MATH 1004B1/BIT 1200A1 Fan 2014

Test Two Solutions

1. Find the derivative of each of the following functions (you do not have to
simplify your answer):

(a) (3 marks) f(x) = cos(z® + tan )
(b) (4 marks) g(t) = vVt — Vt

(c) (4 marks) y = Arct;n(?)a:)

Solution: You were not asked to simplify your answers, but I have made a few
simplifications here.

(a) f'(z) = —sin(z® + tan ) (32* + sec’ 7).
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(b) Note that g(t) = <t — t%> * . We have
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(c) Note that y = m = (Arctan(3z))"". We use the chain rule.
dy —92 1
Y~ _ (Arctan(3 S —
=~ (retan(30)* () O
3

(1 + 922)(Arctan(3x))?

Alternatively, we could have used the quotient rule.
ay  (O)(Arctan(32)) — (1) (157 ) (3)
dr (Arctan(3z))?
3
(1 + 922)(Arctan(3x))?’

2. (6 marks) Let y be a differentiable function of = defined implicitly by the fol-
lowing relation:

ysiny +z = 7.

What is the slope of the tangent line to the curve at the point (g, §)7



Solution: We differentiate both sides, remembering that y is a function of .

We then solve for Z—Z.

d d
%sinzy —l—y(QSinycosy)ﬁ +1=0
sin? y—y + 2ysinycosy—y =-1
dx dz

d
d (sin2 Y + 2y sin y cos y) =-1
dz

dy 1
dr  sin?y 4 2ysinycosy

Letting = J (which actually makes no difference here, as there is no z ap-

. . . dy _ T
pearing in the expression for %) and y = 7, we have

dy 1

dx ~ sin? g + WSiH%COS%
B 1
12+ 7(1)(0)
= —1.

The slope of the tangent line to the curve at the point (g, g) is —1.
3. Let f be a differentiable and one-to-one function with f(3) =4 and f'(3) = 2.

(a) (1 mark) What is f~1(4)?
(b) (2 marks) What is the value of the derivative of f~(z) at x = 47

Solution:

(a) Since f(3) =4 and f~! exists, we have f~!(4) = 3.
(b) Recall that
d 1
—f N 2) = .
! = )
Since f1(4) = 3, we have f'(f~'(4)) = f'(3) = 2. Thus the derivative of
S (z) at = 4 is equal to 3.

4. Use I'Hopital’s Rule (or any other valid method) to find each of the following
limits. Be sure to show some work to justify your answer.

(a) (3 marks) lim Vo2

z—4 12 — 16

3rx2 4+ xcosr —x

(b) (4 marks) lim —
z—0 sm° x

Aresi
(¢) (3 marks) lim 21 (@)

=0 sin(z)



Solution:

(a) This is in 0/0 form, and the derivative of the denominator is 2z, which is
not equal to 0 for z near (but not equal to) 4. We apply 1'Hopital’s Rule
and differentiate both the numerator and denominator.

i 2 lq;_l
lim Y2 =2y 27
r—4 x2 — 16 z—4 2

Alternatively, we could have rationalized the numerator and used factoring
to evaluate this limit.

VE=2 o (JE-2)(/F+2)
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(b) This is in 0/0 form, and the derivative of the denominator is 2sin x cos x,
which is not equal to 0 for x near (but not equal to) 0. We apply I'Hopital’s
Rule and differentiate both the numerator and denominator.

32 +xcosx — 6x +cosx —xsinx — 1

lim — = lim -
z—0 sin” x z—0 2sin x cos x

This is still in 0/0 form, and the derivative of the denominator is 2(cos? z —
sin? z), which is not equal to 0 for z near (but not equal to) 0. We apply



I’Hopital’s Rule again.

. br+cosx —xsinx —1 . b6—sinx —sinx —xcosz
lim - = lim 5 —
20 2sinz cosx z—0 2(cos? x — sin” x)

6—2sinx —xcosx

= lim
20 2(cos? x — sin® x)

 lim, (6 — 2sinz — z cos x)

lim,_,0 2(cos? x — sin® x)

_6—-0-0
- 2(1-0)
=3.

Alternatively, we could have just used algebraic manipulations and the fact

that lim, o *2* =1 and lim, o %;H = 0.

lim 5 = lim

324+ rcosr —x R +xcosx—x
z—0 sin“ z—0

sin? sin?

1 -1
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z—0 <sin2 T ) SN~ x

(¢) This is in 0/0 form, and the derivative of the denominator is cosz, which
is not equal to 0 for  near (but not equal to) 0. We apply ’'Hopital’s Rule
and differentiate both the numerator and denominator.
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