = (X1, . . . ,Xn) are the data and θ̂ = θ̂ (X1, . . . ,Xn) is the M.L.
estimator of θ. The asypmptotic distribution of the L.R. statistic if H is
true is given by

Λ(X)→D W v χ2(k − q)
and an approximate S.L. is given by

S.L. ≈ P (W ≥ −2 logR(θ0;x))

where x = (x1, . . . , xn) are the observed data.

Note:

The number of degrees of freedom is the difference between the number
of paramters that need to be estimated in the model and the number of
parameters left to be estimated under the restrictions imposed by H.

7.3.1 Example

Suppose X1, . . . ,Xn is a random sample from the N(μ,σ2) distribution.
We wish to test H : μ = μ0 where σ

2 is unknown. Find the L.R. statistic
for testing H. Consider the test statistic

T =
|X̄ − μ0|
S/
√
n
.

What is the distribution of
X̄ − μ0
S/
√
n

if H is true? Compare the two test statistics.
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7.3.2 Example

SupposeX1, . . . ,Xn is a random sample from the EXP(θ1) distribution and
independently Y1, . . . , Yn is a random sample from the EXP(θ2) distribu-
tion. Find the L.R. statistic for testing H : θ1 = θ2. Find the approximate

S.L. if the observed data are n = 10,
10P
i=1

xi = 15 and
10P
i=1

yi = 20. What

would you conclude?



Special Discrete Distributions

Notation and
Parameters p.f. Mean Variance m.g.f.

Binomial
X  BINn,p n

x  pxqn−x np npq pet  qn

0  p  1 x  0,1, . . . ,n
q  1 − p

Bernoulli
X  Bernoullip pxq1−x p pq pet  q

0  p  1 x  0,1
q  1 − p

Negative Binomial
X  NBk,p −k

x  pk−qx kq
p

kq
p2  p

1−qet k

0  p  1
q  1 − p x  0,1, . . . t  − logq

Geometric
X  GEOp pqx q/p q/p2 p

1−qet

0  p  1 x  0,1, . . . t  − logq
q  1 − p



Special Discrete Distributions

Notation and
Parameters p.f. Mean Variance m.g.f.

Hypergeometric
X  HYPn,M,N M

x  N−M
n−x / N

n  nM/N n M
N 1 −

M
N 

N−n
N−1 *

n  1,2,,N x  0,1,,n
M  0,1,,N

Poisson
X  POI e−x/x!   eet−1

  0 x  0,1,

Discrete Uniform

X  DUN 1/N N1
2

N2−1
12

1
N

et−eN1t

1−et

N  1,2, x  1,2,,N t ≠ 0

* Not Tractable



Special Continuous Distributions

Notation and
Parameters p.d.f. Mean Variance m.g.f.

Uniform

X  UNIFa,b 1/b − a ab
2

b−a2

12
ebt−eat

b−at

a  b a ≤ x ≤ b t ≠ 0

Normal
X  N,2 1

2 
e−x−/2/2  2 et2t2/2

2  0

Gamma
X  GAM, 1

Γ
x−1e−x/  2 1 − t−

  0 x  0
  0 t  1/

Inverted Gamma
X  IG, 1

Γ
x−−1e−1/x 1

−1
1

2−12−2
*

  0
  0 x  0



Special Continuous Distributions

Notation and
Parameters p.d.f. Mean Variance m.g.f.

Exponential
X  EXP 1

 e−x/  2 1 − t−1

  0 x ≥ 0 t  1/

Two-Parameter
Exponential
X  EXP, 1

 e−x−/    2 et1 − t−1

  0 x ≥  t  1/

Double
Exponential
X  DE, 1

2 e−|x−|/  22 et1 − 2t2−1

  0 |t|  1/

Weibull
X WEI, 


x−1e−x/ Γ1  1

  2Γ1  2
  *

−Γ21  1
 

  0 x  0
  0

* Not Tractable.



Special Continuous Distributions

Notation and
Parameters p.d.f. Mean Variance m.g.f.

Extreme
Value

X  EV, 1
 ex−/−ex−/  −  22

6 etΓ1  t

  0   0.5772 t  −1/
(Euler’s
const.)

Cauchy
X  CAU, 1

1x−/2
** ** **

  0

Pareto

X  PAR, 

x1

−1

2
−12−2

**

,  0 x ≥    1   2

Logistic

X  LOG, e−x−/

1e−x−/2
 22

3 etΓ1 − tΓ1  t

  0 |t|  1/
** Does not exist.



Special Continuous Distributions

Notation and
Parameters p.d.f. Mean Variance m.g.f.

Chi-Squared
X  2 1

2/2Γ/2
x/2−1e−x/2  2 1 − 2t−/2

  1,2, x  0 t  1/2

Student’s t

X  t Γ 1
2 

Γ 2 
1


1  x2
 
− 1

2 0 
−2 **

  1,2,   1   2

Snedecor’s F

X  F1,2
Γ

12
2 

Γ
1
2 Γ

2
2 

 1
2 

1
2 x

1
2 −1 2

2−2
22

212−2
12−222−4

**

1  1,2, 1  1
2 x−

12
2 2  2 4  2

2  1,2, x  0

Beta

X  BETAa,b Γab
ΓaΓb xa−11 − xb−1 a

ab
ab

ab1ab2 *

a  0 0  x  1
b  0

* Not Tractable.
** Does not exist.



Special Multivariate Distributions

Notation and
Parameters p.f./p.d.f. m.g.f.

Multinomial
X  X1, X2, , Xk

X MULTn,p1,,pk fx1,,xk  n!
x1!x2!xk1! p1

x1p2
x2pk1

xk1 p1et1   pketk  pk1n

0  pi  1, ∑
i1

k1
pi  1 0 ≤ xi ≤ n, xk1  n − ∑

i1

k
xi

Bivariate Normal

X  X1
X2

 BVN, fx1, x2  1
212 1−2

eTt 1
2 tTt

0  1,2    exp −1
21−2

 x1−1
1 2 − 2 x1−1

1  x2−2
2    x2−2

2 2 t  t1
t2

−1    1

  1
2 ,  1

2||1/2 exp − 1
2 x − 

T−1x − 

 
1

2 12

12 2
2



Probabilities for Standard Normal N(0,1) Distribution 

 
The table gives the values of F(x) for 0≥x  

x 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359

0.1 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753

0.2 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141

0.3 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517

0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879

0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224

0.6 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549

0.7 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852

0.8 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133

0.9 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389

1.0 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621

1.1 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830

1.2 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015

1.3 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 0.9131 0.9147 0.9162 0.9177

1.4 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319

1.5 0.9332 0.9345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441

1.6 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545

1.7 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633

1.8 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706

1.9 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767

2.0 0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817

2.1 0.9821 0.9826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9857

2.2 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.9890

2.3 0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916

2.4 0.9918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936

2.5 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952

2.6 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964

2.7 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974

2.8 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981

2.9 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986

3.0 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990

3.1 0.9990 0.9991 0.9991 0.9991 0.9992 0.9992 0.9992 0.9992 0.9993 0.9993

3.2 0.9993 0.9993 0.9994 0.9994 0.9994 0.9994 0.9994 0.9995 0.9995 0.9995

3.3 0.99952 0.99953 0.99955 0.99957 0.99958 0.99960 0.99961 0.99962 0.99964 0.99965

3.4 0.99966 0.99968 0.99969 0.99970 0.99971 0.99972 0.99973 0.99974 0.99975 0.99976

3.5 0.99977 0.99978 0.99978 0.99979 0.99980 0.99981 0.99981 0.99982 0.99983 0.99983  
 



CHI-SQUARED CUMULATIVE DISTRIBUTION FUNCTION 

freedom of degreesk  with Squared-Chi is W  wherepw)P(Wsuch that   wgives Table =≤
 

k p=0.005 0.01 0.025 0.05 0.1 0.3 0.5 0.7 0.9 0.95 0.975 0.99 0.995
1 0.00 0.00 0.00 0.00 0.02 0.15 0.45 1.07 2.71 3.84 5.02 6.63 7.88
2 0.01 0.02 0.05 0.10 0.21 0.71 1.39 2.41 4.61 5.99 7.38 9.21 10.60
3 0.07 0.11 0.22 0.35 0.58 1.42 2.37 3.66 6.25 7.81 9.35 11.34 12.84
4 0.21 0.30 0.48 0.71 1.06 2.19 3.36 4.88 7.78 9.49 11.14 13.28 14.86
5 0.41 0.55 0.83 1.15 1.61 3.00 4.35 6.06 9.24 11.07 12.83 15.09 16.75
6 0.68 0.87 1.24 1.64 2.20 3.83 5.35 7.23 10.64 12.59 14.45 16.81 18.55
7 0.99 1.24 1.69 2.17 2.83 4.67 6.35 8.38 12.02 14.07 16.01 18.48 20.28
8 1.34 1.65 2.18 2.73 3.49 5.53 7.34 9.52 13.36 15.51 17.53 20.09 21.95
9 1.73 2.09 2.70 3.33 4.17 6.39 8.34 10.66 14.68 16.92 19.02 21.67 23.59

10 2.16 2.56 3.25 3.94 4.87 7.27 9.34 11.78 15.99 18.31 20.48 23.21 25.19
11 2.60 3.05 3.82 4.57 5.58 8.15 10.34 12.90 17.28 19.68 21.92 24.73 26.76
12 3.07 3.57 4.40 5.23 6.30 9.03 11.34 14.01 18.55 21.03 23.34 26.22 28.30
13 3.57 4.11 5.01 5.89 7.04 9.93 12.34 15.12 19.81 22.36 24.74 27.69 29.82
14 4.07 4.66 5.63 6.57 7.79 10.82 13.34 16.22 21.06 23.68 26.12 29.14 31.32
15 4.60 5.23 6.26 7.26 8.55 11.72 14.34 17.32 22.31 25.00 27.49 30.58 32.80
16 5.14 5.81 6.91 7.96 9.31 12.62 15.34 18.42 23.54 26.30 28.85 32.00 34.27
17 5.70 6.41 7.56 8.67 10.09 13.53 16.34 19.51 24.77 27.59 30.19 33.41 35.72
18 6.26 7.01 8.23 9.39 10.86 14.44 17.34 20.60 25.99 28.87 31.53 34.81 37.16
19 6.84 7.63 8.91 10.12 11.65 15.35 18.34 21.69 27.20 30.14 32.85 36.19 38.58
20 7.43 8.26 9.59 10.85 12.44 16.27 19.34 22.77 28.41 31.41 34.17 37.57 40.00
21 8.03 8.90 10.28 11.59 13.24 17.18 20.34 23.86 29.62 32.67 35.48 38.93 41.40
22 8.64 9.54 10.98 12.34 14.04 18.10 21.34 24.94 30.81 33.92 36.78 40.29 42.80
23 9.26 10.20 11.69 13.09 14.85 19.02 22.34 26.02 32.01 35.17 38.08 41.64 44.18
24 9.89 10.86 12.40 13.85 15.66 19.94 23.34 27.10 33.20 36.42 39.36 42.98 45.56
25 10.52 11.52 13.12 14.61 16.47 20.87 24.34 28.17 34.38 37.65 40.65 44.31 46.93
26 11.16 12.20 13.84 15.38 17.29 21.79 25.34 29.25 35.56 38.89 41.92 45.64 48.29
27 11.81 12.88 14.57 16.15 18.11 22.72 26.34 30.32 36.74 40.11 43.19 46.96 49.65
28 12.46 13.56 15.31 16.93 18.94 23.65 27.34 31.39 37.92 41.34 44.46 48.28 50.99
29 13.12 14.26 16.05 17.71 19.77 24.58 28.34 32.46 39.09 42.56 45.72 49.59 52.34
30 13.79 14.95 16.79 18.49 20.60 25.51 29.34 33.53 40.26 43.77 46.98 50.89 53.67  

 
 
 



STATISTICS 330 PROBLEMS

1. Consider the following functions:

(a) f(x) = kxθx, x = 1, 2, . . . , 0 < θ < 1

(b) f(x) = k
h
1 + (x/θ)2

i−1
, x ∈ <, θ > 0

(c) f(x) = ke−|x−θ|, x ∈ <, θ ∈ <
(d) f(x) = k (1− x)θ , 0 < x < 1, θ > 0

(e) f(x) = kx2e−θx, x > 0, θ > 0

(f) f(x) = kx−(θ+1), x ≥ 1 > 0, θ > 0

(g) f(x) = ke−x/θ
¡
1 + e−x/θ

¢−2
, x ∈ <, θ > 0

(h) f(x) = kx−3e−1/(θx), x > 0, θ > 0

(i) f (x) = k (1 + x)−θ , x > 0, θ > 1

(j) f(x) = k (1− x)xθ−1, 0 < x < 1, θ > 0

In each case:
(1) Determine k so that f(x) is a p.f./p.d.f. and sketch f(x).
(2) Let X be a random variable with p.f./p.d.f. f(x). Find the c.d.f of X.
(3) Find E(X) and V ar(X). Indicate any values of θ for which E(X) and V ar(X) do not exist.
(4) Find P (0.5 < X ≤ 2) and P (X > 0.5|X ≤ 2).
To obtain numerical answers for part (4) let θ = 0.3 in (a) , θ = 1 in (b), θ = 0 in (c), θ = 5 in
(d), θ = 1 in (e) , θ = 1 in (f), θ = 2 in (g), θ = 1 in (h), θ = 2 in (i) and θ = 3 in (j).

2. Determine if θ is a location parameter, a scale parameter or neither for the distributions in (b)− (j) of
Problem 1.

3. Suppose X is a continuous random variable with p.d.f.

f (x) =

(
ke−(x−θ)

2/2 |x− θ| ≤ c
ke−c|x−θ|+c

2/2 |x− θ| > c

(a) Show that
1

k
=
2

c
e−c

2/2 +
√
2π [2Φ (c)− 1]

where Φ is the N(0, 1) cumulative distribution function.

(b) Find the c.d.f. of X, E (X) and V ar (X).

(c) Show that θ is a location parameter for this distribution.

(d) On the same graph sketch f(x) for c = 1, θ = 0, f(x) for c = 2, θ = 0 and the N(0, 1) p.d.f..
What do you notice?

4. (a) Suppose X v GEO(p). Show that P (X ≥ k + j|X ≥ k) = P (X ≥ j) where k and j are nonnega-
tive integers. Explain why this is called the memoryless property.

(b) The only other distribution with this property is the exponential distribution. Show that if
Y v EXP (θ) thenP (Y ≥ a+ b|Y ≥ a) = P (Y ≥ b) where a > 0 and b > 0.

5. Suppose that f1 (x) , f2 (x) , . . . , fk (x) are p.d.f.’s with supports A1, A2, . . . , Ak, means μ1, μ2, . . . ,μk,

and finite variances σ21, σ
2
2, . . . ,σ

2
k respectively. Suppose that 0 < p1, p2, . . . , pk < 1 and

kP
i=1
pi = 1.

(a) Show that g (x) =
kP
i=1
pifi (x) is a probability density function.

(b) Let X be a random variable with p.d.f. g (x). Find the support of X, E (X) and V ar (X).
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6.

(a) If X v GAM(α,β) then find the p.d.f. of Y = eX .
(b) If X v GAM(α,β) then show Y = 1/X v IG(α,β).
(c) If X v N

¡
μ,σ2

¢
then find the p.d.f. of Y = eX .

(d) If X v N
¡
μ,σ2

¢
then find the p.d.f. of Y = X−1.

(e) If X v UNIF(−π
2 ,

π
2 ) then show that Y = tanX v CAU(1, 0).

(f) If X v PAR(α,β) then show that Y = β log(X/α) v EXP(1).
(g) If X v DE(1, 0) then find the p.d.f. of Y = X2.

(h) If X v t(k) then show that Y = X2 v F(1, k).

7. Suppose T v t (n).

(a) Show that E (T ) = 0 if n > 1.

(b) Show that V ar(T ) = n/ (n− 2) if n > 2.

8. Suppose X v BETA(a, b). Find E
¡
Xk
¢
for k = 1, 2, . . .

9. If E(|X|k) exists for some integer k > 1, then show that E(|X|j) exists for j = 1, . . . , k − 1.

10. If X v BIN(n, θ), find the variance stabilizing transformation g (X) such that V ar [g (X)] is approxi-
mately constant.

11. Prove that for any random variable X,

E
¡
X4
¢
≥ 1
4
P

µ
X2 ≥ 1

2

¶
.

12. For each of the following p.f./p.d.f.’s derive the moment generating function M(t). State the values for
which M(t) exists and use the m.g.f. to find the mean and variance.

(a) f(x) =
¡
n
x

¢
px(1− p)n−x, x = 0, 1, . . . , n; 0 < p < 1

(b) f(x) = μxe−μ/x!, x = 0, 1, . . . ; μ > 0

(c) f(x) = 1
β e
−(x−θ)/β, x > θ; θ ∈ <, β > 0

(d) f(x) = 1
2e
−|x−θ|, x ∈ <; θ ∈ <

(e) f(x) = 2x, 0 < x < 1

(f) f(x) =

⎧⎪⎨⎪⎩
x 0 ≤ x ≤ 1
2− x 1 < x ≤ 2
0 otherwise

13. Suppose X is a random variable with m.g.f. M(t) = E(etX) which exists for t ∈ (−h, h) for some
h > 0. Then K(t) = logM(t) is called the cumulant generating function (c.g.f.) of X.

(a) Show that E(X) = K0(0) and V ar(X) = K00(0).

(b) If X v NB(k, p) then use (a) to find E(X) and V ar(X).

14. For each of the following find the Maclaurin series for M (t) using known series. Thus determine all
the moments of X if X is a random variable with m.g.f. M(t) :

(a) M(t) = (1− t)−3, |t| < 1
(b) M(t) = (1 + t)/(1− t), |t| < 1
(c) M(t) = et/(1− t2), |t| < 1

2



15. Suppose Z v N(0, 1) and Y = |Z| .

(a) Show that MY (t) = 2Φ (t) et
2/2, −∞ < t < ∞, where Φ (t) is the c.d.f. of a N(0, 1) random

variable.

(b) Use (a) to find E (|Z|) and V ar (|Z|).

16. Suppose X and Y are discrete random variables such that P (X = j) = pj and P (Y = j) = qj ,
j = 0, 1, . . .. Suppose also that MX(t) = MY (t) for t ∈ (−h, h), h > 0. Show that X and Y have the
same distribution. (Hint: Compare MX(log s) and MY (log s) and recall that if two power series are
equal then their coefficients are equal.)

17. Suppose X is a random variable with m.g.f. M(t) = et/(1− t2), |t| < 1.

(a) Find the m.g.f. of Y = (X − 1) /2.
(b) Use the m.g.f. of Y to find E (Y ) and V ar (Y ).

(c) What is the distribution of Y ?

18. Suppose X and Y are discrete random variables with joint p.f.

f(x, y) = kq2px+y, x = 0, 1, . . . ; y = 0, 1, . . . ; 0 < p < 1, q = 1− p.

(a) Determine the value of k.

(b) Find the marginal p.f. of X and the marginal p.f. of Y. Are X and Y independent random
variables?

(c) Find P (X = x|X + Y = t).

19. Suppose X and Y are discrete random variables with joint p.f.

f(x, y) =
e−2

x!(y − x)! , x = 0, 1, . . . , y; y = 0, 1, . . .

(a) Find the marginal p.f. of X and the marginal p.f. of Y.

(b) Are X and Y independent random variables?

20. Suppose X and Y are continuous random variables with joint p.d.f.

f(x, y) = k(x2 + y), 0 < y < 1− x2, − 1 < x < 1.

(a) Determine k.

(b) Find the marginal p.d.f. of X and the marginal p.d.f. of Y.

(c) Are X and Y independent random variables?

(d) Find P (Y ≤ X + 1).

21. Suppose X and Y are continuous random variables with joint p.d.f.

f(x, y) = kx2y, x2 < y < 1.

(a) Determine k.

(b) Find the marginal p.d.f. of X and the marginal p.d.f. of Y.

(c) Are X and Y independent random variables?

(d) Find P (X ≥ Y ).
(e) Find the conditional p.d.f. of X given Y = y and the conditional p.d.f. of Y given X = x.
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22. Suppose X and Y are continuous random variables with joint p.d.f.

f(x, y) = kxe−y, 0 < x < 1, 0 < y <∞.

(a) Determine k.

(b) Find the marginal p.d.f. of X and the marginal p.d.f. of Y .

(c) Are X and Y independent random variables?

(d) Find P (X + Y ≤ t).

23. Suppose each of the following functions is a joint p.d.f. for continuous random variables X and Y .

(a) f (x, y) = k, 0 < x < y < 1

(b) f (x, y) = kx, 0 < x2 < y < 1

(c) f (x, y) = kxy, 0 < y < x < 1

(d) f (x, y) = k (x+ y) , 0 < x < y < 1

(e) f (x, y) = k/x, 0 < y < x < 1

(f) f (x, y) = kx2y, 0 < x < 1, 0 < y < 1, 0 < x+ y < 1

(g) f (x, y) = ke−x−2y, 0 < y < x <∞
In each case:
(i) Determine k.
(ii) Find the marginal p.d.f. of X and the marginal p.d.f. of Y .
(iii) Find the conditional p.d.f. of X given Y = y and the conditional p.d.f. of Y given X = x.
(iv) Find E (X|y) and E (Y |x).

24. If X and Y are independent random variables then prove that h (X) and g (Y ) are independent random
variables where h and g are real-valued functions.

25. Suppose X v UNIF(0, 1) and the conditional p.d.f. of Y given X = x is

f2 (y|x) =
1

1− x, 0 < x < y < 1.

Determine:

(a) the joint p.d.f. of X and Y

(b) the marginal p.d.f. of Y

(c) the conditional p.d.f. of X given Y = y.

26. Suppose X and Y are continuous random variables. Suppose also that the marginal p.d.f. of X is

f1 (x) =
1

3
(1 + 4x) , 0 < x < 1

and the conditional p.d.f. of Y given X = x is

f2 (y|x) =
2y + 4x

1 + 4x
, 0 < x < 1, 0 < y < 1.

Determine:

(a) the joint p.d.f. of X and Y

(b) the marginal p.d.f. of Y

(c) the conditional p.d.f. of X given Y = y.
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27. Suppose that θ v BETA(a, b) and Y |θ v BIN(n, θ). Find E(Y ) and V ar(Y ).

28. Assume that Y denotes the number of bacteria in a cubic centimeter of liquid and that Y |μ v POI(μ).
Further assume that μ varies from location to location and μ v GAM(α,β).

(a) Find E(Y ) and V ar(Y ).

(b) If α is a positive integer then show that the marginal p.f. of Y is negative binomial.

29. Suppose X and Y are random variables with joint m.g.f. M(t1, t2) which exists for all |t1| < h1 and
|t2| < h2 for some h1, h2 > 0.

(a) Show that

E(XjY k) =
∂j+k

∂tj1∂t
k
2

M(t1, t2)|(t1,t2)=(0,0).

(b) Prove that X and Y are independent random variables if and only ifM(t1, t2) =MX(t1) ·MY (t2).

(c) If (X,Y ) vMULT(n, p1, p2) find Cov(X,Y ).

30. Suppose X and Y are discrete random variables with joint p.f.

f(x, y) =
e−2

x!(y − x)! , x = 0, 1, . . . , y; y = 0, 1, . . .

(a) Find the joint m.g.f. of X and Y .

(b) Find Cov(X,Y ).

31. Suppose X = (X1,X2)
T v BVN(μ,Σ).

(a) Let t = (t1, t2)
T . Use matrix multiplication to verify that

(x− μ)T Σ−1 (x− μ)− 2tTx = [x− (μ+Σt)]T Σ−1 [x− (μ+Σt)]− 2μT t− tTΣt.

Thus show that the joint m.g.f. of X1 and X2 is M(t1, t2) = exp(μT t+ 1
2 t
TΣt) for all t ∈ <2.

(b) Use m.g.f.’s to show X1 v N(μ1,σ21) and X2 v N(μ2,σ22).
(c) Find Cov(X1,X2).

(d) Use m.g.f.’s to show that X1 and X2 are independent random variables if and only if ρ = 0.

(e) Let A be a 2 × 2 nonsingular matrix and b be a 2 × 1 vector. Use the m.g.f. to show that
Y = AX + b v BVN

¡
Aμ+ b,AΣAT

¢
.

(f) Verify that

(x− μ)T Σ−1 (x− μ)−
µ
x1 − μ1

σ1

¶2
=

1

σ22 (1− ρ2)

½
x2 −

∙
μ2 +

ρσ2
σ1

(x1 − μ1)

¸¾2
and thus show that the conditional distribution of X2 given X1 = x1 is
N(μ2 + ρσ2(x1 − μ1)/σ1, σ

2
2(1− ρ2)). Note that by symmetry the conditional distribution of X1

given X2 = x2 is N(μ1 + ρσ1(x2 − μ2)/σ2, σ
2
1(1− ρ2)).

32. Suppose X v χ2(1) and Z v N(0, 1). Use the properties of m.g.f’s to compute E
¡
Xk
¢
and E

¡
Zk
¢
for

k = 1, 2, . . . How are these two related? Is this what you expected?

33. Suppose X v χ2 (n), X + Y v χ2 (m), m > n and X and Y independent random variables. Use the
properties of m.g.f.’s to show that Y v χ2 (m− n).
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34. Suppose X and Y are continuous random variables with joint p.d.f.

f(x, y) = 2e−x−y, 0 < x < y <∞.

(a) Find the joint m.g.f. of X and Y .

(b) Determine the marginal distributions of X and Y .

(c) Find Cov(X,Y ).

35. Suppose X and Y are continuous random variables with joint p.d.f.

f(x, y) = 24xy, 0 < x+ y < 1, 0 < x < 1, 0 < y < 1.

(a) Find the joint p.d.f. of U = X + Y and V = X. Be sure to specify the support of (U, V ).

(b) Find the marginal p.d.f. of U and the marginal p.d.f. of V . Be sure to specify their supports.

36. Suppose X and Y are continuous random variables with joint p.d.f.

f(x, y) = e−y, 0 < x < y <∞.

(a) Find the joint p.d.f. of U = X + Y and V = X. Be sure to specify the support of (U, V ).

(b) Find the marginal p.d.f. of U and the marginal p.d.f. of V . Be sure to specify their supports.

37. Suppose X and Y are nonnegative continuous random variables with joint p.d.f. f (x, y). Show that
the p.d.f. of U = X + Y is given by

g (u) =

Z ∞
0

f (v, u− v) dv.

Hint: Consider the transformation U = X + Y and V = X.

38. Suppose X and Y are continuous random variables with joint p.d.f.

f(x, y) = 2 (x+ y) , 0 < x < y < 1.

(a) Find the joint p.d.f. of U = X and V = XY . Be sure to specify the support of (U, V ).

(b) Are U and V independent random variables?

(c) Find the marginal p.d.f.’s of U and V . Be sure to specify their supports.

39. Suppose X and Y are continuous random variables with joint p.d.f.

f(x, y) = 4xy, 0 < x < 1, 0 < y < 1.

(a) Find the p.d.f. of T = X + Y using the c.d.f. technique.

(b) Find the joint p.d.f. of S = X and T = X + Y . Find the marginal pd.f. of T and compare your
answer to the one you obtained in (a).

(c) Find the joint p.d.f. of U = X2 and V = XY . Be sure to specify the support of (U,V ).

(d) Find the marginal p.d.f.’s of U and V.

(e) Find E(V 3). (Hint: Are X and Y independent random variables?)

40. Suppose X and Y are continuous random variables with joint p.d.f.

f(x, y) = 4xy, 0 < x < 1, 0 < y < 1.

(a) Find the joint p.d.f. of U = X/Y and V = XY. Be sure to specify the support of (U,V ).

(b) Are U and V independent random variables?

(c) Find the marginal p.d.f.’s of U and V . Be sure to specify their supports.
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41. Suppose X and Y are independent UNIF(0, θ) random variables. Find the p.d.f. of U = X − Y.
(Hint: Complete the transformation with V = X + Y.)

42. Suppose Z1 v N(0, 1) and Z2 v N(0, 1) independently. Let

X1 = μ1 + σ1Z1, X2 = μ2 + σ2[ρZ1 +
¡
1− ρ2

¢1/2
Z2]

where −∞ < μ1, μ2 <∞, σ1, σ2 > 0 and −1 < ρ < 1.

(a) Show that (X1,X2)T v BVN(μ,Σ).
(b) Show that (X − μ)TΣ−1(X − μ) ∼ χ2 (2). Hint: Show (X − μ)TΣ−1(X − μ) = ZTZ where

Z = (Z1, Z2)
T .

43. Suppose X v N
¡
μ,σ2

¢
and Y v N

¡
μ,σ2

¢
independently. Let U = X + Y and V = X − Y .

(a) Find the joint moment generating function of U and V .

(b) Use (a) to show that U and V are independent random variables.

44. Let X and Y be independent N(0, 1) random variables and let U = X/Y.

(a) Show that U v CAU(1, 0).
(b) Show that the CAU(1, 0) p.d.f. is the same as the t(1) p.d.f.

45. Let X1, X2, X3 be independent EXP (1) random variables. Let the random variables Y1, Y2, Y3 be
defined by

Y1 =
X1

X1 +X2
, Y2 =

X1 +X2
X1 +X2 +X3

, Y3 = X1 +X2 +X3.

Show that Y1, Y2, Y3 are independent random variables and find their marginal p.d.f.’s.

46. Let X1, X2, X3 be independent N(0, 1) random variables. Let the random variables Y1, Y2, Y3 be
defined by

X1 = Y1 cosY2 sinY3, X2 = Y1 sinY2 sinY3, X3 = Y1 cosY3, 0 ≤ y1 <∞, 0 ≤ y2 < 2π, 0 ≤ y3 < π.

Show that Y1, Y2, Y3 are independent random variables and find their marginal p.d.f.’s.

47. Suppose X1, . . . ,Xn is a random sample from the POI(μ) distribution. Find the conditional p.f. of

X1, . . . ,Xn given T =
nP
i=1
Xi = t.

48. Suppose X1, . . . ,Xn is a random sample from the N(μ,σ2) distribution. In this problem we wish to
show that X̄ and
nP
i=1
(Xi−X̄)2 are independent random variables. Let U = (U1, . . . , Un) where Ui = Xi−X̄, i = 1, . . . , n

and let

M(s1, . . . , sn, s) = E[exp(
nP
i=1

siUi + sX̄)]

be the joint m.g.f. of U and X̄.

(a) Let ti = si − s̄+ s/n, i = 1, . . . , n where s̄ = 1
n

nP
i=1
si. Show that

E[exp(
nP
i=1
siUi + sX̄)] = E[exp(

nP
i=1
tiXi)] = exp

∙
μ

nP
i=1
ti + σ2

nP
i=1
t2i /2

¸
.

Hint: Since Xi v N(μ,σ2),

E[exp(tiXi)] = exp
£
μti + σ2t2i /2

¤
.
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(b) Verify that
nP
i=1
ti = s and

nP
i=1
t2i =

nP
i=1
(si − s̄)2 + s2/n.

(c) Use (a) and (b) to show that

M(s1, . . . , sn, s) = exp[μs+ (σ
2/n) · (s2/2)] · exp[σ2

nP
i=1
(si − s̄)2/2].

(d) Show that the random variable X̄ is independent of the random vector U and thus X̄ and
nP
i=1
(Xi−X̄)2 are independent. Hint: MX̄(s) =M(0, . . . , 0, s) andMU (s1, . . . , sn) =M(s1, . . . , sn, 0).

49. Suppose (X1, . . . ,Xn) is a random sample from the EXP(1, θ) distribution. Find the limiting distrib-
utions of Yn = min(X1, . . . ,Xn), Un = Yn/θ, Vn = n(Yn − θ) and Wn = n

2(Yn − θ).

50. Suppose (X1, . . . ,Xn) are i.i.d. continuous random variables with c.d.f. F (x) and p.d.f. f(x). Let
Yn = max(X1, . . . ,Xn). Show

Zn = n[1− F (Yn)]→D Z v EXP(1).

51. Suppose X1, . . . ,Xn is a random sample from the POI(μ) distribution. Find Mn(t) the moment
generating function of Yn =

√
n(X̄n − μ). Show that

lim
n→∞

logMn(t) =
1

2
μt2.

What is the limiting distribution of Yn?

52. Suppose X1, . . . ,Xn is a random sample from the EXP(θ) distribution. Show that the m.g.f. of

Zn = (
nP
i=1
Xi − nθ)/

√
n

is
Mn(t) = [e

θt/
√
n(1− θt/

√
n)]−n.

Find lim
n→∞

Mn (t) and thus determine the limiting distribution of Zn.

53. If Z v N(0, 1) and Wn ∼ χ2(n) independently then we know Tn = Z/
p
Wn/n ∼ t(n). Show that

Tn →D Y v N(0, 1).

54. Suppose (X1, . . . ,Xn) is a random sample from a distribution with E(Xi) = μ, V ar(Xi) = σ2 < ∞
and E(X4

i ) <∞. Let

X̄n =
nP
i=1
Xi/n, S

2
n =

nP
i=1
(Xi − X̄n)2/(n− 1) and Tn =

√
n(X̄n − μ)/Sn.

Show that
S2n →p σ

2, Sn →p σ, and Tn →D Z v N(0, 1).

55. Let Xn v BIN(n, θ). Find the limiting distributions of

Tn =
Xn
n
, Un =

Xn
n

µ
1− Xn

n

¶
, Wn =

√
n(
Xn
n
− θ)

Zn =
Wn√
Un

and Vn =
√
n(arcsin

r
Xn
n
− arcsin

√
θ).

Compare the variances of the limiting distributions of Wn, Zn and Vn and comment.

8



56. Suppose X1, . . . ,Xn is a random sample from the GEO(θ) distribution. Let Yn =
nP
i=1
Xi. Find the

limiting distributions of

X̄n = Yn/n, Vn = n/(n+ Yn), and Wn =
√
n

µ
X̄n −

(1− θ)

θ

¶
.

Show

Zn =

√
n (Vn − θ)p
V 2n (1− Vn)

→D Z ∼ N(0, 1).

Hint: X̄n = ( 1Vn )− 1.

57. Suppose X1, . . . ,Xn is a random sample from the GAM(2, θ) distribution. Find the limiting distribu-
tions of

X̄n =
1

n

nX
i=1

Xi, Vn =
√
n
¡
X̄n − 2θ

¢
,

Zn =

√
n
¡
X̄n − 2θ

¢
X̄n/
√
2

and Un =
√
n
£
log(X̄n)− log(2θ)

¤
.

Compare the limiting distributions of Zn and Un.

58. Suppose X1, . . . ,Xn, . . . is a sequence of random variables with E(Xn) = μn and V ar(Xn) = σ2n. If
lim
n→∞

μn = a and lim
n→∞

σ2n = 0 then show Xn →p a. (Hint: Use Markov’s Inequality.)

59. Suppose X ∼ BIN(n, θ). Plot the log relative likelihood function for θ if x = 3 is observed for n = 100.
On the same graph plot the log relative likelihood function for θ if x = 6 is observed for n = 200.
Compare the graphs as well as the 10% L.I. and 50% L.I. for θ.

60. Suppose X1, . . . ,Xn is a random sample from the GEO(θ) distribution.

(a) Find the score function and the M.L. estimator of θ.

(b) Find the observed information and the Fisher information.

(c) Find the M.L. estimator of E(Xi).

(d) If n = 20 and
20P
i=1
xi = 40 then find the M.L. estimate of θ and a 15% L.I. for θ. Is θ = 0.5 a

plausible value of θ? Why?

61. Suppose X1, . . . ,Xn is a random sample from the distribution with p.d.f.

f (x; θ) =
x

θ2
e−

1
2 (x/θ)

2

, x > 0, θ > 0.

(a) Find the score function and the M.L. estimator of θ.

(b) Find the observed information and the Fisher information.

(c) Find the M.L. estimator of E(Xi).

(d) If n = 20 and
20P
i=1
x2i = 10 find the M.L. estimate of θ and a 15% L.I. for θ. Is θ = 0.1 a plausible

value of θ? Why?
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62. The following model is proposed for the distribution of family size in a large population:

P (k children in family; θ) = θk, for k = 1, 2, . . .

P (0 children in family; θ) =
1− 2θ
1− θ

.

The parameter θ is unknown and 0 < θ < 1
2 . Fifty families were chosen at random from the population.

The observed numbers of children are given in the following table:

No. of children 0 1 2 3 4 Total
Frequency observed 17 22 7 3 1 50

(a) Find the likelihood, log likelihood, score and information functions for θ.

(b) Find the M.L. estimate of θ and the observed information.

(c) Find a 15% likelihood interval for θ.

(d) A large study done 20 years earlier indicated that θ = 0.45. Is this value plausible for these data?

(e) Calculate estimated expected frequencies. Does the model give a reasonable fit to the data?

63. The following model is proposed for the distribution of family size in a large population:

P (k children in family; θ) = θk, for k = 1, 2, . . .

P (0 children in family; θ) =
1− 2θ
1− θ

.

The parameter θ is unknown and 0 < θ < 1
2 . Fifty families were chosen at random from the population.

The observed numbers of children are given in the following table:

No. of children 0 1 2 3 4 Total
Frequency observed 17 22 7 3 1 50

(a) Find the likelihood, log likelihood, score and information functions for θ.

(b) Find the M.L. estimate of θ and the observed information.

(c) Find a 15% likelihood interval for θ.

(d) A large study done 20 years earlier indicated that θ = 0.45. Is this value plausible for these data?

(e) Calculate estimated expected frequencies. Does the model give a reasonable fit to the data?

64. Suppose X1, . . . ,X is a random sample from the distribution with c.d.f.

F (x; θ1, θ2) = 1−
µ
θ1
x

¶θ2
, x ≥ θ1, θ1 > 0, θ2 > 0.

Find θ̂1 and θ̂2, the M.L. estimators of θ1 and θ2.

65. Suppose (X1,X2) ∼ MULT(n, θ2, 2θ (1− θ)). Find the M.L. estimtor of θ, the observed information
and the Fisher information.

66. Suppose (X1,X2) ∼MULT(n, θ1, θ2). Verify that the M.L. estimators of θ1 and θ2 are θ̂1 = X1/n and
θ̂2 = X2/n. Find the Fisher information for θ1 and θ2.
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67. The following data are 30 independent observations from a GAM(α,β) distribution.

15.1892 19.3316 1.6985 2.0634 12.5905 6.0094
13.6279 14.7847 13.8251 19.7445 13.4370 18.6259
2.7319 8.2062 7.3621 1.6754 10.1070 3.2049
21.2123 4.1419 12.2335 9.8307 3.6866 0.7076
7.9571 3.3640 12.9622 12.0592 24.7272 12.7624

For these data t1 =
30P
i=1
log xi = 61.1183 and t2 =

30P
i=1
xi = 309.8601. Find the M.L. estimates of α and β

for these data, the observed information I(α̂, β̂) and the Fisher information J(α,β).

68. The following are the results, in millions of revolutions to failure, of endurance tests for 23 deep-groove
ball bearings:

17.88 28.92 33.00 41.52 42.12 45.60
48.48 51.84 51.96 54.12 55.56 67.80
68.64 68.64 68.88 84.12 93.12 98.64
105.12 105.84 127.92 128.04 173.40

As a result of testing thousands of ball bearings, it is known that their lifetimes have a WEI(θ,β)
distribution. Find the M.L. estimates of θ and β and the observed information I(θ̂, β̂).

69. Suppose Yi ∼ BIN(1, pi), i = 1, . . . , n independently where pi =
¡
1 + e−α−βxi

¢−1
and the xi are known

constants.

(a) Find the score vector and the Fisher information matrix for (α,β).

(b) Explain how you would use Newton’s method to find the M.L. estimates of α and β.

70. Suppose X1, . . . ,Xn is a random sample from the GAM(12 ,
1
θ ) distribution.

(a) Find θ̂, the M.L. estimator of θ.

(b) Justify the statement θ̂n →p θ0 where θ0 is the true value of θ.

(c) Find the M.L. estimator of V ar(Xi).

(d) Use m.g.f.’s to show that Q = 2θ
nP
i=1
Xi ∼ χ2(n). If n = 20 and

20P
i=1
xi = 6, use the pivotal quantity

Q to construct an exact 95% equal tail C.I. for θ. Is θ = 0.7 a plausible value of θ?

(e) Verify that
h
J(θ̂n)

i1/2
(θ̂n−θ0)→D Z v N(0, 1). Use this asymptotic pivotal quantity to construct

an approximate 95% C.I. for θ. Compare this interval with the exact C.I. from (d) and a 15%
L.I. for θ. What do the approximate C.I. and the L.I. indicate about the plausibility of the value
θ = 0.7?

71. The number of coliform bacteria X in a 10 cubic centimeter sample of water from a section of lake
near a beach has a POI(μ) distribution.

(a) If a random sample of n specimen samples is taken and (X1, . . . ,Xn) are the respective numbers
of observed bacteria, find the likelihood function, the M.L. estimator and the Fisher information
for μ.

(b) If n = 20 and
20P
i=1
xi = 40, obtain an approximate 95% C.I. for μ and a 15% L.I. for μ. Compare

the intervals.
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(c) Suppose there is a fast, simple test which can detect whether there are bacteria present, but not
the exact number. If Y is the number of samples out of n which have bacteria, show that

P (Y = y) =

µ
n

y

¶
(1− e−μ)y(e−μ)n−y, y = 0, 1 . . . , n.

(d) If n = 20 and we found y = 17 of the samples contained bacteria, use the likelihood function
from part (c) to get an approximate 95% C.I. for μ. Hint: Let θ = 1− e−μ and use the likelihood
function for θ to get an approximate C.I. for θ and then transform this to an approximate C.I.
for μ = − log(1− θ).

72. Suppose (X1, . . . ,Xn) is a random sample from the GAM(12 ,
1
θ ) distribution.

(a) Find the L.R. statistic for testing H : θ = θ0.

(b) If n = 20 and
20P
i=1
xi = 6 find the approximate S.L. for testing H : θ = 1 using the asymptotic

distribution of the L.R. statistic.

73. Suppose X1, . . . ,Xn is a random sample from the PAR(1, θ) distribution.

(a) Find the L.R. statistic for testing H : θ = θ0.

(b) For the data n = 25 and
25P
i=1
log xi = 40 find the approximate S.L. for testing H : θ = 1 using the

asymptotic distribution of the L.R. statistic.

74. Suppose X1, . . . ,Xn is a random sample from the distribution with p.d.f.

f (x; θ) =
x

θ2
e−

1
2 (x/θ)

2

, x > 0, θ > 0.

(a) Find the L.R. statistic for testing H : θ = θ0.

(b) If n = 20 and
20P
i=1
x2i = 10 find the approximate S.L. for testing H : θ = 0.1 using the asymptotic

distribution of the L.R. statistic.

75. Suppose X1, . . . ,Xn is a random sample from the POI(λ) distribution and independently (Y1, . . . , Yn)
is a random sample from the POI(μ) distribution. Find the L.R. statistic for testing H : λ = μ. What
is its asymptotic distribution?

76. Suppose (X1,X2) ∼ MULT(n, θ1, θ2).

(a) Find the L.R. statistic for testing H : θ1 = θ2 = θ3. What is its asymptotic distribution?

(b) Find the L.R. statistic for testing H : θ1 = α2, θ2 = 2α(1 − α), θ3 = (1 − α)2. What is its
asymptotic distribution?
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