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Chapter 1: Systems of Linear Equations

Exercises 1.1 ~ Solutions and Elementary Operations

1(b) Substitute these values of x1, x9, 3 and x4 in the equation
2x1 +5x2 + 923 +3z4 = 2(25s+12t+13)+5(s) +9(—s—3t—3)+3(t) = -1
x1 + 2w + 4x3 = (2s 4+ 12t +13) + 2(s) +4(—s — 3t — 3) = 1
Hence this is a solution for every value of s and t.

2(b) The equation is 2z 4+ 3y = 1. If = s then y = 2(1 — 2s) so this is one form of the general
solution. Also, if y =t then z = (1 — 3t) gives another form.

4. Given the equation 4x — 2y + 0z = 1, take y = s and z = t and solve for x: x = i(23 +3).
This is the general solution.

5. (a) If a = 0, no solution if b # 0, infinitely many if b = 0. (b) If a # 0 unique solution z = b/a

for all b.
7(b) The augmented matrix is ; i ? }
[ 1 1 o1
(d) The augmented matrixis | o 1 1
-1 0 1

8(b) A system with this augmented matrix is

2z — y = -1

-3z + 2y + z = 0

y + z = 3
9(b) 1 (O N 1]_}[121 o]
3 4| -1 0 2| -4 0o 1|2 | 0 1] 2

13

2 1 1 | -1 12 1]0 1 2 1|0 12 110
10b) | 1+ 2 1| o0 -2 1 1 |-1 |—=]0 -3 -1|-1 |— [0 1 3 |3
| 3 0 -2/ 5 3.0 2|5 0 -6 -5|5 0 3|7
1o 3| -2 1 0 3
—1lo0o 1 1| |—= 0| L Hencez = 4,y =2, =3
0 0 1|-% 0o 1| -1



2 Section 1.2: Gaussian Elimination

11(b) [ SO } — [ S ] The last equation is Ox 4+ Oy = 36, which has no
-12 8 | 16 0 0 |36
solution.

14(b) False. The system x +y =0, x —y = 0 is consistent, but © = 0 = y is the only solution.

(d) True. If the original system was consistent the final system would also be consistent because
each row operation produces a system with the same set of solutions (by Theorem 1).

3(5x’ — 2y ) +2(=72' +3y) =5
16 The substitution gives ( y) ( y) ; this simplifies to 2’ = 5, ¢ = 1.
752" — 2y ) +5(=72' +3y) =1

Hence x = 52/ — 2y =23 and y = —72' + 3y’ = —32.
17 As in the Hint, multiplying by (22 +2)(2z — 1) gives 22 — 2 +3 = (ax +b)(2x — 1) +c(z? +2).

Equating coefficients of powers of x gives equations 2a +c¢ =1, —a+2b = -1, —b+ 2¢ = 3.

Solving this linear system we find a = —é, b= —%, c= %.

19 If John gets $z per hour and Joe gets $y per hour, the two situations give 2z + 3y = 24.6 and
3z + 2y = 23.9. Solving gives x = $4.50 and y = $5.20.

Exercises 1.2 Gaussian Elimination

1(b) No, No; no leading 1.
(d) No, Yes; not in reduced form because of the 3 and the top two 1’s in the last column.

(f) No, No; the (reduced) row-echelon form would have two rows of zeros.

0 -1 1 3 2 1 01 -3 -1 -3 -2 -1
0 -2 1 -5 0 -1 0 0 1 —11 -4 -3
2(b) —
0 3 -9 2 4 —1 0 0 5 13 7 2
0 1 -3 -1 3 0 1 o0 0 0 6 2 2
[0 1 -3 0 8 2 2 01 -3 0 8 2 2
0 0 1 11 4 3 00 0 1 11 4 3
— —
0 0 0 —42 —13 -13 00 0 0 0 1 1
0 0 0o 6 2 2 00 0 0 3 1 1
(001 -3 0 8 0 o0 01 -3 000 0
0 0 1 11 0 -1 00 0 10 0 -1
— —
0 0 0 3 0 0 0 0 010 0
0 0 0 0 1 0 0 00 1 1

3(b) The matrix is already in reduced row-echelon form. The nonleading variables are parameters;
To =71, x4 =5 and xg =t.
The first equation is x1 — 2x2 + 224 + ¢ = 1, whence 1 = 1+ 2r — 2s — t.
The second equation is 3 + bx4 — 3z = —1, whence z3 = —1 — 5s + 3t.
The third equation is x5 4+ 6x¢ = 1, whence x5 = 1 — 6t.
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(d) First carry the matrix to reduced row-echelon form.

1 -1 2 4 6 2 1 0 4 5 5 1 1 0 4 0 5 —4

0 1 2 1 —-1] -1 o 1 2 1 -—-1]| -1 o 1 2 0 -—-1] -2
— —

0 0 0 1 0 1 0 0 0 1 0 1 0 0 0 1 1

0 0 0 0 0 0 0 0 0 O 0 0 0o 0 0 O 0

The nonleading variables are parameters; x3 = s, x5 = t.
The first equation is x1 + 43 + 5x5 = —4, whence v1 = —4 — 4s — bt.
The second equation is x9 + 223 — x5 = —2, whence x9 = —2 — 25 + t.
The third equation is z4 = 1.
-1 1 2
—
N

0 1 2 | -1 12
— —
1 ] [ 2 3|1 ] [ 0 -7
1 0 1
.Hence z = —%, y = —
- |: 0 1 :| 7 Y
(d) Note that the variables in the second equation are in the wrong order.

3 -1 2 3 -1 2 1 -3
— —
-6 2 | -4 0 0 0 0

is a parameter; then = % + st = %(t +2).

2 -3

A(b) [3 !

~Jlw

~lw =

O wiv

} . The nonleading variable y =t

] -

wl— @

2 -3

(f) Again the order of the variables is reversed in the second equation. [ s

3 _03 } . There is no solution as the second equation is Ox + Oy = 7.
[ 2 3 3| -9 3 —4 5 1 -1 4| —4
5(b) 3 -4 1| 5 — | -2 3 3| -9 — | -2 3 3| -9
| 5 7 2| -14 -5 7 2| -14 -5 7 2| -14
-1 4| —4 1 0 15| —21
— 10 1 11| -17 — |0 1 11| -17
2 22| —34 0 0 0] 0

1 2 -1]2 1 2 -1 2 12 —1] 2
(d) | 2 3|1 — |l 0o 1 -1]-3 — 1o 1 —1]| -3
1 4 -3|3 0 2 -2 1 00 0 7

3 -2 1| -2 -1 3| 5 1 -1 3 5
() 1 -1 3|5 — | 3 -2 1] -2 — 1 o0 -8 | —17
-1 1 1|1 -1 1 1] -1 0 0 4| 4
1 0 -5|-12 1 0 0 -7
— 1 -8 | —17 — 10 1 0| -9 .Hencez =-7,y=-9,z=1
0o 1 1 0 0 1|1
1 2 —4]10 1 2 -4 10 1 2 -—4|10
(h) | 2 -1 2 — -5 10 | —15 — 10 1 -2 3
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1 0 0|4
- 10 1 —-213 .Hence z =t, x =4, y =3+ 2t.
0 0 010

6(b) Label the rows of the augmented matrix as Ry, Ry and Rj3, and begin the gaussian algorithm
on the augmented matrix keeping track of the row operations:

1 2 -3 -3 1 1 2 -5 5 Ra
1 3 -5 5 2 0 1 -2 8 2— R .
1 -2 5 —35 3 0 -4 8 —32 3 — 1

At this point observe that Rs — Ry = —4(Ry — Ry), that is R3 = 5R; — 4Ry. This means
that equation 3 is 5 times equation 1 minus 4 times equation 2, as is readily verified. (The
solution is 1 =t — 11, x9 = 2t + 8 and x3 = t.)

1 -1 1 -11]0 1 -1 1 -1]0 1 -1 1 -11]0
-1 1 1 1]o0 0 2 0|0 0 1 -1 110
7(b) — —
1 1 -1 110 0 -2 2 10 0 0 1 0o
1 1 1 1|0 0 0 0 0 1 0 110
1 0 0 o0]o0 1 0 0 0|0
0 1 -1 1]0 0 1 0 10
— — . Hence z4 = t; x1 = 0, 9 = —t,
0 0 1 00 0 0 1 0]0
0 0 1 00 0 0 0 0]0
Tr3 = 0
1 1 2 -1 4 1 1 2 —1| 4 1 0 7 -7/ 8
0 3 -1 4| 2 0 3 -1 4 | 2 0 0 14 —14| 14
(d) — —
1 2 -3 5|0 0 1 -5 —4 0 1 -5 6 | -4
1 1 -5 -3 0 0 -7 -7 0o 0 -7 7 |-7
1 0 7 -7 8 1 0 0 0|1 1 0 0 0|1
0 1 -5 6 | —4 0 1 -5 —4 0 1 0 1|1
— — —
0 0 14 —14| 14 0 0 1 —1] 1 0 0 1 —-1][1
o 0 -7 7 |-7 0 0 0 o010 00 0 0|0

Hence xy =t; 1 =1, 20 =1—t, 23 =1+1.
-1 1 b -1

_ ]
5 :| |:0 2—ab | 5+4+a :|

Case 1 If ab # 2, it continues — [ (1] ;’

-1 1 0
—
Sta ] [o 1

2—ab

. s s —2-5b . _ 5iq
The unique solution is z = 5=, y = =.

-1

5+4+a

Case 2 If ab =2, it is [1
0 0

] . Hence there is no solution if a # —5. If a = -5,

=2 | _
thenb:%andthematrixis[; (5) 01 ]_Thenyzt,$=1+%t-
s [ vt TS 3]s ] 8|8 . 1]
1106 a 1|1 0 1-%|1-% 0 2—-al|2—ab
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. . 1 1L b 1 o| &=L
Case 1 If a # 2 it continues:— 21,2, — 2a
0 1 —a 0 1 —a
i : b—1 2-ab e
The unique solution: z = 5=, y = 5=
1 b
Case 2 If ¢ = 2 the matrix is 2 ( 2 ) . Hence there is no solution if b # 1.
0 0|2(1-0b

If b= 1 the matrix is [ (1) (51]

2 1 —1]a 0 —1]c 1 0 -1 c
9Mb) | 0o 2 3 | — 1o 2 3 |b — o 2 3 b —
| 1 0 -1]c¢ 2 1 —-1]a 0 1 1 a—2c
1 0 -1 c 1 0 -1 c 1 0 0|b—2a+5¢
0 1 1 a—2c — 0 1 1 a—2c i 0 1 0] 3a—b—6¢c
| 0 2 3 b 0 0 1 |b—2a+4c 0 0 1|b—2a+4c
Hence, for any values of a, b and c¢ there is a unique solution z = —2a+b+5¢, y = 3a —b— 6,
and z = —2a + b + 4c.
a 0 1 a 0 0 —ab 0
(d) | o 0 — 10 1 b|o0 — 0 1 b 0
c 0 1 0 —ac 1 0 1+4abc | O
1 0 —ab|oO 1 0
Case 1 If abc # —1, it continues: — [ 0 1 b |0 — |0 1
0 0 1 |0 0 0 1
Hence we have the unique solution x =0, y =0, z =
1 0 —ab|0
Case 2 If abc = —1, the matrixis | 0 1 b |0 ,80 z =1, x = abt, y = —bt.
0 0 0 |0

Note: It is impossible that there is no solution here: © =y = z = 0 always works.

1 a -1 1 a -1 1 1 a -1 1
() -1 a-2 1 -1 — |0 20a=1 0|0 — |1 0 a-1 0] 0
2 2 a—2 1 2(a—1) a -1 0 0 a -1
-1 1 0| 0
Casel Ifa=1thematrixis | 0 o o 0 — 1 0 0 1| -1 ,
0 -1 0 0| 0

soy=t, r=—t, z=—1.
Case 2 If a = 0 the last equation is 0z + Oy + 0z = —1, so there is no solution.

Case 3 If a # 1 and a # 0, there is a unique solution:

1 a -1/ 1 1 a -1 1 1 0 of1-4
0 a—1 0| 0 — o 1 0] 0 — o0 1 0
0 0 a | -1 o o 1 |-2 o o 1| -4

1

Hencex =1-2,y=0,2=—



(d)

(f)

11(b)

12(b)

14(b)
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2 b ]ﬂ[l cR R ; rank is 1.
0 0 0 0 00 0 0
It is in row-echelon form; rank is 3.
[0 0 1 0 0 1
0 01|—|0 0 o];rankisl.
|0 0 1 0 0 0
[ 2 3 3 1 —1 4 1 4 1 -1 4
3 -4 1| — 3 41| —1]0 -1 —-11|— |0 1 11 |;rankis?2.
| 5 7 2 -5 7 2 0 2 22 0 0
[ 3 2 1 2 1 -1 3 5 1 -1 3 5
1 -1 3 5 | —| 3 -2 1 -2 | — 1 -8 -17
-1 11 1 -1 1 1 -1 0 4 4
1 -1 3 5
— |10 1 -8 -17 |;rank =3.
00 1 1
1 1 2 a? 1 2 a? 1 1 a?
1 1-a 2 0 — | 0 —a 0 —a? — | 0 a 0 a?
2 2—a 6-—a 4 0 —a 2—a 4—2d? 0 0 2—a 4-—a?
(11 2 o] (11 2 o]
Ifa=0weget | 0 0 0 0| — |0 0 1 2 |;rank=2.
|00 2 4 |0 0 0 0|
(11 2 4] (11 2 4]
Ifa=2weget | 0 2 0 4| — |0 1 0 2 |;rank=2.
|00 0 0 |00 0 0|
11 a? 11 2 a?
Ifa#0,a#2 weget | 0 « a2 — 10 10 a ; rank = 3.
{0 0 2—a 4-—a? 0 0 1 2+a
[ 1 01
False. A= 0 11
i 0|o
[ 1 o1
False. A= 0 11
i 0|o

False. The system 2x —y = 0, —4x + 2y = 0 is consistent, but the system 2z —y = 1,
—4x + 2y = 1 is not consistent

True. A has 3 rows so there can be at most 3 leading 1’s. Hence the rank of A is at most 3.

1 a b+c 1 a b+c
We begin the row reduction | 1 » ¢4+a | — | 0 b—a a-b |[. Now one of b —a and
1 ¢ a+bd 0 c—a a-—c

¢ — a is nonzero (by hypothesis) so that row provides the second leading 1 (its row becomes
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[0 1 —1]). Hence further row operations give
1 a b+c 1 0 b4+c+a
— o1 -1 |[—=]01 -1
00 0 0 0 0

which has the given form.
16(b) Substituting the coordinates of the three points in the equation gives
I+1+a+b+c=0 a+b+c=-2

254+94+5a—-—3b+c=0 ba—3b+c=-34
9+49—-3a—3b+c¢c=0 3a+3b—c=18

11 1| -2 11 1| =2 11 1| -2
5 -3 1 | -34 — 10 -8 —4|-24 — 1 3|3
3 3 -1 18 0 0 -—4| 24 0 1| -6
1 0 11|-5 1 0 0| -2
— 10 1 %3 — 10 1 0] 6
0 0 1|—6 0 0 1| -6

Hence a = —2, b =6, ¢ = —6, so the equation is 2% 4+ y? — 2z + 6y — 6 = 0.

18. Let a, b and ¢ denote the fractions of the student popoulation in Clubs A, B and C respectively.
The new students in Club A arrived as follows: % of those in Club A stayed; 1—20 of those in
Club B go to A, and 1—20 of those in C' go to A. Hence

a= %a + 1—20b + 1%0.
Similarly, looking at students in Club B and C.

_ 1 7 2
b—ﬁd‘i‘ﬁb‘i‘ﬁc

—_ 5 1 6
c= 150+ 15b + 1p¢

Hence

—6a+2b+2c=0

a—3b+2c=0

Sa+b—4c=0
-6 2 2|0 1 -3 2 |0 1 -3 2 |o 1o -2
1 -3 210 — |0 -16 14 |0 — o 1 -Ifo — 10 1 -
5 1 —4]0 0 16 —14]0 0 0o 0 |o0 0 0 0
Thus the solution is a = %t, b= %t, ¢ = t. However a + b+ ¢ = 1 (because every student

belongs to exactly one club) which gives t = % Hence a = 2—%, b= 2—70, c= %.
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Exercises 1.3 Homogeneous Equations

=]
—_
[

1(b) False. A= Lot

o O
_

(d) False. A=| "' ° !

[
_

(f) False. A = ! 0‘0}
1|0

0
(1 0
(h) False. A= 1
i 0
1 2 1o 1 2 1 |o o -9 |o
2b) | 1 3 6|0 — |10 1 5 |0 — 10 1 5 |o
2 3 aloO 0 -1 a—210 0 0 a+3|0
Hence there is a nontrivial solution when a = —3 : z = 9, y = —5t, z =1t.
[« 1 1 ]o0 1 1 -1]o ] 1 1 -1 |0
(d |11 -1]o0 —|la 1 110 — |0 1-a 1+4a]o0
1 1 alo 1 1 aloO 0 0 a+1]o0
Hence if a # 1 and a # —1, there is a unique, trivial solution. The other cases are as follows:
1 1 —1]o0 1 1 0]o0
a=1:{0 0o 2o — 10 0 1]0 sr=—t,y=t,z2=0.
0 0 2|0 0 0 00
1 -110 1 0 -1
a=—-1:]10 2 0|0 — ] 0 1 0|0 sr=ty=0,z=t.

3(b) Not a linear combination. If ax + by + ¢z = v then comparing entries gives equations
2a+b+c=4,a+c=3and —a+ b — 2c = —4. Now carry the coefficient matrix to reduced

form:
2 1 1 0 1
1 0o 1| 3 — |0 1 -1
-1 1 -2| -4 0 0 |1

Hence there is no solution.

(d) Here, if aa + by + cz = v then comparing entries gives equations 2a +b+c¢=3,a+c =10
and —a + b — 2¢ = 3. Carrying the coefficient matrix to reduced form gives

2 1 1 0 1o
0 110 — 10 1 -1|3 )
-1 -2 0 0 0|0
so the general solution is @ = —t, b = 3+ ¢ and ¢ = t. Taking ¢ = —1 gives the linear

combination V = a + 2y — z.

4(b) We must determine if z, y and z exist such that y = za; + yas + zas. Equating entries here
gives equations —x +3y+z2=-1,3z4+y+2=9, 2y + 2z =2 and x + z = 6. Carrying the
coefficient matrix to reduced form gives
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-1 3 1 -1 1 00 2
3 1 1 9 01 0 -1
- )
0 2 1 2 0 0 1 4
1 0 1 6 00 0 0
so the unique solution is x = 2, y = —1 and z = 4. Hence y = 2a; — as + 4as.
Carry the augmented matrix to reduced form:
1 2 —-11 10 120 2 3 0
-1 -2 2 01 0f(—=|10O0T1120
-1 -2 3 1 30 000 0O00O0
Hence the general solution is x1 = —2r —2s — 3t, x2a =1, x3 = —s — 2t, x4 = s and x5 = {.
In matrix form,
the general solution x = [z1 22 23 x4 x5)7 takes the form
—2r — 25— 3t -2 -2 -3
r 1 0 0
X = —s—2t =r| 0 +s| -1 | +t| -2
s 0 1 0
t 0 0 1
Hence X is a linear combination of the basic solutions.
Carry the augmented matrix to reduced form:
1 1 -2 -2 2 0 10 0 1 0 0
2 2 -4 -4 1 0 01 -2 -3 0 0
—
1 -1 2 4 1 0 00 0 0 1 0
-2 —4 8 10 1 0 00 0 0 0 0
Hence the general solution x = [z1 9 23 24 x5]7 is
—t 0 -1
2s + 3t 2 3
X = s =s|1|+t| o
t 0 1
0 0 0
Hence X is a linear combination of the basic solutions.
z+y= 1
The system 2z + 2y = 2 has nontrivial solutions with fewer variables than equations.
—r—y=-—1

There are n — r = 6 — 1 = 5 parameters by Theorem 2 §1.2.

The row-echelon form has four rows and, as it has a row of zeros, has at most 3 leading
1’s. Hence rank A = r =1, 2 or 3 (r # Obecause A has nonzero entries). Thus there are
n—r=6—1r=2>5,4 or 3 parameters.

Insisting that the graph of ax 4+ by + ¢z + d = 0 (the plane) contains the three points leads
to three linear equations in the four variables a, b, ¢ and d. There is a nontrivial solution by
Theorem 1.
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11. Since the system is consistent there are n — r parameters by Theorem 2 Section 1.2. The
system has nontrivial solutions if and only if there is at least one parameter, that is if and
only if n > 7.

Exercises 1.4 An Application to Network Flows

1(b) There are five flow equations, one for each junction:

fi — f = 25
fi + f3 + f5 = 50
fa + fa + fr = 60

- f3s + fa + fs = 75

fs + fo — fr = 40

1 -1 0 0 0 0 O |25 1 -1 0 0 0 0 0|25
1 0 1 0 1 0 0 |50 0 1 1 0 1 0 0|25
o 1 0 1 0 0 1|60 [—]0o 1 0 1 0 0 1|60
0 0 -1 1 0 1 0 |75 0 0 -1 1 0 1 0|75
0 0 0 0 1 1 —1]40 0 0 0 0 1 1 —1|40
(1 0 1 0 1 o o |50 1 0 0 1 0 0 1| 85
01 1 0 1 0 0|25 0 1.0 1 0 0 1| 60
—|lo0o 0 -1 1 -1 0 13 [|[— |0 0 1 -1 1 0 -1]|-35
00 -1 1 0 1 0|75 0 0 0 0 1 1 —1]| 40
[ 00 0 o0 1 1 -1]40 0 0 0 0 1 1 —1] 40
[1 0 0 1 o0 1] 85
01 0 1 0 1| 60
—]l0 0 1 -1 0 -1 0 |-75
0 0 0 1 1 -1 40
[ 0 0 o0 0 0 0 0
If we use f4, fs , and fr as parameters, the solution is
f1=8—fi—fr
f2=60—fi— fr

f3=-T5+ fa+ fg
f5 =40 — fo + f7.

2(b) The solution to (a) gives fi = 55 — fa, fo =20 — f4 + f5, f3 = 15 — f5. Closing canal BC
means f3 =0, so f5 = 15. Hence fo = 35— f4, so fo < 30 means fy > 5. Similarly f; = 55— fy
so f1 <30 implies fy > 25. Hence the range on fy is 25 < fy < 30.

3(b) The road CD.

Exercises 1.5 An Application to Electrical Networks
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2. The junction and circuit rules give:

Left junction L — I + I3 = 0
Right junction I — I + I3 = 0
Top circuit 5I + 101> = 5
Lower circuit 10l + b5I3 = 10
-1 0 -1 1 1 -1 110
10 0] 5 — |0 15 -5|5 —lo0o 3 -1|1 —
0 10 5|10 0 10 5 |10 0 2 1|2
1 0 -1f-1 0 -1 -1 1 0 of -1
— o 1 —2f-1 — o 1 —2|-1 —lo 1 o 2
0 0 5 o 1 | 2 0 0 1] %
Hence I; = —%, Iy = % and I3 = %.

4. The equations are:
Lower left junction Iy —1Is—Ig=0
Top junction L—14,+1g=0
Middle junction ILh+13—15=0

Lower right junction I) —Is—I; =0
Observe that the last of these follows from the others (so may be omitted).
Left circuit 1015 — 101 = 10

Right circuit —1013+ 101, =10
Lower circuit 1013 + 1015 = 20

(1 0 0o 0o -1 -1 i (1 0 0o o -1 -—1]o ]
o1 0 -1 o0 1 o1 0o -1 o 11]o0
01 1 0 -1 0 00 1 1 -1 -1]o0
—
00 0 0 10 —1]|10 o0 0o o0 1 -1]|1
0 0 —-10 10 0 0 |10 00 -1 1 0 o0 |1
L0 0 10 o0 10 20 | 000 1 0 1 2
1 00 0o -1 -1]o0 1 0 0 0 -1 —1] o0
01 0 -1 0o 11]o0 01 0 0 -2 0 |-2
00 1 1 -1 -1]o0 o0 1 0 1 o0]|2
— —
00 0 o0 1 -—1]|1 00 0 0 1 —1]|1
0 0 0 1 1|1 o0 0 0 3 1
000 0 -1 2 1|2 | 00 0 1 —2 -—1|-2 |
1 00 0 -1 —-1] 0 1 0 0 0 0 —2]1
01 0 0 -2 o0 | -2 01 0 0 0 -2]0
oo 1 0 1 o2 00 1 0 0 1|1
— —
00 0 1 -2 —1]-2 00 0 1 0 3]0
00 0 0 1|1 00 0 0 1 —1]1
000 0 0 3 1|5 | L0000 0 0 4|2 |
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[1 0 0 0 0 o2 |
01 0 0 0 01
0 0o 1.0 0 of41
=10 0 0 1 0 o g ‘Hence 1 =2, I, =1,I3=3%, 14 =3, I =3, I = 1.
0 0o 0o 0 1 o0f3
| 0 0 0 0 0 1|34 |
Exercises 1.6 An Application to Chemical Reactions

2.

4.

Suppose xN Hs + yCuO — zNy + wCu + vH20 where x, y, z, w and v are positive integers.
Equating the number of each type of atom on each side gives

N:x =2z Cu:y=w
H:3x=2 O:y=vw

%t. The smallest value of ¢ such

Takingv:tthesegivey:t,w:t,x:%tandz:%m:
= 1 and v = 3. Hence the balanced

that there are all integersist =3,s0x =2,y =3, 2
reaction is
2N H3 + 3Cu0O — Ny + 3Cu + 3H50.

15Pb(N3)a + 44Cr(MnOy)y — 22Cry03 4+ 88MnOs + 5Pb3O4 + IONO

Supplementary Exercises Chapter 1

1(b)

2(b)

No. If the corresonding planes are parallel and distinct, there is no solution. Otherwise they
either coincide or have a whole common line of solutions.

1 4 -1 1]2 1 4 -1 1 2 1o & L1
3 2 1 2|5 I B (U S e | I U -5 Sl 5
1 -6 3 0|1 0 —-10 4 -—1|-1 0 0 0 0ol o
1 14 -5 2|3 0 10 -4 1 1 0 0 0 0ol o
Hence 3 = s, 4 = t are parameters, and the equations give x; = 1—10(16 — 6s — 6t) and
To = 1—10(1 +4s — t).
1 1 3 1 3 a 1 1 3 a
a 1 514 — | 0 1l-a 5-3a| 4—a? — | 0 1-a 5-3a | 4—a?
1 a 4|a 0 a-—1 1 0 0 0 32—a) | 4—a®
11 1 1 1 3]0
If a =1 the matrixis | 0 o 3 — 10 o 1|1 , so there is no solution.
0 0 3 0 0 01
1 1 3 1 0 22
Ifa2thematrixis[o -1 -1]o0 —>[0 1 10 ,s0x =2 —2t, y = —t,
0 0 0 0 0|0

z =t.
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If a # 1 and a # 2 there is a unique solution.

1 3 a 1 1 3 a 10 2| =t
2 3a—5 24 3a—5 24
l-a 5-3a |4-a — |0 1 322=p | ez — |0 1 9= 45
0 0 3@2-a)|4-a? 0 0 1 at2 0 0 1 at2
—5a+8
N G 8-5 2 +2
—a—2 __ _8-bHa _ —a— _ at2
=0 1 05 . Hence z = 31 Y = 31 2= 3

+2
0 0 o0 2

4. If Ry and Rs denote the two rows, then the following indicate how they can be interchanged
using row operations of the other two types:

Ry Ri+ Ro R+ Ry Ry Ry
— — — —
Rz Rz —Rl —Rl Rl

Note that only one row operation of Type II was used — a multiplication by —1.

6. Substitute z = 3, y = —1 and z = 2 into the given equations. The result is
3—a+2c=0 a — 2¢c = 3
3b—c—6=1 thatis 3b — ¢ =9
3a—2+2b=5 3a + 2b =7
This system of linear equations for a, b and c has unique solution:
1 0 -2|3 1 0 -2| 3 1 0 -2| 3
0 3 -1]7 — 1o 3 1|7 — 0o 1 —7] 9
3 2 0|7 [ 0 2 6 | -2 0 2 6 | —2
1 0 -2| 3 1 0 0] 1
— 10 1 -7 9 — o 1 of 2 . Hencea=1,b=2,c=—1.
0 0 20 | -20 | 0 0 1| -1
1 1 1|5 1 1 1|5 1 1 1|5 1 0 0]2
8. 2 -1 —-1]1 — |0 -3 -3|-9 — 0o 1 1|3 — 1o 1 1|3
-3 2 210 0 5 5 |15 0 0 0O 0 0 o0fo

Hence the solutionis x =2,y =3 —1t, z =t Takingt=3—igivesx =2,y =1, 2 =3 — 1,
as required.

If the real system has a unique solution, the solution is real because all the calculations in
the gaussian algorithm yield real numbers (all entries in the augmented matrix are real).



14

Supplementary Exercises - Chapter 1



Section 2.1: Matrix Addition, Scalar Multiplcation, and Tranposition 15

Chapter 2: Matrix Algebra

Exercises 2.1 Matrix Addition, Scalar Multiplication, and
Transposition

1(b) Equating entries gives four linear equations: a —b=2,b—c=2,¢—d = —6,d—a=2. The
solutionisa =—-24+t,b=—-4+t, c=—-6+t, d=t.

(d) Equating coefficients gives: a = b, b = ¢, c =d, d = a. The solutionisa=b=c=d=1,t

arbitrary.
o[ %] s er 4]=[ 2] -[ 2] [ 2]
ol S I

(d)[3 =1 2]—2[9 3 4+[3 11 —6]=[3 —1 2]—[18 6 8 +[3 11 —¢
=[3-1843 —1-6+11 2—-8—6=[-12 4 —12]

3(b) 505[3 1}:[15 5}
2 0 10 0
(d) B+ D is not defined as B is 2 x 3 while D is 3 x 2.
243 1-1 |7 5 0 1" 5 2
T _ - _ _
(f)(A+C)_[0+2 —1+0] _[2 —1} _[o —1}
(h) A — D is not defined as A is 2 x 2 while D is 3 x 2.

4(b) Given 3A + [ —54-2]° ], subtract 3A from both sides to get [ i ] =2A-2 [ z ] .

-

5(b) Given 24 — B = 5(A + 2B), add B to both sides to get

Nowadd?[
—'A—%

} to both sides: 24 = [ i } +2 [ 3 ] = [ ? } Finally, multiply both sides
8
1

[SIN

2A =5(A+2B)+ B=5A+10B+ B =5A+ 11B.

Now subtract 5A from both sides: —3A = 11B. Multiply by —% to get A = —%B .
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6(b)

11(b)

13(b)

Section 2.1: Matrix Addition, Scalar Multiplcation, and Tranposition

Given 4X +3Y = A , subtract the first from the second to get X +Y = B — A. Now

5X +4Y =B
subtract 3 times this equation from the first equation: X = A —3(B — A) =4A — 3B. Then
X+Y=B—-AgivesY =(B—A)—X=(B—A)—(4A—-3B) =4B —5A.
Note that this also follows from the Gaussian Algorithm (with matrix constants):

[4 s 4 ] 5 4| B 1 1|B-4A
— —
5 4 B 4 3| A 4 3 A
[1 1| B-a } [1 0| 44—3B }
— — .
0 —1 5A — 4B 0 1 4B — 5A

Given2X—5Y =[1 2]let Y = T where T is an arbitrary 1x2 matrix. Then 2X = 5T+[1 2]
so X =5T+4[1 2,Y=T.IfT=[s t,thisgives X =[3s+3 3t+1],Y =[s ¢,
where s and ¢ are arbitrary.

5[3(A— B +2C) —2(3C — B) — A] +2[3(3A — B+ C) + 2(B — 2A) — 2C]
= 5[34 — 3B+ 6C — 6C + 2B — A] + 2[9A — 3B + 3C + 2B — 44 — 2C)
= 5[24 — B+ 2[5A — B + O]

= 10A — 5B + 104 — 2B + 2C

=20A — 7B + 2C.
Write A = [ ¢ Z } . We want p, ¢, r and s such that

|:a b:|:p|:1 0]+q[1 1]+r[1 0}+S[0 1]:[p+q+r q+s:|.
¢ d 0 1 00 1 0 1 0 rts P

Equating components give four linear equations in p, ¢,  and s:

p + qg + r = a
q + s = b

r o+ s =
p = d

The solution is p=d, g=3(a+b—c—d),r=3(a—b+c—d),s=3(—a+b+c+d).

A+A =0
—-A+(A+A) = —A+0 (add — A to both sides)
(—FA+A)+ A = —A+0 (associative law
0+A4 = —A+0 (definition of — A)
A = —-A (property of 0)
al 0 cee 0 by 0o .- 0
0 a -~ 0 0 by -~ 0
ftA=| | . land B=| . | s
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a1 — by 0 0
0 ax—by - 0 ' '
then A — B = ] ] ) so A — B is also diagonal.
0 0 co ap —bn

s 1

14(b) ) } is symmetric if and only if ¢t = st; that is t(s — 1) = 0; that iss =1 or ¢t = 0.

st

(d) This matrix is symmetric if and only if 2s = s, 3 =t, 3 = s+ ¢; that is s =0 and ¢t = 3.

oo [3 3] = (rea s 2]) e (o) 2 ]) e 30
e =[3 ][]0 S eana s 8]0
R i (R e B
N R R R
FinauyA:%[ ! 14}={ 2T ]

16(b) We have AT = A as A is symmetric. Using Theorem 2: (kA)T = kAT = kA; so kA is
symmetric.

19(b) False. Take B = —A for any A # 0.
(d) True. The entries on the main diagonal do not change when a matrix is transposed.

(f) True. Assume that A and B are symmetric, that is AT = A and BT = B. Then Theorem 2
gives
(kA +mB)" = (kAT + (mB)T = kAT + mBT = kA +mB.

for any scalars k and m. This shows that the matrix kA + mB is symmetric.

20(c) If A= S+W asin (b), then AT = ST+ W7T = S—W. Hence A+ AT =25 and A— AT =2V,
so S =3(A+AT) and W = £(4 — AT).

22(b) If A = [a;;] then (kp)A = [(kp)a;;] = [k(paij)] = k[paij] = k(pA).

Exercises 2.2 Equations, Matrices and Transformations
1(b) r1 — 3{E2 — 3(E3 + 3(E4 = 5
8xo + 224 = 1
r1 + 2x9 + 2x3 + = 2
To + 23 — bry = 0
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1 -2 -1 1 5
-1 0 1 -2 -3

2(b) x +x +x +x =
( ) 1 2 2 _92 3 7 4 0 8
3 —4 9 -2 12

3(b) By Definition 1:

1
1 2 3 1 2 3 o1 + 229 + 3z
AX = T2 = + 29 + x3 = ! 2 3 .
0 -4 5 0 —4 5 —4xo + 5w3
x3
By Theorem 4:
F T
AX: 1 2 3 o _ l-z1+2-22+3-23 _ r1 + 222 + 3x3 )
0 —4 5 0~J:1+(—4)-x2+5~1‘3 —4x9 + bx3
x3
(d) By Definition 1:
1
3 —4 1 6 3 —4 1 6
X
AX=| 0 2 1 5 z2 =x1| 0o | +a2| 2 | +a3| 1 | +x4]| 5
8 7 -3 0 : -8 7 -3 0
T4
3x1 —4xo 4+ x3 + 624
= 2x2 + x3 + 524
—8x1 + Txo — 3x3
By Theorem 4:
x
3 —4 1 6 3~zl+(74)-x2+1~z3+6~x4
xr2
AX: 0 2 1 5 = O-z14+2-29+1-23+5-24
X
8 7 -3 0 3 (—8) -2y +7 w2+ (—3) -3 +0-24
x4
3x1 — 4z + 3 + 624
= 2z2 + 3 + 514
—8x1 + Txo — 3x3
1 -1 -4 —4 -1 -4 -4 0 -1 -2
5b) | 1 2 s — 1o 3 9|6 — | o 2
11 0 2 6 | 4 0 0
x —24t -2 1
Hencex =t —2,y=2—-3t,z=t;thatis | y | = | 2-3t | = 2 |+t | -3
t 1
-2 1
Observe that | 2 | is a solution to the given system of equations, and | -3 | is a solution
0 1
to the associated homogeneous system.
1 -1 -1 -1 1 1 -2 1| -2 1 0 1 0|1
1 —2 | =2 0 -1 3 1] 3 0 1 -3 -1] -3
(d) — —
-1 -1 0 —2 7 1] 4 0 0 1 —1]-2
-2 -1 2 0 1 -4 0] -1 0 0 -1 1 | 2



Section 2.2: Equations, Matrices and Transformations 19

1 0 0 1| 3
0 1 0 —4]| -9
— .Hence x1 =3 —t, 0 =4t -9, 23 =1t — 2, x4 = t,
0 0 1 -1]|-2
| 00 0 0] o0
[ 2, 3t 3 ~1
z —9 4t -9 4
SO 2 = = +
T3 -2+t -2
T4 t 0 1
3 -1
-9 | . . . . 4 . . .
Here , | 82 solution to the given equations, and ) is a solution to the associated
0 1

homogeneous equations.

6 To say that x¢ and x; are solutions to the homogeneous system Ax = 0 of linear equations
means simply that Axg = 0 and Ax; = 0. If sxg + tx; is any linear combination of x¢ and
X1, we compute:

A(sxg +tx1) = A(sxp) + A(tx1) = s(Axg) + t(Ax1) =s0+t0 =10
using Theorem 2. This shows that sx¢ + tx; is also a solution to Ax = 0.

8(b) The reduction of the augmented matrix is

—3+2s—5t

-2 1 2 3 | -4 1 -2 0 0 5 |-3

S
3 6 -2 -3 —11| 11 0 0 1 0 —2|-1

— so X = —1+2¢

-2 4 -1 1 -8 |7 0 0o 1 0 0

-1 2 o0 3 -5 3 0 0 0 0 .
-3 2 [ 5
0 1 0

is the general solution. Hence X = | -1 [+ ]|s| o | +¢| 2 is the desired expression.

0 0
0 1

10(b) False. [ Loz ] [ 2 ] = [ 0 } has a zero entry, but [ Loz ] has no zero row.
2 4 -1 0 2 4

(d) True. The linear combination zia; + --- + z,a, equals Ax where, by Theorem 1, A =

[a; -+ a,] is the matrix with these vectors a; as its columns.
11 -1 > 1
(f) False. If A = [ - :) } and X = | o | then AX = [ A ] , and this is not a linear
1

combination of [ ; } and [ ; ] because it is not a scalar multiple of [ ; ] .

1

alse. = , there 1s a solution 2 or = . But there 1s no
h) False. If A |, there | i for B 8 But there i
1
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11(b)

13(b)

16

18(b)

22

Section 2.3: Matrix Multiplication

solutionforB:[;}Indeed,if[11 _11 11} y :[;}thenm—y—i-z:land

—x 4y — z = 0. This is impossible.

If | © | is reflected in the line y = x the result is | ¥ |; see the diagram for Example 12, §
Yy €T

2.4. Inotherwords,T[x]:[y]:[o 1][z}SOThasmatriX[0 1}
Y T 1 0 Y 1 0

If [ v ] is rotated clockwise through 5 the result is
Yy —X

|:y:|:|:0 ! [z}soThasmatrix[o 1}
—x -1 0_ Y -1 0

; see Example 14. Hence T' [ v ] =
y

xT

The reflection of | y | in the y-z plane keeps y and z the same and negates z. Hence

T —x -1 0 O T -1 0 O
Ty | = y = 0 1 0 y | , so the matrix is 0 1 0

z 0 1 0 1
Write A = [a; ag --- a,] where a; is column ¢ of A for each i. If B = z1a; + 2222+ -+ znay
where the x; are scalars, then Ax = b by Theorem 1 where x = [z 22 - - mn]T; that is x is

a solution to the system Ax = b.

We are given that x; and xs are solutions to Ax = 0; that is Ax; = 0 and Axy = 0. If ¢
is any scalar then, by Theorem 2, A(tx;) = t(Ax;1) = t0 = 0. That is, tx; is a solution to
Ax = 0.

Let A=[a; ag --- a,] where a; is column i of A for each i, and write x = [z1 2 -+ x|
andy =[y1 y2 - - yn]?. Then
x+ty=[z1+y s2+y2 Tt yn)”
Hence we have
Ax+y) = (r1+y)ar+ (za+y2)as+ -+ (zn + yn)ay Definition 1
= (ma; +y1a1) + (zeaz + yoas) + - - - + (xnpa, + ynay,) Theorem 1 §2.1
= (ma; +xoas+ - +xpay) + (y121 + yoas + -+ + ypay,) Theorem 1 §2.1
= Ax + Ay. Definition 1

Exercises 2.3 Matrix Multiplication

1
Sl o2tz se0s0 1-Tha ) f o1 -6 2
) 4+0-4 64040 2+0+8 0 6 10
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30
@1 3 =3| 21|=[3-6+0 0+3-18=[-3 —15]
| 0 6
[ 2
)1 —1 3| 1 |=[2-1—24]=[-23]
| -8
(h) 3 1 2 1| [ 6-5 3+3] [1 0
|5 2 5 3 | |10-10 -5+6 ]| |0 1
[« 0 o0 d 0 0 [ 4’ 4040 04040 0+0+0 aa’ 0 0
(G) | o b o0 0 o 0| =] 0+04+0 O0+b0/+0 0+0+0 | = | 0 b 0
0 ¢ 0o 0 i 0+0+0 0+0+0 O04+0+cd 0 0 cc

2(b) A2, AB, BC and C? are all undefined. The other products are

- - —2 12
BA=| 1 ‘10],32: ' ‘6},013: 2 o ,AC:[ ) 10],
1 2 4 1 6 2 1
L L 1 6
[ 2 4 8
CA=]| -1 -1 -5
14 2

. . . 2a+ar  2b+b 72
3(b) The given matrix equation becomes ! L = .
—a+2a1 —b+2b1 -1 4

Equating coefficients gives linear equations

2a+a1 =7 20+b1 =2
—a+2a1 = —1 —b+2bp =4

The solution is: a =3, a1 =1;b=0, by = 2.

wwmacu=[1 1)1 1)) 2]

6(b) IfA:[a Z}thenA[(l) g}:[? E}Abecomes[z 0]:[0 2]Whenceb:()

and a = d. Hence A has the form A = | * ° } , as required.

7(b) If Ais m x n and B is p X ¢ then n = p because AB can be formed and ¢ = m because BA
can be formed. So Bisn xm, A is m x n.

ORI B PR B B D B A B
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12(b) Write A = | © X}WhereP[l 1],){:[2 1],andQ:[1 1].ThenPX+
0@ 0 1 0 0 0 1
2 -1 -2 1| 9 | P2 PX+XQ | _ | P? 4 _
XQ—[OO}—F[OO}—O,SOA—[O 0 }—[OQZ].ThenA—
2 [ p2 4 6
[P 0} F 0}:[P 0],A6:A4A2:[P 0],...;ingeneralweclaim
o @ ][0 @ 0o Q 0 Q°
that
A%k = Pt :| fork=1,2,... *)
0 QZk

This holds for k = 1; if it holds for some k£ > 1 then

A2(k+1) — A2k 42 — P2k 0 P2 o | [ P24y 0
= - 0 sz 0 Q2 =

Hence (*) follows by induction in k.

Nexthz[; 12},133: [(1) f’],andweclaimthat

1 —
Pm:[ m]form:1,2,...
0 1

It is true for m = 1; if it holds for some m > 1, then

Pm“:PmP:[l —m:||:1 —1]:[1 —(m+1):|
0 1 0 1 0 1

which proves (**) by induction.
As to Q, Q? = I so Q* = I for all k. Hence (*) and (**) gives

1 260 0
A/42k—|:132]C 0:|: 0 ! 0 0 for k > 1.
0o I 0 0 1 0 -
o o0 |0 1
Finally
A2k+1:A2k.A:[P2k 0}[13 X]:[P%H P%X}
0 I 0 Q 0 Q
1 —(2k+1) 2 -1
| o 1 0 0
| oo 0 11
0 0 0o 1
13(b)[1 X][I X:|:|:12+X0 IX+X2I}:[I O]ZI%
0 I 0o I 0I+10 —0X+1 0 I
_XT
) [ XT[-x "= X7] = —IXT + XTI = O

0 QZ(k+1)

|

(**)
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- _2_ - -
0 X 0 X 0 X

X 0
(n - -

I 0 I 0 I 0 0 X
— :3 — J—

0 X| |0 X X 0| |0 X?

I 0 I 0 0 X X 0
- 4 - i

0 x| |0 X 0 X*| | X* 0

I 0 I 0 X 0 0 X?
- : - T 2m

. . 0 X Xm0 . .
Continue. We claim that = for m > 1. It is true if m = 1 and,
I 0 0o xm
if it holds for some m, we have
2(m+1) 2m 2

0 X |0 X 0 X | | Xx™ 0 X 0| | x™ 0

I 0 I 0 I 0 0o XxXm 0 X 0o xmt
Hence the result follows by induction on m. Now

2m+1 2m
0 X 10X 0O X | [X™ 0 0 X | 0 Xxmtl
I 0 I 0 I 0 o Xxm I 0 xm 0

for all m > 1. It also holds for m = 0 if we take X° = I.

14(b) If YA = 0 for all 1 x m matrices Y, let Y; denote row ¢ of I,,,. Then row ¢ of I,,A = A is
Y;A = 0. Thus each row of A is zero, so A = 0.

16(b) A(B+C — D)+ B(C — A+ D) — (A+ B)C+ (A— B)D
= AB + AC — AD + BC — BA+ BD — AC — BC + AD — BD
— AB - BA.

(d) (A—B)(C —A)+ (C—B)(A—C)+(C— A2 =[(A—B)— (C—B) + (C — A)](C — A) =
0(C — A) = 0.

18(b) We are given that AC' = CA, so (kA)C = k(AC) = k(CA) = C(kA), using Theorem 1.
Hence kA commutes with C.

20 Since A and B are symmetric, we have AT = A and BT = B. Then Theorem 2 gives
(AB)T = BT AT = BA. Hence (AB)T = AB if and only if BA = AB.

a x y
22(b) Let A= |z b = ] . Then the entries on the main diagonal of A2 are a®+x?+y2, 224+b2+ 22,
y z c
y? + 22 + 2. These are all zero if and only if a =z =y = b = 2z = ¢ = 0; that is if and only
if A=0.

24 If AB = 0 where A # 0, suppose BC = [ for some matrix C. Left multiply this equation by
Atoget A=Al = A(BC) = (AB)C = 0C = 0, a contradiction. So no such matrix C' exists.
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1 0 1 0 2 1 1 1
10 0 1 3.0 2 2

26. We have A = , and hence A3 = . Hence there are 3 paths
00 0 1 2 0 1 1
1 1.0 0 31 2 1

of length 3 from v; to vy because the (4,1)-entry of A% is 3. Similarly, the fact that the
(3,2)-entry of A3 is 0 means that there are no paths of length 3 from vy to vs.

27(b) False. If A = [; g ] — J then AJ = A, but J # I.

(d) True. Since A is symmetric, we have AT = A. Hence Theorem 2 §2.1 gives (I + A)T =
IT + AT = I + A. In other words, I + A is symmetric.

(f) False. IfA:[g ;]thenAaéObutfP:O.

(h) True. We are assuming that A commutes with A + B, that is A(A + B) = (A + B)A.
Multiplying out each side, this becomes A2 + AB = A% + BA. Subtracting A? from each side
gives AB = BA; that is A commutes with B.

1

(j) False. Let A = [ j ; } and B = [ ;2 } . Then AB = 0 is the zero matrix so both

columns are zero. However B has no zero column.

1 2

2]andB:[
4 1

but A has no row of zeros.

(1) False. Let A = [ ; } as above. Again AB = 0 has both rows zero,

28(b) If A = [ajj] the sum of the entries in row 7 is Y7 ; a;; = 1. Similarly for B = [b;]. If
AB = C = |[¢;j] then ¢;; is the dot product of row ¢ of A with column j of B, that is
Cij = Y p_q Qikbrj. Hence the sum of the entries in row ¢ of C' is

n n n n n n
d ey =) awbyi = aiw | Y br | =D ap-1=1
=1 k=1 j=1 k=1

=1 k=1

Easier Proof: Let X be the n x 1 column matrix with every entry equal to 1. Then the entries
of AX are the row sums of A, so these all equal 1 if and only if AX = X. Butifalso BX = X
then (AB)X = A(BX) = AX = X, as required.

30(b) If A = [aj;] then the trace of A is the sum of the entries on the main diagonal, that is
tr A = ay1 + ags + - - - + apn. Now the matrix kA is obtained by multiplying every entry of A
by k, that is kA = [ka;;]. Hence

tr(kA) = kai1 + kaog + - - - + kan, = k(all + a99 +"'+a7m) =ktrA.

(e) If A = [a;;] the transpose AT is obtained by replacing each entry a;; by the entry a;; directly

across the main diagonal. Hence, write AT = [aj;] where a;; = aj; for all i and j. Let b;
denote the (i, 7)-entry of AAT. Then b; is the dot product of row i of A and column i of A7,
that is b; = Y p_  awal, = > p_q @iraix = Y 4 a%.. Hence we obtain

tr (AAT) = Zbi = Z (Z a?k> = ZZafk.
i=1

i=1 \k=1 i=1 k=1

This is what we wanted.
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32(e) We have Q = P + AP — PAP so, since P? = P,
PQ = P>+ PAP — P?AP =P+ PAP — PAP =P,
Hence Q? = (P + AP — PAP)Q = PQ + APQ — PAPQ = P+ AP — PAP = Q.

34(b) We always have
(A+B)(A—B)=A?>+ BA— AB — B%

If AB = BA, this gives (A+B)(A— B) = A%2— B2. Conversely, suppose that (A+B)(A—B) =
A% — B% Then
A* - B? = A+ BA— AB - B”.

Hence 0 = BA — AB, whence AB = BA.
35(b) Denote B = [by by --- b,] = [b;] where b; is column j of B. Then Definition 1 asserts that
AB = [Ab; Aby --- Ab,| = [Abj],

that is column j of AB is Ab; for each j. Note that multiplying a matrix by a scalar a is the
same as multiplying each column by a. This, with Definition 1 and Theorem 2 §2.2, gives

a(AB) = a[Abj] Definition 1
= [a(Ab;)] Scalar Multiplication
= [A(ab;)] Theorem 2 §2.2
= A(aB). Definition 1
Similarly,
a(AB) = a[Abj] Definition 1
= [a(Ab;)] Scalar Multiplication
= [(aA)bj)] Theorem 2§2.2
= (aA)B. Definition 1

This proves that a(AB) = A(aB) = (aA)B, as required.

36 See the article in the mathematics journal Communications in Algebra, Volume 25, Number
7 (1997), pages 1767 to 1782.

Exercises 2.4 Matrix Inverses

2 In each case we need row operations that carry A to I; these same operations carry I to A~
In short [A I] — [I A~!]. This is called the matrix inversion algorithm.

(b) We begin by subtracting row 2 from row 1.
4 1|1 0 1 —1|1 -1 -1
— —

1 -1
-
0 }
1 -1 . . 2 -1
[ . } . Hence the inverse is % } .
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1 2 0 0 0|1 0 0 0 o0
01 3 0 0|0 1 0 0 0
Mo o 15 0|lo o 1 0 o0 —
00 0 1 1|0 0 0 1 0
00 00 1/0 0 0 0 1
1 -2 6 —30 210
0 1 -3 15 —105
Hence A'=| 0 o 1 -5 35
0 0 1 -7
0 0 0 1

3(b) The equations are AX = B where A = [ i

4
1

algorithm or Example 4) A~! = %

Hence r = —2 and y = —%.

1 4 2
(d) Here A= | 2 3 3 |,x=
4 1 4

9 -14 6 1

1

1y 41 1=
~10 15 —5 0 -5

o O O O =

o O O = O

o O = O O

o = O O O

= O O O O

O O O O =

, B

o O O =

210
—105
35

27

[ (1) } . We have (by the

. Left multiply AX = B by A~! to get

The equations have the form Ax = b, so left multiplying by A~! gives

-1 -1 1
x=A"(Ax)=A"b=%
Hencex:2—53,y:§,andz:—2—5‘:’:—5.

1
4(b) We want B such that AB = P where P = | o
1

—14
—4
15

-1

1
0

=)

2
1
0

. Since A~! exists left multiply this

equation by A~! to get B = A~}(AB) = A~'P. [This B will satisfy our requirements because

AB = A(A~'P) = IP = P]. Explicitly

1
B=A"'P=1| 2 o
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-1
5(b) By Example 4, we have (24)7 = [ ; ;1 ] = [ ° 1 } . Since (24)T = 2AT we get

T 1 3 1 T 1 3 1 .
2A —5[2 1:|SOA —E[2 1].Flnally

e |

-2 1

—_

(d) We have (I —2AT)~! = [ i 1 } so (because (U~1)~! = U for any invertible matrix U)

=[] =107

r_; | v | _Jro] [1 1] _fo 1
Thus 247 =1 [—1 2]_[01] [—1 2} [1 —1]’
. . T_ 1 0 1
This gives A = 3 ) 1],80
o 1 1% 0 1
_ATNT _ 1 _1
A=(4%) _2[1 1} _2[1 1}

-1
(f) Given ([ Lo ] A) = [ Lo ] , take inverses to get
2 1 2 2

]a[an] -

~1
Now [ ; (1) } = [ ! (1) ] , 8o left multiply by this to obtain

=[G )=S0

N
| —|
o
N

- o
| IS

s
]
=]
@]
@)
S
L
I
[\]
~
|
[\V]
—
—_ =
(=3
[
I
—
[
|
[\V]
—
—_ =
(=3
[
I
—
Lo
o |
[\
[
I
[\V]
—
=}
—
|
—
[
53!
—
B
o
=
<
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8(b)TheequationsareA[z}:[7]and[z}:B z,]whereA:[‘?‘l]andB:
y 1 y LY 4 5
_45 * | Thus B = A1 (by Example 4) so the substitution gives [I =A|"| =
- y
AB[II}:I[z,]:[z,].Thus:c’:Zy’:lso z}:B[ﬂ:[g‘ 4H7]:
Y Y Y L v 1 4 -3 1
[ 31
25 |
10 1 0 . . 2 0 |.
9(b) False.A:[O 1]andB:[0 _1}are both invertible, but A—i—B:[O 0]18 not.

(d) True. If A* =31 then A(3A4%) =1 = (3A4%)A, so A™t = 143,
(f) False. Take A = [(1] g} and B = [(1] g}ThenAB:BandB;éO,butAisnot

invertible by Theorem 5 since Ax = 0 where x =

(h) True. Since A? is invertible, let (A2)B = I. Thus A(AB) = I, so AB is the inverse of A by
Theorem 5.

10(b) We are given O~ = A, s0 C = (C~1)~! = A=, Hence C7 = (A~1)T. This also has the form
CT = (AT)~! by Theorem 4. Hence (CT)~! = AT.

11(b) If a solution x to Ax = b exists, it can be found by left multiplication by C : CAx = Cb,
Ix =Cb, x =Cb.

(i) x=Cb= [ 2 } here but x = [ (3; } is not a solution. So no solution exists.

(i) XZCb:[ 2

] in this case and this is indeed a solution.

0o -1 0 -1 -1 0 1 0
15(b) B? = = so B* = (B?)? = =1
1 0 1 0 0 -1 0 1
_ -1 0 0 -1 0o 1
Thus B-B>=1=B3B,so B! =B>=B?B = = .
0o -1 1 0 -1 0
16 We use the algorithm:
1 0 1|1 0 o 1 0 1 1 0 1 0 1 1 0
c 1 ¢|0 1 o0 — 0 | —¢ 1 — ]l 0 1 o0 —c 1
3 ¢ 2 0o 1 c -1|-3 0 1 0 0 —-1]|e2-3 — 1
-1
1 0 -2 — 1 1 0 1 -2 —c
— | 0o 1 —c 1 0 .Hence | ¢ 1 ¢ = —c 1 0 for all val-
0 0 13- ¢ -1 3 ¢ 3—c2 ¢ -1
ues of c.

18(b) Suppose column j of A consists of zeros. Then Ay = 0 where y is the column with 1 in the
position j and zeros elsewhere. If A~! exists, left multiply by A~! to get A=Ay = A0,
that is Iy = 0; a contradiction. So A~! does not exist.
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(d) If each column of A sums to 0, then xA = 0 where x is the row of 1s. If A~! exists, right
multiply by A~ to get xAA~! = 0A~!, that is xI = 0, x = 0, a contradiction. So A~! does

not exist.
2 1 -1
19(bii) Write A = | 1 1 0o |. Observe that row 1 minus row 2 minus row 3 is zero. If X =
1 0 -1

[1  —1 —1], this means XA = 0. If A~! exists, right multiply by A~! to get XAA~! =
0A~', XTI =0, X =0, a contradiction. So A~! does not exist.

20(b) If A is invertible then each power A is also invertible by Theorem 4. In particular, A # 0.
21(b) If A and B both have inverses, so also does AB (by Theorem 4). But AB = 0 has no inverse.

29. Ifa>1,thesc-expansionT:R2HR2ngiVenbyT[z} = [az} - [g 2} [z}We
Y Y Y

-1
a 0 10 .. .
have [ 0 1 ] = [ 8 ) ] , and this is an X-compression because % < 1.

24(b) The condition can be written as A(A3 + 2A% — I) = 41, whence A[5(A% + 242 —1)] = I.
By Corollary 1 of Theorem 5, A is invertible and A~ = %(Ag' +2A2% — I). Alternatively, this
follows directly by verifying that also [§(A% + 242 — I)]A = 1.

25(b) If Bx = 0 then (AB)x = 0 so x = 0 because AB is invertible. Hence B is invertible by
Theorem 5. But then A = (AB)B~! is invertible by Theorem 4 because both AB and B~!
are invertible.

26(b) As in Example 11, —B~1YA~L = —(—1)"[1 3] [ =) ] = [-13 8], so
-1 -1
3 1] o 301 0
5 2 | o = { 5 2 } 0 =
13 | -1 ~13 8] (-1)~!
2 -1 | o
-5 3 0
13 08 | -1
(d) As in Example 11, A‘lXB_lz[ ! 1] [ > 2} [2 ! ] - [ s ],so
12 10 || 11 16 -9
—1 -1
2 1 5 2 1 -14 8
R T R B [ 1] [ 16 9} -
0 0 1 -1 N [0 0 1 -1 B
0 0 1 -2 0 0} [1 2}
[ 1 1 | —1u s ]
12 16 -9
2 1
L 1 71 .

26(b) If A=! and B! exist, use block multiplication to compute

A X A"l —A-1xB-! AA~l  —AA-1XB-14+ XB-! I 0
-1 - -1 = = Iap
0 B 0 B 0 BB
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where A and B are n X n. The product in the reverse order is also s, so

1
A X | A7t —ATIXBT!
0 B o 0 B-1

28(d) If A" =0 write B=1+ A+ A2+ ...+ A" 1. Then
(I-AB=T-A)I+A+A%+. ..+ A"
=T +A+AT+ A" A AT A A"
—I—A"
=17
Similarly B(I — A) =1,s0 (I — A)~! = B.
30(b) Assume that AB and BA are both invertible. Then

AB(AB)™' =TI so AX = I where X = B(AB)™*
(BAY'BA=1s0YA=1I where Y = (BA)™'B.

But then X =IX = (YA)X =Y(AX)=YI =Y, s0o X =Y is the inverse of A.

Different Proof. The fact that AB is invertible gives A[B(AB)~1] = I. This shows that A is
invertible by the Corollary to Theorem 5. Similarly B is invertible.

31(b) If A = B then A™'B = A7'A = I. Conversely, if A='B = I left multiply by A to get
AAT'B=AI, IB= A, B = A.

32(a) Since A commutes with C, we have AC = CA. Left-multiply by A~! to get C = A~1CA.
Then right-multiply by A~ to get CA™! = A~1C. Thus A~ commutes with C' too.

33(b) The condition (AB)? = A?2B? means ABAB = AABB. Left multiplication by A~! gives
BAB = ABB, and then right multiplication by B~! yields BA = AB.

34 Assume that AB is invertible; we apply Part 2 of Theorem 5 to show that B is invertible. If
BX = 0 then left multiplication by A gives ABX = 0. Now left multiplication by (AB)~!
yields X = (AB)7!'0 = 0. Hence B is invertible by Theorem 5. But then we have A =
(AB)B~! so A is invertible by Theorem 4 (B~! and AB are both invertible).

~1
35(b) By the hint, Bx = 0 where x = | 3 | so B is not invertible by Theorem 5.

-1

36 Assume that A can be left cancelled. If Ax = 0 then Ax = A0 so x = 0 by left cancellation.
Thus A is invertible by Theorem 5. Conversely, if A is invertible, suppose that AB = AC.
Then left multiplication by A~! yields A™'AB = A~'AC, IB=1C, B=C.

38(b) Write U = I,, — 2X XT. Then U is symmetric because

Ul =1 — 2 xX")T =1, —2X"TXT =1, - 2XXT =U.
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Moreover U~! = U because (since X7 X = I,)

U? = (I, - 2XXT)(I - 2xXT)
=1I,—2XXT —oXxXT 4+ 4xXTXXT
=1, - 4XXT 4 4X1,XT
= I,.

39(b) If P2 = P then I — 2P is self-inverse because
(I —2P)(I —2P)=1—2P —2P +4P?>=1.
Conversely, if I — 2P is self-inverse then
I=(I-2P)?=1-4P +4P2
Hence 4P = 4P?; so P = P2.
41(b) If A and B are any invertible matrices (of the same size), we compute:
AV A+BBl'=A1AB ' 4+ A'BB ' =B 1+ A 1=A"1+ B

Hence A~'+ B! is invertible by Theorem 4 because each of A~!, A4+ B, and B! is invertible.
Furthermore

(A1 4B Y = [ANA+ BB = (B A+ B) (A7) = B4+ B) A

gives the desired formula.

Exercises 2.5 Elementary Matrices

1(b) Interchange rows 1 and 3 of I, E~! = E.

(d) Add (—2) times row 1 of I to row 2. E~! =

[ R R
o = O
= O O

(f) Multiply row 3 of I by 5. B! =

o O =
o = O
ul= © O

2(b) A — B is accomplished by negating row 1, so E = [ —01 g } '

(d) A — B is accomplished by subtracting row 2 from row 1, so E = [ (1] _11 ] .

(f) A — B is acomplished by interchanging rows 1 and 2, so F = [ (1] (1] } .
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3(b) The possibilities for E are o1 } , [ ko ] , [ Lo } . [ Lok } and [ Lo } . In each case
10 k 0 1 ko1
E A has a row different from C.

4. If F is Type I, EA and A differ only in the interchanged rows.
If E is of Type II, EA and A differ only in the row multiplied by a nonzero constant.
If £ is of Type II, EA and A differ only in the row to which a multiple of a row is added.

5(b) No. The zero matrix 0 is not invertible.

1 2 1|10 12 1 1 0 12 1 10
6<b)[5 12 -1 01]H|:026 -5 1]H[013 gé}
1 0 7 L2 g 10 7 12 -2 . .
— > , | soUA=R= where U = % . This matrix
o1 -3 | -3 1 0 1 -3 -5 1
U is the product of the elementary matrices used at each stage:

[ L2y
5 12 -1 ]
1
L2 F1A where B = [ Lo ]
0 2 -6 ] -5 1
1
1 2 1 1 0
0 1 -3 ] = E2E1A where E2 = [ 0 % ]
1
1 0 7 1 -2
0 1 -3 ] = E3E2E1A where E3 = [ 0 1 :|

6(d) Just as in (b), we get UA = R where R is reduced row-echelon, and

120 10 0 1 0 1 00 1 00 00 1
U=1]0 10 0t o0 0 1 0 0 10 -3 1 0 01 0|isa
00 1 0 0 1 0 -1 1 -2 0 1 0 0 1 100

product of elementary matrices.

2 -1 0|1 0|E |1 1 10 1|EB]|3 0 1|11 !
7(b)[1 11 01}_)[2—10 10] [2—10 10]’SOU_{1 ]
0 1 1
ThenElz[ O}andEgz[ 1],SOU=E2E1.
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si) | z = A
B E: ~ B4 where By = | © !
: (1) l21 ] = EyE A where Fy = j2 (1)
v [ ;l : ] = E3E2E\A where E3 = I
[; l‘ﬂ = E,E3E>F A where By = é 12:

Thus E4E3E2E1A =1so

A= (BEyE3FE,E,) 7t
_ Ef1E52E§1E21

[l s

Of course a different sequence of row operations yields a different factorization of A.

1 00 100 1 0 -3 100
(d) Analogous to (b), A=1] o 1 o 01 0 01 0 0 1 4
0 1 0 2 1 0 0 00 1

-2

10. By Theorem 3, UA = R for some invertible matrix U. Hence A = U"!'R where U~!

invertible.
)[A\I]:[32 10}H O I IR R 1]
2 1] 0 1 1 - -2 3
1 0| -1 2 .
~ | s 3| %0 U= . Hence, UA = R = I5 in this case so U = A~

Thus, r = rank A = 2 and, takmg V= Ig, UAV =UA = Is.

110 -1|1 0 0 1 1 0 -1 1 00
JIA|Il=|3 21 1]010|—|0 -11 4| -310]/[—
101 3|00 1 0 -1 1 4 | -1 0 1
10 1 3| -2 1 -2 1
01 -1 -4 -1 0 Hence, UA = R where U 3 -1 and
00 0 O -1 1 -1 1
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16.

17(b)

19(b)

22(b)

[RT | 1] = so VT =

w = O
—
o O O O
o O O =
o O = O
o = O O
= O O O
o O O =
o O = O
o O O O
|
—
N e =)
o R~ o o©
- o o ©
|
—
A = = O
o R o ©
- o o ©

=]

Hence, (UAV)T = (RV)T = VITRT = ,s0 UAV =

o O O =
o O = O
o O o o
o O =
o = O
o o O
o o

We need a sequence of elementary operations to carry [U A] to [ U 'A]. By Lemma 1
these operations can be achieved by left multiplication by elementary matrices. Observe

I UAl=[U-'U UAl=UU A]. (*)

Since U~! is invertible, it is a product of elementary matrices (Theorem 2), say U~! =
E1Es ... By, where the E; are elementary. Hence (*) shows that [I U~'A] = E1Ey ... E,[U  A],
so a sequence of k row operations carries [U A] to [I U~ 'A]. Clearly [I U~1A]is in re-
duced row-echelon form.

A~ Abecause A =TA. If A< B, let A= UB, U invertible. Then B =U"14 s0o B ~ A.
Finally if A~ B and B~ C, let A=UB and B = VC where U and V are invertible. Hence
A=UWVC)=(UV)Cso AXC.

8 0 (1] } are the matrices UA whre U is invertible. If

U= [ ¢ Z ] then UA = [ g g Z ] where b and d are not both zero (as U is invertible).

C

The matrices row-equivalent to A =

a b

Every such matrix arises — use U = [ )
- a

§2.3).

} — it is invertible as a? + b # 0 (Example 4

By Lemma 1, B = FA where F is elementary, obtained from I by multiplying row 7 by k # 0.
Hence B~! = A='E~! where E~—! is elementary, obtained from I by multiplying row i by %
But then forming the product A~'E~! is obtained by multiplying column i of A~! by %

Exercises 2.6 Matrix Transformations

1(b)

3 2 5
Write A= | 2 |,B= |0 | and X = 6 |. We are given T'(A) and T(B), and are
—1 5 —-13
asked to find T'(X). Since T is linear it is enough (by Theorem 1) to express X as a linear
combination of A and B. If we set X = rA+ sB, equating entries gives equations 3r +2s = 5,
2r = 6 and —r + 5s = —13. The (unique) solution is r = 3, s = —2, so X = 3A — 2B. Since
T is linear we have
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2(b)

Section 2.6: Matrix Transformations

1 —1 5
LetA = 1 B = ; and X = ;1 . We know T(A) and T(B); to find T(X) we
1 —4 4

express X as a linear combination of A and B, and use the assumption that T is linear. If
we write X = r A+ sB, equate entries, and solve the linear equations, we find that » = 2 and
s =—3. Hence X =2A — 3B so, since T is linear,

2
T(X)=2T(A)—3T(B)=2| 1 | -3|o|=

-3 1 -9
In R?, we have e; = and ey = [ . We are given that T'(x) = —x for each x in R?.
In particular, T'(e;) = —e and T'(e2) = —eq. Since T is linear, Theorem 2 gives

0 -1

Ofcourse,T[I]:[x]:[_x]:[_l 0 ][I]forall[l}inRz,sointhiscase
Y Y -y 0 -1 Yy y

. . . -1 0 . .
we can easily see directly that T has matrix 0 e However, sometimes Theorem 2 is

A=[T(er) T(ex)] =[-e1 —eg] = [ [ ]

necessary.

1 0 .
Let e; = [ 0 } and ey = [ ) ] . If these vectors are rotated counterclockwise through 7, some

2

V2 _2
simple trigonometry shows that T'(e;) = [ 7 } and T'(ez) = [ N ] . Since T is linear, the
3

. . _ 1| V2 2
matrix A of T'is A = [T'(e1) T'(e2)] = 3 [ B } .
0
Lete;=| 0 |,ea= |1 | andes= | o | denote the standard basis of R3. Since T : R3 —
0 0 1
R3 is reflection in the u-z-plane, we have:
T(e1) = —e; because e; is perpendicular to the u-z-plane; while

T(e2) = eg and T'(e3) = e3 because ey and es are in the u-z-plane.

-1 0 0
So A=[T(e1) T(e2) T(e3)]=[—e1 e2 e3l=1| 0 1 0
0 0 1

Since y; and y, are both in the image of T, we have y; = T'(x;) for some x; in R", and
y2 = T'(x2) for some x2 in R™. Since 7 is linear, we have

T(ax; + bxa) = aT'(x1) + bT'(x2) = ay1 + bya.

This shows that ay; + bys = T'(ax1 + bx2) is also in the image of T
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7(b) It turns out that T2 fails for T : R? — R2. T2 requires that T'(ax) = aT(x) for all x in R?
and all scalars a. But if a =2 and x = [ (1) ] then

el ) =)= Le) e e ([3]) =20 )= 2]

Note that T1 also fails for this transformation 7', as you can verify.

. T _L-ery 1 1 1 x T
8(b) WeareglvenT[y}—ﬂ__Hy}—ﬂ[_l 1}[y}forall[

] , so T is the matrix

y
1 L

transformation induced by the matrix A = \/- ! i =| V2 ¥ } By Theorem 4 we
V2 V2

recognize this as the matrix of the rotation R_=z. Hence T is rotation through 0 = —7.

(d) HereT[CE } =—+ [ Sv 6y ] =+ [ - _6} [I } for all [ N ] , 8o T' is the matrix trans-
Y 6z — 8y —6 8 Y Y

1 —8

formation induced by the matrix A = 55 . Looking at Theorem 5, we see that A

—6
is the matrix of ()_3. Hence T' = ) _3 is reflection in the line y = —3x.
T 0
10(b) Since T'is linear, wehaveT' | y | =T | y | +7 | o | . Since T is rotation about the y axis,
0 z
0 0 0
wehave T'| y | = | y | because | y | is on the y axis. Now observe that T is rotation of
0 0 0

the z-z-plane through the angle 6 from the z axis to the z axis. By Theorem 4 the effect of
T on the z-z-plane is given by

T cosf —sinf T rcosf — zsinf
H =
z sin 6 cos 6 z rsinf + zcos 6

T rcosf — zsinf
Hence T | o | = 0 , and so
z rsinf + zcos6
T 0 T 0 rcosh — zsinf
T vy = Ty | +T o=y |+ 0
z 0 z 0 rsinf 4 zcosf
xcosh — zsinf cosf 0 —siné x
= Y = 0 1 0 Y
xsin@ + zcos 0 sinf 0 cos@
cosf 0 —sinf
Hence the matrix of T is 0 1 0

sinf 0 cosf

12(b) Let Qo denote reflection in the x axis, and let R, denote rotation through 7. Then Qo has

matrix A = [ (1] _01 ] , and R; has matrix B = [ _01 _01 ] . Then R, followed by (g is the
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transformation (g o R;, and this has matrix AB = [ :)1 (1) } by Theorem 3. This is the
matrix of reflection in the y axis.

(d) Let Qo denote reflection in the z axis, and let Rz denote rotation through 7. Then Qo has

1 0

matrix A = [
0 -1

] , and R% has matrix B = [ (1] _01 ] . Then Qg followed by R% is the

transformation Rz o o, and this has matrix BA = 0 (1) ] by Theorem 3. This is the

matrix of reflection @)1 in the line with equation y = .

(f) Let Qo denote reflection in the x axis, and let ()1 denote reflection in the line y = . Then

Qo has matrix A = [ (1] _01 ] , and @)1 has matrix B = [ (1] (1) ] . Then g followed by @ is

0

the transformation @1 o QQg, and this has matrix BA = :)1 } by Theorem 3. This is the

matrix of rotation Rz about the origin through the angle 7.
13(b) Since R has matrix A, we have R(x) = Ax for all x in R". By the definition of 7" we have
T(x) = a R(x) = a(Ax) = (ad)x
for all x in R™. This shows that the matrix of 7" is a A.
14(b) We use Axiom T2: T(—x) =T[(-1)x] = (-1) T(x) = —T'(x).
17(b) The matrix of T is B, so T'(x) = Bx for all x in R™. Let B? = I. Then
T?(x) = T[T(x)] = B[Bx] = B*x = Ix = x = Ip2(x) for all x in R™.

Hence T? = 1g» since they have the same effect on every column x.

Conversely, if 7% = 1g» then
B%*x = B(Bx) = T(T(x)) = T?(x) = 1g2(x) = x = Ix for all x in R™.
This implies that B2 = I by Theorem 5 §2.2.

0 0 1 0 -1 0 -1

) ) and ,
-1 10 -1 0 10
respectively. We use Theorem 3 repeatedly: If S has matrix A and 7" has matrix B then SoT

has matrix AB.

18 The matrices of Qq, 1, Q-1 and R% are

(b) The matrix of Q1 o Q is [ ? ; ] [ ; i)l } = [ 0 :)1 } , which is the matrix of Rx.

(d) The matrix of Qoo Rz is [ ; 701 } [ (1) :)1 ] = [ 0 :)1 } which is the matrix of Q_;.

19(b) We have P, [Qm(x)] = P (x) for all x in R? because Q,(x) lies on the line y = max. This
means Py, o Q., = Pp.
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20 To see that T is linear, write x = [z1 @2 -+ 2] andy = [y1 2 -+ yn]?. Then:

22(b)

T(x+y) = T([z1+y1 z24y2 - Tn+yn))
= (@+uy)+@2+y2) +- -+ (Tn+yn)
= @1+t zn)+ @1yt )
= T +T(y),
T(ax) = T([lax1 axg -+ az,]h)
= axri+axg+---+axy,
= a(xy +xo+ -+ 1)
= aT(x).
Hence T is linear, so its matrix is A = [T'(e1) T'(e2) --- T(ey)]=[1 1 --- 1] by Theorem 2.

Note that this can be seen directly because

1 1
x2 )
T .  |=21++z,=[11 1]
Tn Tn
so we see immediately that 7" is the matrix transformation induced by [1 1 --- 1]. Note that

this also shows that T is linear, and so avoids the tedious verification above.

Suppose that T : R™ — R is linear. Let ey, eg, - -- , e, be the standard basis of R", and write
T(ej) = wj for each j = 1,2,--- ,n. Note that each w; is in R. As T is linear, Theorem 2
asserts that 7" has matrix A = [T'(e;) T(e2) --- T(e,)] = [w1 wa -+ wy,]|. Hence, given
1
T2
X = ) in R™, we have
Tn
z1
X
T(x) = Ax = [wy wy -+ wy] ‘2 = wix] + weko + -+ - + Wpx, = W X = Ty (x) for
Tn
all X in R® where w = [w; ws --- wy,]T. This means that 7' = T,. This can also be

seen without Theorem 2: We have x = x1e1 + x0€2 + - - - + €, S0, since T is linear,

T(X) = T(xie1+x2eg+ -+ zp€p)
= x1T(e1) + x2T(e2) + -+ x,T(ey)
= z1W1 + T2wW2 + -+ + TpW,
= wex
= Tw(x).
for all x in R". Thus T = T.
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24(b) Given linear transformations R" L R™ 5 RE we are to show that (SoT)(ax) =a(SoT)(x)
for all x in R™ and all scalars a. The proof is a straight forward computation:

(SoT)(ax) = S[T(ax)] Definition of So T
= SlaT(x)] T is linear
= a[S[T(x)]] S is linear
= al[(SoT)(x)]. Definition of So T

Exercises 2.7 LU-factorization

2 4 1 2 1 2 1 1 2 1
1(b) 1| -1 3 — 1 -1 3 — | of-3] 2 — |0 1 -2 | =U. Hence
—1 7 -7 —1 7 -7 9 —6 0 0 0
2 0 0
A = LU where U is above and L = 1 -3
-1 9 1
-1 -3 1 0 -1 1 3 -1 o0 1 1 3 -1 0 1
1 4 1 1 0 2 1 0 01 2 1 0
(d) — — =U.
1 2 -3 -1 of-1]-2 -1 o0 0 0 0 0
0o |-2 -4 -2 o0 of-2|-4 -2 o0 0 0 0 0
-1 0 0 0
. 1 1 0 0
Hence A = LU where U is as above and L = . Lo
0 -2 0 1
2 2 -2 4 2 1 1 -1 2 1 11 -1 2 1
- - 01 -1 0 o
() 1 1 0 2 1 |0 21 0 o . : —U
3/ 1 -2 6 3 0|l -2|1 0 o0 00 0 0 O
113 -2 2 1 0|l 2 | -1 0 o0 00 0 0 O
2 0 0 0
. 1 -2 0 0
Hence A = LU where U is above and L = 5 1 o
1 2 0 1
2(b) The reduction to row-echelon form requires two row interchanges:
-1 -1 -1 2 1
4 | — 0 4 | — 0o -1 2| —
-1 1 -1 1 0

The elementary matrices corresponding (in order) to the interchanges are
1 0 0 01 0 0 0 1

Ph=]l0o 0o 1|andP=]|1 0 0 |,sotake P=PFPP,=|1 0 o0
01 0 00 1 01 0
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We apply the LU-algorithm to PA:

41

1| 2 2 1 1 -2 -1 1 -2 -1
PA = 1 2 | —= o] =1] 2 —-1]l0o 1 —2 | =0 1 —2|=U
0 4 ol o] 4 0 0 0 0 1
-1 0 0
Hence PA = LU where U is as above and L = 0 -1 0
0 0 4

-1 -2 3 0 1 2 -3 0 1 2 -3 0
2 4 -6 5 0 0 0 5 00 0 5
— —
1 1 -1 3 0 -1 2 3 01 -2 -3
2 5 —10 1 0 1 -4 1 00 -2 4
1 2 -3 0 1 2 -3 0
01 —2 -3 01 —2 -3
— —
00 0 5 00 —2 4
00 —2 4 00 0 5
The elementary matrices corresponding (in order) to the interchanges are
1 00 0 100 0 1 00 0
00 1 0 01 0 0 01 0
P1: and P2: SOP:P2P1:
01 0 0 00 0 1 00 0 1
00 0 1 00 1 0 01 0 0
We apply the LU-algorithm to PA:
-1 -2 3 o0 1 2 -3 0 1 2 -3 0
pA— |l ! -1 3 ol 3 o1 2 -3
2 -10 1 0| 1 | -4 1 0 of -2 4
2 -6 5 0| o 5 0o of o ]
1 2 -3 0 1 2 -3 0
9 01 -2 -3
o1 2 -3 . —U
00 1 -2 00 1 -2
0 0 0 00 0 1
1 0 0 0]
. . 1 0 0
Hence PA = LU where U is as above and L = . s o
0o 0 5
T1 i
2 0 0 11 0 -1 i
. X
Write L =| 1 3 0|, U=1]010 1 |,X = *1,Y = | » |. The sys-
X
1 2 1 00 0 0 3 va
T4
tem LY = Bis 2y = —2 and we solve this by forward substitu-
y1 + 3y2 = -1
-1+ 2y2 + y3 = 1
tion: 1y = —1, yo = %(—1 —11) =0, y3 = 14+ y1 —2ys = 0. The system UX =Y
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is x1 + 22 — x4 = —1 and we solve this by back substitution: x4 = t, x3 = 5,
To + x4 = 0
0 = 0
To=—x4=—t,x1=—-14+24—13=—1+4 2t
8 — 2t
Analogous to (b). The solution is: y = _81 , X = _61__tt , t arbitrary
0 t

. If the rows in question are R; and Rz, they can be interchanged thus:

FA R R R R A

— — — — .

Ro Ro —R1 —R Ry

Let A = LU = L1U; be LU-factorizations of the invertible matrix A. Then U and U; have
no row of zeros so (being row-echelon) are upper triangular with 1’s on the main diagonal.

Thus L 'L = UU~! is both lower triangular (L;'L) and upper triangular (U;U~!) and so is
diagonal. But it has 1’s on the diagonal (U; and U do) so it is I. Hence Ly = L and Uy = U.

We proceed by induction on n where A and B are n X n. It is clear if n = 1. In general,

b
write A = [ o 0 ] and B = where A; and Bjp are lower triangular. Then
X A Y B
ab
AB = by Theorem 4 §2.2, and A; By is upper triangular by induction.

Xb+AY AiB
Hence AB is upper triangular.

Let A = LU = L1U; be two such factorizations. Then UU; L' — L='Ly; write this matrix as
D= UUl_1 = L7 'Ly. Then D is lower triangular (apply Lemma 1 to D = L~!L;), and D is
also upper triangular (consider UU; 1). Hence D is diagonal, and so D = I because L~! and
Liare unit triangular. Since A = LU, this completes the proof.

Exercises 2.8 An Application to Input-Output Economic

Models

5 0 -5 10 -1 1 0 -1
I-F=| -1 1 -2|—>1]0 1 -3|—1]0 1 =3 |.Theequilibrium price struc-
-4 -1 7 0 -1 3 00 0

ture P is the solution to (I — E)P = 0; the general solution is P = [t 3t t]T.

5 0 -1 -1 1 —2 2 1 2 —2 2
—.2 3 0 —.1 5 -1 -1 0 -10 9 —11
—F = — —
-1 -2 2 —.2 —2 3 0 —1 0 7 —4 3
-2 -1 -1 4 -2 -1 -1 4 0 3 —5 8

Now add 3 times row 4 to row 2 to get:
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9(b)

(d)

e[ 7] |

1 2 -2 2 1 0 —14 28 1 0 -14 28 100 -3
0 -1 -6 13 01 6 —13 01 6 —13 0 1 0 -4
_ N — 2 |, The
0 7 -4 3 0 0 —46 94 o0 1 -3 0 0 1 -4
0 3 -5 8 0 0 —23 47 0 0 0 0 00 0 ©
equilibrium price structure p is the solution to (I — E)p = 0. The solution is
p = [14¢ 17t 47t 23t]T.
0 0 1
Here the input-output matrixis E= | 1 0 0 | so we get
0 1 0
1 0 -1 ] 1 0 -1 10 -1
I-F=| -1 1 o |—]0o 1 -1|—=1]0 1 -1 [.Thusthesolutionto (I —F)p
0 -1 1 0 -1 1 0 0 0

is p1 = py = p3 = t. Thus all three industries produce the same output.

1—a —b l1—a -b . o1 . .
o 0 } so the possible equilibrium price structures are

—14+a b

p= [ a " . ] , t arbitrary. This is nonzero for some ¢ unless b = 0 and a = 1, and in that
—a

1 . . . " b o
case p = [ | isa solution. If the entries of A are positive then p = [ . } has positive

entries.
: 4 .8 _1 5|8 8
One such example is F = , because (I — E)™" = —3 .
72 76
IfE = [ “ Z} then I -E=|'"" 1‘_bd . We have det(I — E) = (1 — a)(1 — d) — be =

l1—(a+d)+ (ad—bc) =1—trE+detE. If det(I — E) # 0 then Example 4 §2.3 gives

. -1 1 1—-d b
(I E) ~ det(I-E) |: c 1-a

1so (I —E)"t>0ifdet(I — E) >0, that is if tr E < 1 + det E.

] . The entries 1 — d, b, ¢, and 1 — a are all between 0 and

3
If P=| 2 | then P > EP so Theorem 2 applies.
1

N W

Ifp= then p > Ep so Theorem 2 applies.

[\

Exercises 2.9 An Application to Markov Chains

1(b) Not regular. Every power of P has the (1,2)- and (3, 2)-entries zero.

1 _
2(b) I - P = [ 2 11} — [1 2} so (I — P)s = 0 has solutions s = [it}The entries

1
i 0 0

ofssumtolift:%,sos:

wl— win

. . 1
] is the steady state vector. Given sg = [ 0 ] , We
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get s1 = Psyp =

Nl b=

,SQZP51|:

transitions with probability %.

ENTEEN Y
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:|aS3:P52:[

oo|w cojut

} . So it is in state 2 after three

6 —1 -5 1 -2 1 1 0 -1
I-P=| -2 4 -2|—|0 11 -11|—]|0 1 —-1]|so(l—P)s=0 has solution
| -4 -3 7 0 -11 11 00 0
: !
s = | ¢ | . The entries sum to 1 if ¢ = £ so the steady state vector is s = | 1 | . Given
b 5
1 4 38 350
sop=1|0|,s1=Psp=| 2 |,s2=Ps;=| 28 |,s3=Psyg=| 312 |.Henceitisin
0 4 34 338
state 2 after three transitions with probability .312.
9 -3 -3 1 -3 2 1o -3
I-P=|-3 9 -6|—|0 24 -21|—]0 1 -I |, so(/—P)s=0hassolution
-6 —6 .9 0 -24 21 00 0
5¢ =
s= | 7t | . The entries sum to 1 if ¢ = 55 so the steady state vector is s = | L |. Given
8t 2_80
1 1 28 244
sop=|0|,s1=Psg=| 3 |,sy9=PFPs;=| 42 |,s3=Ps; = | 306 |.Henceitisin
0 6 30 450

state 2 after three transitions with probability .306.

71
The transition matrix is P = | .1 8 .3 | where the columns (and rows) represent the
2 1 6

upper, middle and lower classes respectively and, for example, the last column asserts that,
for children of lower class people, 10% become upper class, 30% become middle class and 60%

3 -1 -1 1 -2 3 10 -1
remain lower class. Hence ] - P = | -1 2 -3 | — [0 5 -10| — [0 1 -2
-2 -1 -4 0 -5 10 00 0
t p
Thus the general solution to (I — P)s =0iss= | 2t |,sos = | 1 | is the steady state
t i

solution. Eventually, upper, middle and lower classes will comprise 25%, 50% and 25% of this
society respectively.

. Let States 1 and 2 be “late” and “on time” respectively. Then the transition matrix in

P:

win wi=

. Here column 1 describes what happens if he was late one day: the two entries

NI =

sum to 1 and the top entry is twice the bottom entry by the information we are given. Column

2 is determined similarly. Now if Monday is the initial state, we are given that sy = [

Hence s; = Psg = v

and on time Wednesdays are

NN

|

] . Hence the probabilities that he is late

v
16
9

ool oolwo

16
9 .
and 7 respectively.

]andszzPslz[

7
16
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8. Let the states be the five compartments. Since each tunnel entry is equally likely,

1 1 1
0 2 5 0 3
1 1
100 L o0
P=|1o 21}
1 1 2
03 5 1 0
1 1
10 L oo
(a) Since he starts in compartment 1,
1 0 % 7_75
1 23
0 3 0 120
So = 0 ,81=PS()= % ,SQZPS;[: % ,SgZPSQZ %
7 53
0 0 30 300
0 3 i 50

Hence the probability that he is in compartment 1 after three moves is 7—75
(b) The steady state vector S satisfies (I — P)s = 0. As

1 -2 -t 0o -3 1 00 o0 -3

-+ 1 0 -1 0 01 0 0 -1
_ — 1 3 1 1 5
I-P)=| -+ o ¢ -1 1 ft—-10010 -3

o -+ -1 1 9 000 1 -

1 1

0 -t o 1 00 00 O

3
2

so the steady state is s =z | 5 | . Hence, in the long run, he spends most of his time
4
2

in compartment 3 (in fact &% of his time).

l-p ¢ 1 |a| _ 1 | OA=pataer | _ 1 | 4 . . 1 | a
12(a) [ o 1oq | T, _p+q|:pq+(1q)p:| —p+q[p].Slncetheentrlesofpﬂ[p]
add to 1, it is the steady state vector.

(b) If m=1

1 ¢ 4| lpq| P 0| _ 1 q+p-p*—pqg q—q+pg+*
ptq Pre | —p ¢ PTe4| p—p_p*+ps p+a—pa—q*
_ 1 (p+9)(1-p) (p+ g

ptq P+ap  (+a1-q)

In general, write X = [ ¢ } and Y = [ b } . Then PX = X and

P p - q
— : _ 1 (I=p—g)™
PY =(1—-p—q)Y. Hence if P = =X + ~—"-2=Y for some m > 1, then

Pm+1 — ppm — LPX + (lfp*(I)mPY

T ptg ptq
_ 1 (A—p—)™
=Xt (-p—aY
_ 1 X + (1*p*Q)m+1Y.

T ptg p+q
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Hence the formula holds for all m > 1 by induction.

Now O <p<land0<g<1limply0 < p+q < 2,s0that —1 < (p+g—1) < 1. Multiplying
through by —1 gives 1 > (1 —p—¢q) > —1, so (1 — p — q)™ converges to zero as m increases.

Supplementary Exercises Chapter 2

2(b) We have 0 = p(U) = U3 —5U2+11U — 41 so that U(U?—5U 4 111) = 41 = (U? —5U +111)U.
Hence U~! = (U2 — 5U + 111).

4(b) If xp, = Xy, then y = k(y — z) =y + m(y — z), whence (k —m)(y — z) = 0. But the matrix
y —z # 0 (because y # z) so k —m = 0 by Example 7 §2.1.

6(d) Using (c), IpgAlLs = D71y > 7y @ijlpglijIrs. Now (b) shows that IplijIs = 0 unless i = ¢
and j = r, when it equals I,,;. Hence the double sum for I,,;AI,s has only one nonzero term

— the one for which 7 = ¢, j = r. Hence I)jAlL.s = agIps.

7(b) If n =1 it is clear. If n > 1, Exercise 6(d) gives
tgrDps = IpgAlLg = Iyl s A

because Al,; = I,;A. Hence ag = 0 if ¢ # r by Exercise 6(b). If r = g then agqlps = IpsA is
the same for each value of q. Hence a11 = ag2 = -+ = anp, s0 A is a scalar matrix.
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Chapter 3: Determinants and Diagonalization

Exercises 3.1 The Cofactor Expansion

If A is a square matrix, we write det A = |A| for convenience.

1(b) Take 3 out of row 1, then subtract 4 times row 1 from row 2:

6 9| 412 3| _4 _0
8 12 8 12
(d) Subtract row 2 from row 1: A . ‘:(a—l)—a:—l
a a—1 a a-—1

(f) Subtract 2 times row 2 from row 1, then expand along row 2:

2 0 -3 0 -4 -13 4 13
12 5 [=[1 2 5 :—‘__ = -39
30
03 0 0 3 0
0 a O b
(h) Expand along row 1: | b ¢ d | =—a o ‘ =—a(0)=0
0 e O

(j) Expand along row 1:

= —a(—bc) + b(ac) = 2abc

0 a b 0
a
a 0 ¢ |=—a ‘*Fb‘
b ¢
b ¢ O

C
0
(I) Subtract multiples of row 1 from rows 2, 3 and 4, then expand along column 1:
2
=10
1

-3

0
2 2
0
1 12

O = O =

0
2 0 -2
0
1

o O O =

4 -1 3 -1 0 -9 7 -5
-9 7 -5

3.1 0 0 -5 3 -1
= =—| -5 3 -1

0o 1 2 0o 1 2 2
12 2

1 2 -1 1 1 2 -1 1

3.1 0 0 2 13 25 13 1 -5
=—]0 13 9 |= = =—(—-9465) = —56
0o 1 2 13 9 13 9
12 2
12 -1

(p) Keep expanding along row 1:
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S}

P
k

u

-1

2 5
-3 -9
16 46
5 21

0 0
0 b
0 ¢ gq
d s t
—1 3 1
5b) | 2 5 3 |=
-2 1
2 3 1 1
0o 2 -1 3
(d)
0 5 1 1
1 1 2 5
1 1
0 1
0 O
0 O

6(b) Subtract row 1 from row2:

0 b
0 ¢
—a v oq | =—a <b J ) = —ab(—cd) = abcd.
S
s t
3 1 -1 3 1 -1 3
11 = — 1 =—| 0 1
1 11 0 —17
11 2 5 1 1 2 11
0 2 -1 3| 02 -1 3| |01
05 1 1] o5 1 1| |0 5
2 3 1 1 01 -3 -9 0 2
11 2 5
01 -3 -9
= = 106
00 1 -17
0 0 0 106
a b c a b
a+b 2b c+b|=|Db b
2 2 2 2 2

-17

c
b | = 0 by Theorem 2(4).
2

49

7(b) Take —2 and 3 out of rows 1 and 2, then subtract row 3 from row 2, then take 2 out of row 2:

—2a —2b
2p+x 29+vy
3z 3y

=—6

8(b) First add rows 2 and 3 to row 1:

2a+p
2p+x
2x+a

2b+¢q
29 +y
2y +b
a+p+x
2p+x
2 +a

Now subtract row 1 from rows 2

3b4+3q9+3y 3c+3r+3z

2r 4+ z
2z4c¢

—2c a b c
2r+z | =—6| 2p+az 2q+y 2r+:z
3z T Y z

a b c a b c
2p 2q 2r =12 p q T =12
x Yy oz T y =z
2c+r 3a+ 3p + 3z
2r+z | = 2p+x 29+ vy
2z 4c 2r +a 2y+0b
b+q+y cH+r+z
29+ y 2r 4+ z
2y+b 2z+c¢

c+r+z 3z 3y
r—c =3| p—a q—0b
z—r r—p y—gq

3z
r—c

zZ—T

Next take 3 out of row 1, and then add row 3 to row2, to get

at+p+ax b+qg+y

=3 p—a qg—2>
T —p Yy—q

T Y z

=9 p—a q—b r—c
- —q -

T Y z
=9 —a b -—¢
-p —q -r

Now use row interchanges and common row factors to get

and 3, and then add row 2 plus twice row 3 to row 1, to get
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-p —q -r —a —-b —c a b c
=—9| @a b —<|=9| p —q —r|=9|p q r
T Y z T y z T Yy z

9(b) False. The matrix A = [ ; ; ] has zero determinant, but no two rows are equal.

(d) False. The reduced row-echelon form of A = [ (2) (1) ] is R= [ (1] (1] } , but det A = 2 while
det R = 1.

1

(f) False. A= [ o i ] ,det A =1=det AT,

(h) False. IfA:[1 1]andB:[1
0 1 1

that det A = det AT holds for every square matrix A.

(1) } then det A = det B = 1. In fact, it is a theorem

10(b) Partition the matrix as follows and use Theorem 5:

12 0 3 0
-1 3 1 4 0 _ 2 L
0 2 1 1 :‘ -1 0 2 :5<1‘ >:5(7):35
-1 3 301
0 -1 0 2 3 0 1
0 3 0 1
11(b) Use Theorem 5 twice:
A 0 0 T4 o]
X B 0 = det Y B det C = (det Adet B)det C =2(—1)3 = —6
Y Zz c - -
A X 0 - .
(d | o B 0 = det ? ); det C' = (det Adet B)detC =2(—1)3 = —6
Y Z c - -

14(b) Follow the Hint, take out the common factor in row 1, subtract multiples of column 1 from
columns 2 and 3, and expand along row 1:

z—1 -3 1 r—2 -2 x-2 1 1 1
det| 2 -1 z-1|=]| 2 -1 z-1|=(x—-2)] 2 -1 z-1
-3 z4+2 -2 -3 z+2 -2 -3 z+2 -2
10 0 5 5
3 oz
:(IE*Q) 2 -3 z-3 :(;L'— )
T+5 1
-3 x+5 1

= (z —2)[-2? — 22 +12] = —(z — 2)(2? + 2z — 12),

-1

15(b) If we expand along column 2, the coefficient of z is — ' i =—(6+4+1)=-7.Soc=—T.

16(b) Compute det A by adding multiples of row 1 to rows 2 and 3, and then expanding along
column 1:
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21

24.

1 T x 1 T x 2, 2
detA=| -z -2 T =0 22-2 22+ | = z2 a:z N

—x —xr -3 0 22—z 2x22-3 wow w3
=(22-2)(2%2-3) - (2?2 +2)(2% —2) = (z* — 522 +6) —2%(2? — 1) = 6 — 422
Hence det A = 0 means x2:%:g,sox::t3§.

Expand along column 1, and use Theorem 4:

z y 0 0
0 0 z y O y 0 0
detA=| " =20 2 y|—yla y 0|=z-2%—y- -y
vy 0 0 = 0 = vy
y 0 0 =z
=zt —yt = (2® —y?)(@® + ¢*) = (2 —y) (@ + y) (= + *).

Hence det A=0means r =y or v = —y (22 +y>=0onlyif z =y =0).

x1 n

T2 Y2 ..
Let x = oy = ] ,andA:[cl --v x+y --- ¢, | where x +y is in

Tn Un

column j. Expanding det A along column j we obtain

T(x+y)=det A=31, (w + yi)cij(A)
=iy micij(A) + 21 vicij(A)
=T(x)+T(y).

where the determinant at the second step is expanded along column 1. Similarly, T'(ax) =
aT (x) for any scalar a.

Suppose A is n x n. B can be found from A by interchanging the following pairs of columns:
land n, 2 and n —1,... . There are two cases according as n is even or odd:

Case 1. n = 2k. Then we interchange columns 1 and n, 2 and n — 1, ...,k and £+ 1, k
interchanges in all. Thus det B = (—1)* det A in this case.

Case 2. n = 2k + 1. Now we interchange columns 1 and n, 2 and n — 1, ... ,k and k + 2,
leaving column k fixed. Again k interchanges are used so det B = (—1)* det A.

Thus in both cases: det B = (—1)* det A where A is n x n and n = 2k or n = 2k + 1.

Remark: Observe that, in each case, k and 4n(n— 1) are both even or both odd, so (—1)F =
(—1)%”(”*1). Hence, if A is n x n, we have det B = (—1)%"("71) det A.
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Exercises 3.2 Determinants and Matrix Inverses
[ |1 o B 0 3 1 | ]
-1 1 1 0 -1
12 12 1 -1 b s
1(b) The cofactor matrix is —‘ - - - =] -1 1 1
-1 1 0 1 0 -1
-2 6 4
~-1 2 _ 1 1 -1
|1 o 3.0 3 01 | |
1 -1 -2
The adjugate is the transpose of the cofactor matrix: adj A= | -3 1 6
-3 1 4

(d) In computing the cofactor matrix, we use the fact that det [%M ] = %det Mfor any 2 x 2
matrix M. Thus the cofactor matrix is

-1 o2 ]2 o2 Jl2 -1
o1 2 -1 9 -1 912 2
2 12 1 2 30 -2
1 1| 1| = 1 1
-1 1 1 ==z -3 =z 2 =
o -1 ° 2 -1 ol 2 2 9 3
6 -3 2 2 -1
i 2 2 -2 g2
| % -1 2 ol 2 2 Sl 2 -1 ]
-1 2 2
The adjugate is the transpose of the cofactor matrix: adj A = % 2 -1 2 |.Note that
2 2 -1

the cofactor matrix is symmetric here. Note also that the adjugate actually equals the original
matrix in this case.

2(b) We compute the determinant by first adding column 3 to column 2:

0 c —c 0 0 —c 11
-1 2 -1|=|-11 -1]|=(—¢) o | = (—c)(—c) =c?
c —c c c 0 c ¢

This is zero if and only if ¢ = 0, so the matrix is invertible if and only if ¢ # 0.

(d) Begin by subtracting row 1 from row 3, and then subtracting column 1 from column 3:

4 ¢ 3 4 ¢ 3 4

c -1 1
c -
c 2 c¢c|=|c 2 c¢c|=|c 2 :1‘ = 2.
2 0
5 ¢ 4 1 0 1 1 0

This is nonzero for all values of ¢, so the matrix is invertible for all c.

(f) Begin by subtracting ¢ times row 1 from row 2:

1 ¢ -1 1 c —1
1-c2 14c¢ 14+e)(1—¢) 1+4c¢c
c 1 1 |=|0 1-¢c 1+4c |= =
1 c 1 c
0 1 c 0 1 c
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Now take the common factor (1 + ¢) out of row 1:

1 ¢ -1
c1 1 =0+ T =+l -0 -1 =—-(1+)(E—c+1)=—(+1).
C
0 1 c
This is zero if and only if ¢ = —1 (the roots of ¢ — ¢ + 1 are not real). Hence the matrix is

invertible if and only if ¢ # —1.

det(B2C~*AB~1CT) = det B2det C~!'det Adet B~*det CT
= (det B)’gis det Agdp detC
= detBdetA
= -2

det(A"'B71AB) = det A~' det B~'det Adet B = {1+ 5 det Adet B = 1.

Note that the following proof is wrong:

det(A"'B71AB) = det(A'AB™1B) = det(I - I) = det [ = 1.
The reason is that A~'B~1AB may not equal A~'AB~!B because B~!'A need not equal
AB™1

Since C is 3 x 3, the same is true for C~1, so det(2071) = 2% . det C~1 = ;2. Now we
compute det C by taking 2 and 3 out of columns 2 and 3, subtracting column 3 from column
2:

2p —a+4+u 3u p —a+u u p —a u
detC = 2¢ —-b+v 3v |=6|q —-b+v v |=6|q¢ —-b w
2r —c+w 3w r —c+w w r —c w

Now take —1 from column 2, interchange columns 1 and 2, and apply Theorem 3:

p a u a p u a b ¢
detC' = —6 qg b w =6|0» q v =6 p q r =6-3=18.
r oc w c r ow U vow

Finally det 20! = de%C’ = 1% = %_

Begin by subtracting row 2 from row 3, and then expand along column 2:

2 0 4d 26 0 4d b ad b g b4
12 -2 =11 2 —2|=2 =4 =8
a 2c a 2c a c
a+1l 2 2(c—1) a 0 2
Interchange rows and use Theorem 3, to get
a b
= -8 = -8 =-8(-2)=16
c d
’ 9 4 3 9
3 4 —11 — 11’ 3 4 —11 11
2 -1 2 -1
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(d) The coefficient matrix has determinant:

4 -1 3 0 -1 0 s
6 2 -1|=|14 2 5 |=—(-1) =179
15 11
3 3 2 15 3 11
Hence Cramer’s rule gives
1 -1 3 1 -1 3 Y,
_ 1 _ 1 _ 1 -1 12
T=79| 0 -1 79 2 =T, 5 |T
-1 2 2 5
3 4 3 6 1
=1 = 1 S = 37
Y=g 0 -l 79 | © =77, 5 [T
-1 2 7 5
-1 1 -1 1 )
— 1 =1 =1 - _2
Z=79 0 1 =79 2 01 =7 o | = "7
3 -1 2 0
9(b) A7t = adj A= o [Ci;]7 where [Cy;] is the cofactor matrix. Hence the (2,3)-entry of
L 12 -1 12 -1
1.1 _ B T _ _ _ _
A" s 577032 Now Csp = ' s 1 | = 4. SincedetA=|3 1 1 |=|0 -5 =
0 4 7 0 4

= —51, the (2,3) entry of A™! is _*—;1 5441,

-5 4
4 7

10(b) If A%2 = I then det A% = det I = 1, that is (det A)? = 1. Hence det A = 1 or det A = —1.

(d) If PA = P, P invertible, then det PA = det P, that is det P det A = det P. Since det P # 0
(as P is invertible), this gives det A = 1.

(f) If A= —AT, Ais n x n, then AT is also n x n so, using Theorem 3 §3.1 and Theorem 3,
det A = det(—AT) = det[(—1)AT] = (—1)"det AT = (—1)"det A.

If n is even this is det A = det A and so gives no information about det A. But if n is odd it
reads det A = —det A, so det A = 0 in this case.

15. Write d = det A, and let C denote the cofactor matrix of A. Here
AT = A1 = éade = %C’T.

Take transposes to get A = éC, whence C' = dA.

0 c —c
19(b) Write A= | -1 2 -1 | . Then det A = ¢? (Exercise 2) and the cofactor matrix is
C —C C
! -1 -1 -1 2 |
—C C C (& C —C
0 0 c 0 -—c
C —C —C C
[Cz]] —' — = 0 2 ¢2
—C C (& C (& —C
C C C
—c 0 —c 0 ¢
i -1 -1 -1 -1 2| |
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Honce A1 = hradi A= [0 =% | o0

4 ¢ 3
(d) Write A= | ¢ 2 ¢ |.Then det A =2 (Exercise 2) and the cofactor matrix is
5 ¢ 4
[ 2 ¢ c c 2 i
c 4 5 4 5 ¢
3 4 4 8—c2 ¢ -10
C (&
[CZJ] — — = —c 1 c
c 4 5 5 ¢
2-6 —c 8-c?
3 4 3 4
(& (& C (&
8—c2 —c 2-6
A 1 a1 T 1
Hence A™" = 55adj A= 5[Cy]" =5 c 1 —c

1 ¢ -1
(f) Write A= | ¢ 1 1
0 1 c
is real). The cofactor matrix is
1 1 c 1 c 1
1 ¢ 0 ¢ 0 1
c -1 1 -1 1 ¢
C..l=1| - _ =
(il 1 ¢ 0 ¢ 0 1
c -1 1 -1 1 ¢
1 1 c 1 c 1
c—1
-1 _ _1 cA =1 T =1 9
Hence A7 = g5adj A = ) Ci;]" = | ¢
C
l—¢c 2+1 —c—1
:03—11 2 —¢  c¢+1 |, where c# —1.
—c 1 -1

c—1
—(?+1)
c+1

—(c+1)

. Then det A = —(c® + 1) (Exercise 2) so det A = 0 means ¢ # —1 (c

—c c
c —1
—(1+c) 1-¢c2
c+1
—(c+1)
1—¢?

20(b) True. Write d = det A, so that d- A~ = adj A. Since adj A = A~! by hypothesis, this gives
d A7t = A7L that is (d — 1)A~! = 0. It follows that d = 1 because A~! # 0 (see Example 7

§2.1).

(d) True. Since AB = AC we get A(B — C) = 0. As A is invertible, this means B = C. More
precisely, left multiply by A~! to get A~'A(B — C) = A710 = 0; that is I(B — C) = 0; that
isB—C=0,s0 B=C.

(f) False. If A =

1 1 1
1 1 1
1 1 1

then adj A = 0. However A # 0.
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[y

1
0 O

0 -1

(h) False. If A= ] then adj A = [ 0 1 } , and this has no row of zeros.

-1

(j) False. If A = 11 ] then det(/ + A) = —1 but 1 +det A = 1.

1
0

1

(1) False. If A = o

1]thendetA:1,butade:[ _11]7&A.

22(b) If p(x) = 7o + riw + r222, the conditions give linear equations for rq, r1 and ro :

70 = p0) = 5
o + m + re = p(l) = 3
ro + 2r1 4+ drp = p(2) = 5

The solution is rg = 5, r1 = —4, 1o = 2, so p(z) = 5 — 4z + 222

23(b) If p(x) = 79 + r1x + r22? + r323, the conditions give linear equations for 7o, 71, 72 and 73 :

To = p(0) = 1
o + o+ o2+ omgo= p(1) = 1
o — .+ r2 — r3 = p(-1) = 2
ro — 2r1 + 4rp — 8r3 p(—2) = -3

The solution is rg =1, r; = %5, ro = %, r3 = %7 sop(r)=1-— %x—i— %332 + %x3.

24(b) If p(x) = 79 + riw + m22? + r323, the conditions give linear equations for rg, 71, 72 and r3 :

To = p(0) = 1

ro + r 4+ rpg + r3 = p(l) = 149

ro + 2r1 + 4ra + 8rs3 = p(2) = —-0.42

ro + 3r1 + 9o + 27rs = p(3) = -—-11.33
The solution is rg = 1, r; = —0.51, ro = 2.1, r3 = —1.1, so

p(z) =1—-051z + 2.12% — 1.123.
The estimate for the value of y corresponding to x = 1.5 is
y = p(1.5) =1 —0.51(1.5) + 2.1(1.5)*> — 1.1(1.5)> = 1.25
to two decimals.

26(b) Let A be an upper triangular, invertible, n x n matrix. We use induction on n. If n =1

a X
it is clear (every 1 x 1 matrix is upper triangular). If n > 1 write A = and
0 B
L ey
A7 = in block form. Then
Z C

_Aa-t ab+XZ aY +XC
0 I BZ BC
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28.

34(b)

So BC =1, BZ =0. Thus C = B~! is upper triangular by induction (B is upper triangular

b Y
because A is) and BZ = 0 gives Z = 0 because B is invertible. Hence A~! = is
0 C
upper triangular.
3.0 1
Write d = det A. Then & = det(A™') =det | 0 2 3 | =—21. Hence d = 5. By Theorem
3.1 -1

4, we have A-adj A =dl, soadjA=A"Y(d]) =dA™t = F

w o w
= N O
w

Write d = det A so det A1 = é. Now the adjugate for A~! gives
A MadjA™) =11

Take inverses to get (adj A~!)"1A = dI. But dI = (adj A)A by the adjugate formula for A.
Hence
(adj A1) 71 A = (adj A) A.

Since A is invertible, we get [adj Ail]fl = adj A, and the result follows by taking inverses
again.

The adjugate formula gives
AB adj(AB) =det AB-I =det A-detB - I.
On the other hand

AB adj B -adj A = Al(det B)I]adj A
=A-adjA- (det B)I
= (det A)I - (det B)I
=det Adet B - I.

Thus AB adj (AB) = AB - adj B - adj A, and the result follows because AB is invertible.

Exercises 3.3 Diagonalization and Eigenvalues

1(b)

T —2 4
1 z+1
Ao = —2. Take these values for = in the matrix I — A for c4(x):

4
)\1:32 |:14:|H|:14:|;X1:
1 4 0 0 -1
_ _ 1
)\2:*2: |: 4 4:|H|i1 1:|;X2:
1 -1 0 0 1

So P=[x1 xo]= [ —41 1} has P~1AP =

ca(z) = =122 -2 — 6 = (v — 3)(z + 2); hence the eigenvalues are \; = 3, and

0
0 -2
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(d) To compute c4(x) we first add row 1 to row 3:

r—1 -1 3 r—1 -1 3 r—1 -1 —x+4+4
calz)=| -2 =z -6 |=| -2 =z -6 |=| -2 & -4
—1 1 r—5 r—2 r —2 r —2 0 0

-1 —x+4
—(m—Z)‘ ) i

= (v — 2)[2? — 4z + 4] = (x — 2)3.

So the eigenvalue is A; = 2 of multiplicity 3. Taking x = 3 in the matrix I — A for ca(z) :

1 -1 3 1 -1 3 s—3t 1 -3
-2 2 6 — o 0 0|, X= s ; X1 = 1 , Xg9 = 0
-1 1 =3 0 0 O t 0

Hence there are not n = 3 basic eigenvectors, so A is not diagonalizable.

z -1 0
Here ca(z) = | -3 = -1 | = 23 — 32 — 2. Note that —1 is a root of ca(x) so x + 1 is a
-2 0 T

factor. Long division gives cq(z) = (x + 1)(z? —2 —2). But 22 — 2 — 2 = (v + 1)(z — 2), so
ca(z) = (z 4+ 1)%(x — 2).

Hence, the eigenvalues are Ay = —1 and Ao = 2. Substitute \; = —1 in the matrix
xl — cy(x) gives

-1 -1 0 1o 1
-3 -1 -1 | — |0 1 F |,
-2 0 -1 00 0

so the solution involves only 1 parameter. As the multiplicity of A; is 2, A is not diagonalizable
by Theorem 5. Note that this matrix and the matrix in Example 9 have the same characteristic
polynomial but the matrix in Example 9 is diagonalizable, while this one is not.

r—2 -1 -1

ca(@)=| o z-1 o |=(x-1)" 712 ;12 = (2 —1)%(z —3). Hence the eigenvalues
-1 1 z-2

are A\ = 1, Ag = 3. Take these values for x in the matrix =1 — A for c4(x):

-1 -1 -1 11 1 1 0 1 -1
A —1: 0 0 O — 10 2 0| —=|010]|;x= 0

-1 -1 0 0 0 00 0

-1 -1 1 0 -1

Ao =3: 0 2 0 — |10 1 i Xo= | 0

-1 1 1 0 0

Since n = 3 and there are only two basic eigenvectors, A is not diagonalizable.

As in Exercise 1, we find \; = 2 and Ay = —1; with corresponding eigenvectors x; =

o-[n]omng [0 ][0 )4

. . 2
Hence b; = 3 S0, as A1 is dominant, xj = bl)\]fxl = 19k [ } .

andXQZ[;],soP:[i ;}satisﬁesPlAP:D:[z Ol].Nextcompute

3
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(d)

11(b)

12.

14.

1 1
Here \{ =3, s = —2and A3 = 1;x1 = | 0 |, Xo = 1 and x3 = | -2 |, and
-3 3
11 1 3 6 3 9
P=lo0o 1 -2 .NOWP*I:% 2 -2 -2 ,SOP(;1V0=% 2 andhenceblzg.
1 -3 3 1 -4 -1 1

Hence v = %3’“ 0

. If X is an eigenvalue for A, let Ax = Ax, x # 0. Then

Aix=A—-al)x=Ax—ax =X x—ax=(A—a)x.

So A — « is an eigenvalue of A} = A — ol (with the same eigenvector). Conversely, if A — «
is an eigenvalue of Ap, then A;y = (A — )y for some y # 5. Thus, (A —al)y = (A — a)y,
whence Ay — ay = Ay — ay. Thus Ay = Ay so A is an eigenvalue of A.

1 0

n
Direct computation gives P~1AP = [ (1] (2] } , Since [ (1) 0 ] = [ o o

) ] , the hint gives
A”:P[ 10 :|P_1: [ 9—8.2n 12(1—27) }

0 2» 6(2" —1) 9.27—8

A= [ 8 ; ] . We have cy(z) = z(x — 2) so A has eigenvalues \; = 0 and Ay = 2 with

. . 1 1 . 1 1 .. . .
basic eigenvectors x; = [ 0 ] and Xo = [ ) } . Since [x; xo] = [ o o } is invertible, it is a

diagonalizing matrix for A. On the other hand, D + A = [ (1) i ] is not diagonalizable by

Example 10.

Since A is diagonalizable, let P~*AP = D be diagonal. Then P~}(kA)P = k(P~*AP) = dD
is also diagonal, so kA is diagonalizable too.

Again let P~'AP = D be diagonal. The matrix Q = U~!P is invertible and

QYW UTAU)Q = P 'UWAU)U P = P71 AP = D is diagonal.

This shows that U~'AU is diagonalizable with diagonalizing matrix Q = U1 P.

[1 1] = [2 ! }Jr[_l O]andboth[2 1]&11(1[_1 0}amadiagomalizable.
0 1 0 -1 0 2 0 0 2

However, [ (1) 1 is not diagonalizable by Example 10.

If Aisn xn, let A1, A2, -, A\, be the eigenvalues, all either 0 or 1. Since A is diagonalizable
(by hypothesis), we have P~'AP = D where D = diag(\1,...,\,) is the diagonal matrix
with A1,..., A, down the main diagonal. Since each A; = 0,1 it follows that )\Z-Q = )\; for
each i. Thus D? = diag()\2,...,)\2) = diag(\1,...,\y) = D. Since P"1AP = D, we have
A =PDP~! Hence

A? = (PDP Y (PDP')=PD?P ! =PDP! = A
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18(b)

20(b)

21(b)

23(b)

24(a)

27

31(b)
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Since r # 0 and A is n x n, we have
cra(z) = det[x] — rA] = det|r (%I - A)] =r" det [%I - A] .

As cy(x) = det[xI — A], this shows that ¢, 4(z) = r"ca (%)

If 1 is an eigenvalue of A~! then A~!'x = ux for some column x # 0. Note that ;1 # 0 because
A~!is invertible and x # 0. Left multiplication by A gives x = pAx, whence Ax = %X .

Thus, % is an eigenvalue of A; call it A = % Hence, u = % as required. Conversely, if A is

any eigenvalue of A then A # 0 by (a) and we claim that % is an eigenvalue of A~!. We have
Ax = \x for some column x # 0. Multiply on the left by A~! to get x = MA~'X; whence
A7lx = }x. Thus { is indeed an eigenvalue of A~".

We have Ax = A\x for some column x # 0. Hence, A?x = AAx = A\?x, 43 = \2Ax = \3x, so

(A3 =24 +30)x = A% — 2Ax + 3x = M¥x — 20x + 3x = (\® — 2\ + 3)x.

If A is an eigenvalue of A, let Ax = Ax for some x # 0. Then A%x = Mx = \?x, A3X =
NAX = AX,.... We claim that A*x = \¥x holds for every k > 1. We have already checked
this for k£ = 1. If it holds for some k > 1, then AFx = \Fx, so

ARy = A(AFx) = A(\Fx) = AP Ax = M (\x) = MHix,

Hence, it also holds for k + 1, and so A¥x = \¥x for all k£ > 1 by induction. In particular, if
A™ =0, m > 1, then \x = A™x = 0x = 0. As x # 0, this implies that A" =0, so A = 0.

Let A be diagonalizable with A™ = I. If X is any eigenvalue of A, say Ax = Ax for some
column x # 0, then (see the solution to 23(b) above) A¥x = \x for all & > 1. Taking k = m
we have x = A™x = \"x, whence \™ = 1. Thus ) is a complex m™ root of unity and so lies
on the unit circle by Theorem 3, Appendix A. But we are assuming that A is a real number
so A = £1, so A2 = 1. Also A is diagonalizable, say P~*AP = D = diag(\1,--- , \,) where
the )\; are the eigenvalues of A. Hence D? = diag(\?,---,\2) = I because \? = 1 for each i.
Finally, since A = PDP~! we obtain A2 = PD?P~! = PIP~1 =1.

(a) If A is diagonalizable and has only one eigenvalue A, then the diagonalization algorithm
asserts that P~'AP = AI. But then A = P(A\I)P~! = \I, as required.

(b) Here the characteristic polynomial is c4(z) = (xz — 1)2, so the only eigenvalue is A = 1.
Hence A is not diagonalizable by (a).
} SO

_1 1
cA(:r):det[x34 4}:$2i$%:(m‘1)($+%)

1

The matrix in Example 1 is [ ;

S RI=
W A=
S RI=

} . In this case A = [

— xT

Hence the dominant eigenvalue is A = 1, and the population stabilizes.

3

-
S

e_3 _

In this case A = [ 5 5 } so ca(z) = det [ 5 ] = 22 — 2z — 2. By the quadratic
3.0 -3 =z
1

formula, the roots are -5[3 £ v/69], so the dominant eigenvalue is-5[3 + v/69] ~ 1.13 > 1, so
the population diverges.
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[ RRN]

34 Here the matrix A in Example 1 is A = [ Z ] where « is the adult reproduction rate.

(SN

Hence c4(x) = det [ x_; N } =22 — az — 3, and the roots are 3 [oz +4/a?+ 1—56] . Thus
- €T

the dominant eigenvalue is \; = % [a + /a2 + 1—56] , and this equals 1 if and only if @ = %

1

So the population stabilizes if o« = =. In fact it is easy to see that the population becomes

5
extinct (A; < 1) if and only if & < %, and the population diverges (A1 > 1) if and only if
a> 1.
Exercises 3.4 An Application to Linear Recurrences
1(b) In this case xp1o = 2% — Tpt1, SO Vi1 = [ Thet } = [0 ! } [ o ] = Avy.
2£Ek — Tkt1 2 -1 T41
Diagonalizing A gives P = [ i _1 } and D = [ (1) _02 } . Hence

N T N T T I 3
—[b2]—Po vo_g[l _IHQ]_[_%]TM

[ Tk } = %1’“ [ ! } — %(—2)’“ [ j2 } for each k. Comparing top entries gives

op =4 - L(—2)F = 14— (—2)k = ﬁ__ssz [1 —4 (5)11 A —ﬁ_—gﬁ for large k.

Here —2 is the dominant eigenvalue, so xj = %(—2)’“[(7‘;),@ — 1] ~ —3(=2)F if k is large.

(d) Here x40 = 6xf — Tgt1, SO Vi1 = [ it } = [ 01 } [ ok ] = Avy. Diagonalizing

6z — Tpy1 6 —1 Tk+1
AgivesP:[1 l]andD:[2 0].Hence
2 - 0 -3
b || optly_1]3 1 1l 4
b 0 512 41 1 i
Now [ Tk ] = %2’“ [ ; ] =+ %(—3)’1‘C [ ] , and so, looking at the top entries we get
Tp+1

Tp 1 0 11 1
2(b) Let vp= | 2411 |- Then A= | 0o o 1 |,and diagonalization gives P= | -1 -2 1
Tp+2 1 —2 1 4 1

B 1 1 1

-1 0 0 by X 1 -1 -1 1

and D = 0 -2 0 |.Then | b | =F;, ' vo=| -2 o0 % o|l=10o],
1 1 1 1
o 0 1 | bs i1 1 1

giving the general formula
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1 1 1
vi=3(-D1F | -1 | +(0)(-2)F | 2 | +31F | 1
1 4 1

Thus equating first entries give
zp = 3(-DF 4+ 318 = L[(-1)kF +1].

Note that the sequence xj here is 0,1,0,1,0, 1, ... which does not converge to any fixed value
for large k.

If a bus is parked at one end of the row, the remaining spaces can be filled in z; ways to
fill it in; if a truck is at the end, there are xyio ways; and if a car is at the end, there
are xpi3 ways. Since one (and only one) of these three possibilities must occur, we have
Tgtq = Tk + Thyo + a3 must hold for all £ > 1. Since z1 = 1, 9 = 2 (cc or t), x3 = 3
(cee, ct or tc) and x4 = 6 (ccce, cct, cte, tee, tt,b), we get successively, x5 = 10, xg = 18,
Ty = 31, xTrg — 55, Tr9 — 96, 10 — 169.

. Let z; denote the number of ways to form words of k letters. A word of k + 2 letters

must end in either a or b. The number of words that end in b is xx11 — just add a b to a
(k + 1)-letter word. But the number ending in a is zj, since the second-last letter must be
a b (no adjacent a’s) so we simply add ba to any k-letter word. This gives the recurrence
Tkio = Tkr1 + xp which is the same as in Example 2, but with different initial conditions:
xg = 1 (since the “empty” word is the only one formed with no letters) and x; = 2. The
eigenvalues, eigenvectors, and diagonalization remain the same, and so

1 1
Vk:bl)\lf[)\l :| +b2)\]2€|:)\2:|

where Ay = 1(1+1/5) and A2 = (1 — v/5). Comparing top entires gives
Ty = bl)\lf + bg)\g.

b1

By Theorem 1 §2.4, the constants b; and by come from = Fy 1vo. However, we vary

2
the method and use the initial conditions to determine the values of b; and by directly. More

precisely, g = 1 means 1 = b; + by while £; = 2 means 2 = bj A1 + ba\o. These equations

have unique solution b; = ﬁ% and by = 3% It follows that

2\/_ [(3-1-\/_)( ) —1—(—3—1—\/5) (%@)k] for each k£ > 0.

In a stack of k+ 2 chips, if the last chip is gold then (to avoid having two gold chips together)
the second last chip must be either red or blue. This can happen in 2z; ways. But there are
xp+1 ways that the last chip is red (or blue) so there are 2xp, 1 ways these possibilities can

0

occur. Hence w19 = 2z + 2241. The matrix is A = ; ] with eigenvalues A\; = 1+ /3

and A2 = 1 — /3 and corresponding eigenvectors x; = [ ; } and xy = [ )\1 ] . Given the
1 2

initial conditions xg = 1 and z1 = 3, we get

b1 o Pil 1 )\2 -1 1 o 1 —2—\/§ _ 1 2+\/§
b | 10 VOT U3 1 3 —2v3 | 2-v3 | 23| —24v3 |~




Section 3.4: An Application to Linear Recurrences 63

11(b)

12(b)

13(a)

Since Theorem 1 §2.4 gives

1 1
VkZbl)\lf[X:| b2)\12€|:)\:|7

1 2

comparing top entries gives

2= b 4+ 000§ = 2L |2+ VB (1 + VB + (—2+ VB)(1 - V).

. Let yi be the yield for year k. Then the yield for year k +2 is yx1o = M"—gkl = %yk + %yk+1.
The eigenvalues are Ay = 1 and A\ = —%, with corresponding eigenvectors x; = [ 1 ] and

Xg = [ ;2 ] . Given that k = 0 for the year 1990, we have the initial conditions yp = 10 and

y1 = 12. Thus
bu | o1 1| 12 0] 134
R I
Since
k 1 k —2
e G A
then

=B+ 2(-2) (1) =8 4 (1"

For large k, y;, ~ %4 so the long term yield is 11% million tons of wheat.

0 1 0
Wehave A= | 0 0 1 | soca(z)=2®— (a+bx+cx?). If X is any eigenvalue of A, and we
a b ¢
write x = | X |, we have
)\2
0 1 0 1 A A
Ax=1]0 0 1 A= A2 =| X2 | =X
a b ¢ A2 a + b + cA? A3

because c4(A) = 0. Hence x is a A-eigenvector.

We have p = % from (a), so yr = x + % satisfies yg1o = yYra1 + 6yx with yo = y1 = %. Here
A= 2 1 } with eigenvalues 3 and —2, and diagonalizing matrix P = [ ; ;1 } . This gives
yp = ;’_é [3k+1 o (_2)k+1] , S0 T} = % [3k+1 o (_2)k+1] . %

If py is a solution of (*) and ¢ is a solution of (**) then

Qk+2 = aqr+1 + by
Ph+2 = appt1 + bpi, + c(k).

for all k. Adding these equations we obtain

Ph+2 + Gtz = a(Prt1 + Q1) + 0(pk + qx) + (k)

that is px + g is also a solution of (*).
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(b) If 7 is any solution of (*) then ry19 = argy1 + bry + c(k). Define g = 7 — py for each k.
Then it suffices to show that g is a solution of (**). But

Qrt2 = Th2 — Ph2 = (arpy1 + bry + (k) — (apps1 + bpi + c(k)) = aqui1 + bay,
which is what we wanted.

Exercises 3.5 An Application to Systems of Differential
Equations

1(b) The matrix of the system is A = [ _11 z } so ca(z) = Ijll :53 = (z—4)(z+2).

)\1:4:[ > 5]%[1 1];aneigenvectorisX1:[1}
-1 1 0 0 1

Ap = —2: [_1 _S]H[l 5];aneigenvectorisX2:[ b ]
-1 -5 0 0 -1

Thus P71AP = [ i | where P = i ® | The general solution is

f =1 XM 4 e X0e™? = ¢ [ 1 } et + ¢y [ _51 ] e 2",
Hence, f1(z) = c1e* +5cae™2%, fo(x) = c1e*® — cpe™2%. The boundary condition is f1(0) = 1,
f2(0) = —1; that is
1 1 5
|:1:|—f(0)—01|:1:|+62|:1:|.

Thus ¢; + 5ca = 1, €1 — ¢ = —1; the solution is ¢; = —%, cy = %, so the specific solution is

fi(e) = g(5e72 = 2¢"7),  fo(x) = —§(2" +e727).

2 1 2
(d) Now A= | 2 2 -2 | . To evaluate cg(z), first subtract row 1 from row 3:
31 1
z—2 -1 -2 z—2 -1 =2 z—4 -1 =2
calz)=| -2 2-2 2 |=| -2 =z-2 2 |= z—2 2
-3 -1 z—1 —x—1 0 z+1 0 0 z+1

-3 -1 -2 1 5 —6 1 o0 & -8
Al =-—1 -2 -3 2 — 123 2| —=]0 1 -2 [;X;=] 10
-3 -1 -2 0 0 0 0 0 0 7
0 -1 -2 1 0 -1 1 0 -1 1
Ay =2 -2 0 2 — o 1 2 — | o 1 ;1 Xo= | -2
-3 -1 1 0 -1 -2 0 0 1
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5(a)

2 -1 -2 -1 -2 1 0 -1 1
M=4:| -2 2 2 |[—=] 0 2 o |— 1 0 |;X3=1]o0
-3 -1 3 | -3 -1 0 0
-1 0 0 -8 1 1
Thus P'AP=1| 0o 2 o | where P=| 10 -2 o0 |.The general solution is
0 0 4 7 1 1
-8 1
f=c1X1e "4+ X2%® +e3Xse®=c; | 10 |e@+ea| 2 | +eg]| 0|
7 1
That is
fi(z) = —8c1e™ + cpe®® + c3et”
fa(x) = 10c1e™" — 2c9e2®
fa(z) =Tcre ™™ + c2€%" + e,
If we insist on the boundary conditions f1(0) = f2(0) = f3(0) = 1, we get
-8 + ¢ + cg =1
1061 - 202 = 1
2c + ¢ + ¢35 = 1
The coefficient matrix is P is invertible, so the solution is unique: ¢; = 0, ¢o = —%, c3 =

Hence

fi(z) = §(3e™ — )
e

Note that fi(z) = f3(x) happens to hold.

Have m/(t) = k m(t), so m(t) = ce®® by Theorem 1. Then the requirement that m(0)
gives ¢ = 10. Also we ask that m(3) = 8, whence 10e®* = 8, ¢3* = 2. Hence (¢*)? =

(k) = (£)/3. Thus m(t) = 10(2)"/5.

(SN

Now, we want the half-life ¢y satisfying m(tg) = $m/(0), that is 10(%)t0/3 = 550ty

3 In(1/2
St = 9.32 hours.

65

N

10
SO

Assume that a g’ = Ag where A is n x n. Put f = g — A~'b where b is a column of constant

functions. Then f' = g’ = Ag = A(f + A~'b) = Af + b, as required.

6(b) Assume that f] = a1 f1+ f2 and f§ = ag fi1. Differentiating gives fi’ = a1 f] + f4 = a1 f] +az fi1.

Exercises 3.6

This shows that f; satisfies (*).

Proof of the Cofactor Expansion Theorem
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2. Consider the rows R, Rpi1,..., Ry—1, Rq. Using adjacent interchanges we have
Ry Ryt Ry
Rp+1 : Rp+1
: Ry ) '
q—p q—p—
R, 4 R, Ry, 1
interchanges interchanges
| Mg & i Ry ] & i Ry ]

Hence 2(q — p) — 1 interchanges are used in all.

Supplementary Exercises Chapter 3

2(b) Proceed by induction on n where A is n x n. If n = 1, AT = A. In general, induction and (a)
give
det[Ay;] = det[(Ai;)"] = det[(AT);;].

Write AT = [a!;] where a!

i i; = @ji, and expand det(AT) along column 1:

det(AT) = Za 1)7+1 det| AT Zal 1) det[Ay;] = det A

where the last equality is the expansion of det A along row 1.
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Chapter 4: Vector Geometry

Exercises 4.1 Vectors and Lines

1(b) -1 |||=vV12+ (-1)2+22=6

(@ ||| o |||=VED2H02+22 =15

-
(f) -3 [ 1 || =]-3|VIZ+12+22 =36

[\

—2
2(b) A vector u in the direction of | -1 ] must have the form u =¢ [
2

-2
-1 ] for a scalar t > 0.
2

Since @ is a unit vector, we want ||u|| = 1; that is 1 = [¢] \/(—2)2 + (=1)* 4 22 = 3t, which

3

-2
gives t = % Hence u = 1 [ -1

2

2
4(b) Write u = | - and v = { ] The distance between u and v is the length of their

difference: |[u—v| = ’ { ] = /02 + (-1)2+12 = 2.

4 3 1
(d) Asin (b), the distance is [ 0 ] - { 2 ] l = ’ { -2 ] l = /12 + (-2)2 + (-2)2 = 3.
—2 0 -2

6(b) In the diagram, let E and F be the midpoints of sides BC and AC respectively. Then
— —>
FC = 14C and CE = 1CB. Hence

FE=FC+CE =

—

AC +

—

B =

(AC+CB) =

—
AB

N[
D=
=
[N

7 Two nonzero vectors are parallel if and only if one is a scalar multiple of the other.
(b) Yes, they are parallel: u = (—3)v.
(d) Yes, they are parallel: v = (—4)u.

8(b) QT% = p because OPQR is a parallelogram (where O is the origin).
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(d) RO = —(p + q) because OR = p+aq.

N 1 2 -1
9(b)PQ[1][1] 1],80
6 0 5

(d) Here P = (@ are equal points, so ]T) = 0. Hence H]D—Q)H =0.

ORI
4 6 -2

21/3.

PQ|| = V(=17 + (17 +5 = V2T = 3V3,

=2| 1 |. Hence HP—C)QH = 2| /(12 + 12+ (-1)2 =

10(b) Given Q(x,y,z)letq= | y | andp = | o | be the vectors of @ and P. Then P.Q> =q-p.
2
Let v=| -1 |.
3
5

(i) IfP.Cj:vthenq—p:v, soq=p+v= [1 ] . Thus @ = Q(5,-1,2)
2

1

(ii) IfP.Cj:—vthenq—p:—v, soq=p—v= { 1 ].ThuSQQ(1,1,4).
—4

11(b) If 2(3v — x) = 5w + u — 3x then 6v — 2x = 5w + u — 3x, so

-5 3 24 —26
X=5w-+u—6v= 5 + | -1 | — 0 = 4 .
25 0 6 19

a 0 c a+c
12(b) We have au+ bv + cw = [ a ] + [ b ] + { 0 ] = [ a+b ].Heneesetting

2a+2b—c

[y

au+bv+cw=x= | 3 | gives equations
0
a + c =1
a + b = 3

20 + 2b — ¢ = 0.

The solution is a = =5, b =8, c = 6.
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5 3a+4b+c
13(b) Suppose | 6 | =au+bv+cw = —a+c . Equating coefficients gives linear equations
—1 b+c
for a, b, c:
3a + 4b 4+ ¢ = 5
—a + c¢c = 6
b + ¢ = —1

This system has no solution, so no such a, b, c exist.

T 2 1
14(b) Write P = P(z,y,z) andletp=| y | ,p1=| 1 | and pa = | -2 | be the vectors of P,
—2 0
P; and P» respectively. Then
—py= PP = py+ L(BP) = pa+ L(p1 — po) = 1py 4+ 3
P—Pp2 2 p2 + 7(P2P1) = p2 + 7(P1 — P2) = 7P1 + {P2.

Since p1 and ps are known, this gives

2 1 5
_1 3 _ 1] _
P=4| ! |+31 2| =1 5
—2 0 —2

Hence P =P (%,—%,—%) .

17(b) Let p = OP and q= (Y) denote the vectors of the points P and @ respectively. Then

~1 1 —1 1 0

—
q-p=PQ=| 4 |andp=| 3 |,soq=(q-p)+p=| 4 |+ ]| 3 | =|7
7 —4 7 —4 3

Hence Q = Q(0,7,3).

18(b) We have |[ul|* = 20, so the given equation is 3u + 7v = 20(2x + v). Solving for x gives

6 26 —20 —20
40x = 3u— 13v = 0 — 13 = -13 |. Hence x = 4—10 —13
—12 —26 14 14

—_— =
20(b) Let S denote the fourth point. We have RS = PQ), so

— o — —_— — 3 —4 -1
S=0OR+RS=0OR+PQ=| -1 |+| 4 | =] 3
0 2 2

Hence S = S(—1,3,2).
21(b) True. If ||v —w|| =0 then v — w = 0 by Theorem 1, so v =w.
(d) False. ||v]| = ||—v]| for all v but v = —v only holds if v = 0.
(f) False. If t < 0 they have opposite directions.
(h) False. By Theorem 1, ||-5v| = |=5]||v|| = 5]|v|| so it fails if v # 0.

(j) False. If w = —v where v # 0, then ||v +w| = 0 but ||v]| + ||w]| = 2]|v| # 0.
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2 3
22(b) One direction vector is d = Cﬁ) = | -1 |.Let pp = | -1 | be the vector of P. Then the
5 4
vector equation of the line is ) )
[ 3 ] 2 @
p=pottd=| -1 | +¢t| -1 | whenp= | y
| 4 i 5 z

is the vector of an arbitrary point on the line. Equating coefficients gives the parametric
equations of the line

r=3+2t
y=—-1-—1t
z =4+ 5t.
1 1
Now pg = | 1 | because P;(1,1,1) is on the line, and take d = | 1 | because the line is
1 1
1 1
to be parallel to d. Hence the vector equation is p = po+td = | 1 | +¢t| 1 | . Taking
1 1
r=1+4+1¢
xr
p= | v |, the scalar equations are y =1-+1¢ .
? z=1+1¢
The line with parametric equations
r=2—1
y=1
z = t
-1
has direction vector d = 0 — the components are the coefficients of £. Since our line is
2
parallel to this one, d will do as direction vector. We are given the vector pg = [ -1 | of a

1
point on the line, so the vector equation is

2 —1
p:p0+td: -1 +1 0
1 1

The scalar equations are
r=2-—1t

y=-1
z=1+41.
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23(b)

24(b)

Section 4.1: Vectors and Lines

T 4—t
P(2,3,-3) lies on the line | y | = 3 since it corresponds to t = 2. Similarly
z 1-—2t

Q(—1,3,-9) corresponds to t = 5, so @ lies on the line too.

If P= P(x,y, %) is a point on both lines then
r=1—-t
y=2+2t for some t because P lies on the first line.
z=—1+3t
T =2s

y=1+s for some s because P lies on the second line.
z=3

If we eliminate x, y, and z we get three equations for s and t¢:

1—t=2s
24+2t=1+s
—1+3t=3.

The last two equations require t = % and s = %, but these values do not satisfy the first

equation. Hence no such s and ¢ exist, so the lines do not intersect.

xT

If | v | is the vector of a point on both lines, then
- L
y | =] -1 |+t]|o for some ¢ (first line)
- - L 5 -
[z ] [ 2 ] 0
y | = -7 |+s| -2 for some s (second line).
N | 12 3
T 4 1 2 0
Eliminating | v | gives | -1 | +t| o | = | -7 | +s | -2 | .Equating coefficients gives
z 5 1 12 3
three equations for s and t:
4+t=2
—1=-7—-2s
5+t=12+ 3s.
This has a (unique) solution ¢ = —2, s = —3 so the lines do intersect. The point of intersection
has vector
4 1 4 1 2
1 |+t|lo|=|-1]|—-2]0|=] -1

5 1 5 1 3
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2 0 2 0 2
(equivalently | -7 | +s| 2 | =| -7 | =3| 2 | =| -1 |).
12 3 12 3 3
1 2 1
29. Leta=| -1 | and b= | 0o | be the vectors of A and B. Thend =b —a = 1 is a
2 1 1

direction vector for the line through A and B, so the vector ¢ of C is given by ¢ = a + td for
some t. Then

|1AC]| = lle—all = liwl = ] |1l and | BC| = fle = bl = |t~ 1) = [t~ 1] [|d].

— —_—
Hence HAC’H =2 HBC’H means [t| = 2|t — 1], so t> = 4(t — 1)?, whence 0 = 3t> — 8t + 4 =

3
(t—2)(3t—2). Thust =2 or t = 2. Since c = a+td, thismeansc= | 1 | orc= | 3

4
0 3

wlout

31(b) If there are 2n points, then Py and P, are opposite ends of a diameter of the circle for each

— — —_—  — —
k=1,2,....Hence CP = —CP,,1 so these terms cancel in the sum CP;+CPy+- - -+C Py,
Thus all terms cancel and the sum is 0.

— — — —
33. We have 2EA = DA because E is the midpoint of side AD, and 2AF = F'C because F' is %
the way from A to C. Finally DA = CB because ABCD is a parallelogram. Thus

— —_— — — — —_— — — — —
2EF =2(EA+ AF)=2EA+2AF = DA+ FC = CB + FC = FB.

Hence EF = %F—B> so F is in the line segment EB, 1 the way from E to B. Hence F is the
trisection point of boty AC and EB.

Exercises 4.2 Projections and Planes
Ib) u-v=u-u=12+224+(-1)2=6
(d) u-v=3-6+(—1)(-T)+5(-5) =18 +7—25=0
(f) v=0sou-v=a-0+b-0+c¢c-0=0
2(b) cosf = ||ﬁ1|2.\1\7*| = _\}S—jio 52 = —1. Hence 6 = T.
_ @ _ _646— x
(d) cosb = [y = Vatavey = 2- Hence 0 =15
_ _a@ 214 _ _1 _ 2r
(f) cos® = GG \/—\/ﬁ —5. Hence 0 = <.
2
3(b) Writingu=| -1 | and v= , the requirement is
1
1 _ v 2—x42
3 =083 = Ml v = Veverrs:

Hence 6(z% + 5) = 4(4 — x)?, whence 22 + 162 — 17 = 0. The roots are x = —17 and x = 1.
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4(b) The conditions are uy - v =0 and uy - v = 0, yielding equations

3rx — y + 2z = 0
2z + 2z =0

-1
The solutions are z = —t, y=t, z =2t,sov==t | 1
2

(d) The conditions are u; - v =0 and ug - v = 0, yielding equations

2 —y+32=0
0=0.
1 0
The solutions are z = s,y =2s+3t, z=t,sov=s| 2 | +t| 3
1
- T2
2 3
6(b) ||PQ| = -2 =94+4416=29
L 4 -
2 [ 2]
QR|| = 7 =44494+4 =157
2
- 312
2 5
PR|| = 5 =254 254 36 = 86.
6
— =2 — |2
Hence HPR’ = HPQH + HQRH . Note that this ¢mplies that the triangle is right angled,

that PR is the hypotenuse, and hence ﬁz}t t&angle at @ is a right angle. Of course, we can
confirm this latter fact by computing PQ e QR =6 — 14+ 8 = 0.

. 2 . 1
8(b) We have AB= | 1 | and AC = | 2 | so the angle o at A is given by
1 -1

cosa =
45| Jac]  veve
—2 | -1

—_ —

Hence o = § or 60°. Next BA= | -1 | and BC'= | 1 | so the angle 3 at B is given by
-1 -2
e

cos § = BA-BC  2-1+2

54| |Be] - veve®




Section 4.2: Projections and Planes 75

Hence 8 = % . Since the angles in any triangle add to m, the angle y at C'is 7 — 5 — 5 = 3.
H _1 .> 1 . .
However, CA= | —2 | and CB = | -1 |, this can also be seen directly from
1 2
—_— —
CA-CB -14+2+2
cosy = = —1
|eal ez - veve
4 4
10(b) projy(u) = v =g | 1 | =5 | 1
1 1
—6 —6 3
(d) projs(w) =iev = gaiiers | 4 | =2 | 4 | =] 2
2 2 ~1
-2 -2 3
11(b) Take u; = projz(u) = ”‘:ﬁ'zv = Zi‘{ﬂ'g 1 | =32 1t |.Thenup=u—uw= |1 |+
4 4 0
—2 53
% 1| = il 26 | . As a check, verify that uy - v = 0, that is uy is orthogonal to v.
4 20
-6 6
(d) Take u; = proj,(u) = H‘i’ﬂ’zv :gb}f:g;f 4 | = 2| —4 |. Then uy is given by u; =
~1 1
3 6 -3
u—u =| -2 | — % -4 | = 5—13 2 | . As a check, verify that uy - v = 0, that is us is
1 1 26
orthogonal to v.
3 1 . 0
12(b) Writepp=| o |,d=]| 1 |,p=| -1 | and writeu=FPP=p—po= | -1 |. Write
-1 4 3 4
[ 3 3
DO : _ : 5 _ 0-1416 _ 15 .
u; = Py@Q and compute it as u; = projaPo P = e | Y| =% | |- Then the distance
K 4
. —45
from P to the line is HQPH =lu—w|=|5%| = 51/5642. To compute @ let q be
44
its vector. Then
3] 71
a=potwm=| 0 |+ |1 |=%]15
-1 4 | 34

4
Hence QQ = Q(%a %’ %)-
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(d)

14(b)
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i 3 -6 0
13(b) uxv=det| 7 -1 2 | =00—-0j+0k=| o0 | =0.
| E 0 0 0
(7 2 1 4
uxv=det|j o 4| =4i—-154+8k=| -15
|k -1 7 8
L -1 3 i -1 3 23
A normalisn = AB x AC = 1 X 8 =det| 7 1 8 = | -32
-5 —17 kE -5 -17 11

Since the plane passes through B(0,0, 1) the equation is
23(z — 0) — 32(y — 0) — 11(2 — 1) = 0, that is —23z + 32y + 11z = 11

2
The plane with equation 2z — y + z = 3 has normal n = | —1 | . Since our plane is parallel
1
to this one, 7 will serve as normal. The point P(3,0,—1) lies on our plane, the equation is
20z-3)—(y—0)+(2—(—1) =0, that is 2z —y + z = 5.

1

The plane contains P(2,1,0) and Py(3,—1,2), so the vector u= PPy = | —2 | is parallel to
2
the plane. Also the direction vector d = 0 of the line is parallel to the plane. Hence
-1
i 11 2
n=uxd=det| j -2 o = | 3 | is perpendicular to the plane and so serves as a
k 2 -1 2

normal. As P(2,1,0) is in the plane, the equation is

2 —-2)+3(y—1)+2(z—0) =0, thatis, 2z +3y+2z="1.

1 2
The two direction vectors d; = | -1 | and dy = 1 are parallel to the plane, so
3 -1
i 12 -2
n=d; xdy =det| j -1 1 = 7 will serve as normal. The plane contains
k 3 -1 3

P(3,1,0) so the equation is

—2(x—3)+T7(y—1)+3(z—0)=0, thatis —2z+Ty+32=1.

T 3 1
Note that this plane contains the line | « | = | 1 | +¢| -1 | by construction; it contains
z 0 3

the other line because it contains P(0,—2,5) and is parallel to da. This implies that the lines
intersect (both are in the same plane). In fact the point of intersection is P(4,0,3) [t =1 on
the first line and ¢ = 2 on the second line].
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()

15(b)

16(b)

The set of all points R(x,y, z) equidistant from both P(0,1,—1) and Q(2, —1,—3) is deter-

. . . . —> .> . —> 2 .> 2 .
mined as follows: The condition is ‘PRH = }QR } , that is HPRH = HQR } , that is

P+ y—17+(z+1)2= (2 -2+ (y+1)>+ (2 +3)%

This simplifies to 22 4+ y? + 22 — 2y + 22 + 2 = 22 + 3> + 22 — 4 + 2y + 62 + 14; that is
dr — 4y — 4z =12; that isz —y — 2 = 3.

2
The normal n = | 1 | to the given plane will serve as direction vector for the line. Since the
0
T 2 2
line passes through P(2 — 1 3), the vector equationis | y | = | -1 | +¢| 1
3 0
1
The given lines have direction vectors d; = 1 and dy = 2 |, so
-2 -3
i 11 1
d=dyxdys=det| j 1 2 | =] 1| is perpendicular to both lines.
kK -2 -3 1

Hence d is a direction vector for the line we seek. As P(1,1,—1) is on the line, the vector
equation is

T 1 1
y | = 1 +t] 1
—1 1
N 1+t
Each point on the given line has the form Q(2 + t,1 + ¢,¢) for some t. So PQ = t
t—2
_— 1 ]
This is perpendicular to the given line if PQ)-d =0 (whered = | 1 | is the direction vector

1
of the given line). This condition is (14¢) 4+ ¢+ (t —2) = 0, that is t = . Hence the line

4 4
3
we want has direction vector 1 . For convenience we use d = 1 . As the line we
= | -5
T 1 4
want passes through P(1,1,2), the vector equationis | y | = | 1 [ +¢t| 1 |.[Note that
2 -5
Q (%,%,%) is the point of intersection of the two lines.]

Choose a point Py in the plane, say Py(0,6,0), and write u = PP = | —5 | . Now write
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2

n= | 1 |for the normal to the plane. Compute
-1
u-n 2
u; = proj,(u) = 5N = % 1
[l 3
The distance from P to the plane is ||uy]| = %\/6
0
Since po = | 6 | and q are the vectors of Py and @, we get
0
3 2 7
a=po+(@—w)=|6 |+ | 5| —-3| 1 [=3] 2
-1 -1 -2
Hence Q =Q (3,3, 32).
17(b) A normal to the plane is given by
-2 -3 i -2 -3 -10
—_— —
n=PQ x PR= 2 X| -1 |=det| j 2 -1|= 6
—4 -3 k -4 -3 8

Thus, as P(4,0,5) is in the plane, the equation is
—10(x —4) +6(y —0) +8(2 —5) =0; that is bz — 3y — 4z =0.
The plane contains the origin P(0,0,0).
19(b) The coordinates of points of intersection satisfy both equations:

3zr+y—22=1
z+y+z=25.

3.1 -2 1 11 1 5 1o -3
— —
11 1|5 0 -2 -5 | -14 0o 1 2

Take z = 2t, to eliminate fractions, whence x = —2 + 3t and y = 7 — 5¢. Thus

Solve

x —2+ 3t -2 3
y | = 7 — 5t = 7 =4t | -5
2t 0 2

is the line of intersection.

20(b) If P(x,y, z) is an intersection point, then x = 14 2¢, y = =2+ 5¢, z = 3 — ¢ since P is on the
line. Substitution in the equation of the plane gives 2(1 4 2t) — (=2 + 5¢) — (3 —t) = 5, that
is 1 = 5. Thus there is no such ¢, so the line does not intersect the plane.
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(d)

21(b)

23(b)

If P(x,y, z) is an intersection point, then z =14 2¢, y = —2+ 5t and z = 3 — ¢ since P is on
the line. Substitution in the equation of the plane gives —1(1+2¢t) —4(—2+5t) —3(3—t) = 6,

3

z 19

whence t = 3. Thus | y | = | 52 | so P (3, 5%, 62) is the point of intersection.
z %
3
The line has direction vector d = | o | which is a normal to all such planes. If Py(zo, yo, 20)
2

is any point, the plane 3(x —xg) = 0(y — yo) + 2(z — 29) = 0 is perpendicular to the line. This
can be written 3z + 22 = 3x¢ + 229, so 3x + 2z = d, d arbitrary.

a

(=

If the normal is n = # 0, the plane is a(x — 3) + b(y — 2) + ¢(z +4) = 0, where a, b

and ¢ are not all zero.

r a
-1
The vector u = P—Q> = 1 is parallel to these planes so the normal n = b | is
L _1 C
a
orthogonal to u. Thus0 =u-n=—a+b—c. Hence c=b—a and n = b . The plane

b—a
passes through Q(1,0,0) so the equation is a(z — 1) + b(y — 0) + (b — a)(z — 0) = 0, that is
ax + by + (b — a)z = a. Here a and b are not both zero (as n # 0). As a check, observe that
this plane contains P(2,—1,1) and Q(1,0,0).

a

Such a plane contains Py(3,0,2) and its normaln = | » | must be orthogonal to the direction
C
1 a
vectord = | —2 | of theline. Thus0 =d-n = a—2b—c¢, whence ¢c = a—2band n = b
-1 a—2b

(where a and b are not both zero as n # 0). Thus the equation is
a(x —3)+ by —0)+ (a —2b)(z —2) =0, that is ax + by + (a — 2b)z = 5a — 4b

where a and b are not both zero. As a check, observe that the plane contains every point
P(3+1t,—2t,2 —t) on the line.

Choose P;(3,0,2) on the first line. The distance in question is the distance from Pj to the

4 3
second line. Choose P»(—1,2,2) on the second line and letu = P,P, = | —2 | .Ifd= | 1
0 0

is the direction vector for the line, compute

u; = projy (@) = ﬁ‘d"“izd =83 10"=310".

then the required distance is |ju — u;|| = H[l -3 O]TH = /10.
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1 3 —1
24(b) The cross product n = [ 1 | x [ 1 | = 3 of the two direction vectors serves as a
1 0 -2
— 1
normal to the plane. Given Pi(1,—1,0) and P»(—2,—1,3) on the lines, letu = PP, = | 0
3
Compute
~1 1
w = proju(w) = 57 | 5 | =4 s
-2 2

The required distance is [|[u; || = 13v/T+9+4 = $V/14.

Now let A= A(1+s,—1+s,s) and B = B(2+ 3t,—1 +t,3) be the points on the two
143t—s

lines that are closest together. Then AB = t—s is orthogonal to both direction
3—s
1 3
— —
vectors dy = | 1 | and ds = | 1 | . By Theorem 3 this means d; - AB = 0 = dy - AB,
1 0

giving equations 4t — 3s = —4, 10t — 4s = —3. The solution is t =

A=A(3,1,2) and B= B (%,-1.3).

, S = 2, so the points are

N[—=

24(d) Analogous to (b). The distance is %, and the points are A(¥,2,4) and B =B (3I,£,0).
26(b) Position the cube with and vertex at the origin and sides along the positive axes. Assume
a
each side has length a and consider the diagonal with directiond = | « | . The face diagonals
a
a a 0
that do not meet d are: £ | —a |, £ | © and = | « |, and all are orthogonal to d
0 —a —a

(the dot product is 0).

28. Position the solid with one vertex at the origin and sides, of lengths a, b, ¢, along the positive x,

a —a a a
y and z axes respectively. The diagonalsare += | » |, = | & |, | —b |,and = | »
C C C —C

The possible dot products are 4-(—a? + b? + ¢?), +(a® — b + c?), +(a® + b> — ¢?), and one of
these is zero if and only if the sum of two of a?, b? and ¢? equals the third.

34(b) The sum of the squares of the lengths of the diagonals equals the sum of the squares of the
lengths of the four sides.

38(b) The angle 6 between u and u + ¢+ 0 is given by

cosf — u-(u+v+w) uwutu-v+u-w [ul?4+0+0 B [lul|
[ull fut+v+wl ol lo+v+w] fufl Jut+v+w] flutv+w]

Similarly the angles ¢, ¥ between v and w and u + v + w are given by

vl
Tu+v+w

[w

d =
and cosvy ot vLw]

cos p =
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Since |Ju|| = ||v|| = ||w| we get cos @ = cos = costp, whence § = ¢ = ).
NOTE: |lu+v+w| = \/||u||2+ [v|[* 4 |w]* = |jul| v/3 by part (a), so cosd = cosp =
cosp = % Thus, in fact = ¢ = ¢ = .955 radians, (54.7°).

39(b) If Py(x,y) is on the line then ax+by+c = 0. Hence u = PPy = [ oo } so the distance is
Yo — Y1
Iprojuul| = || nnH _Ju-n|  Ja(zo — =) +b(yo —y)| _ |azo +byo + ¢
' I ] N T

41(b) This follows from (a) because ||v|* = a® 4 b 4 2.

44(d) Take x1 = 29 =z, y1 = x2 =y and 23 = yo = z in (c).

Exercises 4.3 More on the Cross Product
i 3 5
3(b) One vector orthogonaltouand visuxv=det | j 2 1 | =] -5 |.Wehave |uxv| =
-1 2 -5
1 5 1
5 -1 = 5\/5. Hence the unit vectors parallel to ux v are j:5—\1/§ -5 | = j:@ -1
—1 -5 —1
4(b) The area of the triangle is § the area of the parallelogram ABCD. By Theorem 4,
BN 2 4 0
Area of triangle = % HAB x A H = % 1| x| 2 = % 0 =0.
—1 -2 0
— —
Hence AB and AC are parallel.
(d) Analogous to (b). Area = /5.
—4
5() We have uxv = | 5 | sow:(uxv)=—7. The volume is |w- (uxv)| =|=7] =7 by

Theorem 5.

6(b) The line through Py perpendicular to the plane has direction vector n, and so has vector
equation p’ = po + t7 where p’ = [z,y,2]T. If P(z,y,2) also lies in the plane, then n e p =
ax + by + cz = d. Using p = pg + tn we find

d=nep=nepy—+t(nen)=mnepy+t|n|?

d— d—
Hence t = #, SOp =po+ <#> 7. Finally, the distance from Py to the plane
_ (]| ]|
is
— d—mnepgy) d—mnepg
(77 = ool = (1252 ) ] -4 e
In| ]|
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10. The points A, B and C are all on one_li)ne if and only if the parallelognﬂ)n thel) determine has
area zero. Since this area is |AB x AC/||, this happens if and only if AB x AC = 0.

12. If u and v are perpendicular, Theorem 4 shows that ||u x v|| = ||u|| ||v]|. Moreover, if w is
perpendicular to both u and v, it is parallel to ux v so w-(uxv) = +|w|| ||lu x v|| because
the angle between them is either 0 or 7. Finally, the rectangular parallepiped has volume

(W (uxv)| = [lw] [luxv|=wl] (uf [v])
using Theorem 5.
x D l
15(b) fu=| gy |,v=| ¢ | and w= | m | then, by the row version of Exercise 19 §3.1, we
z r n
get
iz 1+ D
u><(v+w):det Jj y m+gq
|k 2z n+r
(i 2 P iz I
=det| j y g |+det| j y m|=uxv+uxw.
|k 2z 7 k z n
U1 w1 U1l
16(b) Let v= | vy | ,Ww=| wy | andu= | uy | . Compute
V3 ws us

vel[(uxv)+ (vxw)+(wxu)=ve(uxv)+ve(vxw)+ve(wxu)

V1 W1 U
- 0 + 0 + det (%) w2y (75

V3 W3 U3
by Theorem 1. Similarly

wpr ur vV1
we[[(ux?)+ (Uxw)+ (wxu)]]=we(uxv)=det | wy uy vo
w3 uz U3

These determinants are equal because each can be obtained from the other by two column
interchanges. The result follows because (v — w) ex = v e x — w e x for any vector x.
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22. If v1 and vy are vectors of points in the planes (so vi en = d; and v, en = dy), the distance
is the length of the projection of vo — vi along n

; that is
, (va—vi)en) || [(va—vi)en| [dy—di|
Iorosnva = vo)l = | (S22 ) | -
! Im[? ]| [
Exercises 4.4  Linear Operators on R?
1(b) By inspection, A = % [ j - ] ; by the formulas preceding Theorem 2, this is the matrix
of projection on y = —zx.
(d) By inspection, A = % ;3 g ] ; by the formulas precedinging Theorem 2, this is the matrix
of reflection in y = 2x.
(f) By inspection, A = % \;g _1/3 ] ; by Example 5 §2.5 this is the matrix of rotation through

s
3-

1

2(b) For any slope m, projection on the line y = maz has matrix leﬂ [

m . .
) } (see the discussion

m m

preceding Theorem 2). Hence the projections on the lines y = z and y = —z have matrices
% [ i i ] and % [ 11 _11 } , respectively, so the first followed by the second has matrix (note
the order)

1 1 -1 1 1 1 _1 0 0 —0

21 -1 1 |21 1| 4]o oo 7
It follows that projection on y = x followed by projection on y = —z is the zero transforma-
tion.

Note that this conclusion can also be reached geometrically. Given any vector ¥, its
projection p’ on the line y = x points along that line. But the line y = —z is perpendicular
to the line y = z, so the projection of § along y = —x will be the zero vector. Since ¥ was
arbitrary, this shows again that projection on y = x followed by projection on y = —x is the
zero transformation.

17 2 -8 0 26
oL = L
3(b) By Theorem 3: 57 | 2 20 4 1 | =5 8
-8 4 -3 ~11
2 -4 20 0 —32
.1 _ 1
(d) By Theorem 3: 55 | -4 28 10 1| =4 | 1
20 10 —20 -3 35
9 0 12 1 93
o1 _ 1
(f) By Theorem 2: 5z | 0 0 o0 1 | =5 0

12 0 16 7 124
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-9 2 -6 2 28
(h) By Theorem 2: L | 2 -9 —6 5 | =4 | 49
-6 -6 7 0 18
v3 1
LR . . \/§ . 1 L. 2 2
4(b) This is Example 1 with # = Z. Since cos £ = %? and sin & = 5, thematrixis | 1 £ o | =
0 o0 1
V3 o -10 1 V3 -1 0 V3
% 1 +3 0 |.Hence the rotationof ¥ = | o | is % 1 V3 0 0| = % 1
0 0 2 0 0 2 6

-,

6. Denote the rotation by Ry y. Here the rotation takes place about the y axis, so Rp¢(j) = j
In the z-z plane the effect of Ry g is to rotate counterclockwise through 6, and this has

matrix [ C?SG ~sind ] by Example 4 §2.6. So, in the x-z plane, Ry ¢ [ ! } = [ Cf)se } and
sin 0 cos ’ 0 sin 0
. cos 0 —siné
Rro [ (1] ] = [ _Czlsr;e } . Hence RL,Q(;) = 0 and RL’Q(E) = 0 . Finally, the
sin 0 cos 0
cosf 0 —sinf
matrix of Ry g is [RL,O(;) RL,O(I') RL,(;(E)] = 0 1 0

sinf 0 cos 0

9(a) Write 7 = [z y]” . Then PL(7) = proj {(v) =

-d J_ (ax—l—bg[) a . 1 a’x 4 aby _ 1 a? ab T
14]” a*+b? ) | a+b2 | by b2y 02 | o 2 E

. . 2 ab . . . .
Hence the matrix of Py, is (12—}#}2 [ ab ; } . Note that if the line L has slope m this retrieves
a

1

the formula H# [ " } preceding Theorem 2. However the present matrix works for
m

m2

. . > 1
vertical lines, where d = o } .

Exercises 4.5 An Application to Computer Graphics

1(b) Translate to the origin, rotate and then translate back. As in Example 1, we compute
V3

0 22 10 -1 6 5 1 3
12 22 01 -2 03 3 9
0 1 0o 0 00 1 111 1

V242 V242 3vV242 —V24+2 —5V2+2
—3v2+4 3244 5vV24+4 V2+4 9244
2 2 2 2 2

[N

5(b) The line has a point @ = [ (1) } , 0 we translate by —, then reflect in y = 2x, and then trans-

late back by w. The line y = 2z has matrix % [ _43 ; ] . Thus the matrix (for homogeneous
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coordinates) is

10 0 -3 4 0 1 0 0 -3 4 —4
1 -1
= -1 | =z| 4 3 2
0 1 0 1 0 0 5
-3 —4 1 [ 9
Henceforw = | 4 Weget% 4 3 2 4 :% 18 .HencethepointisP(%,%).
1 0 0 5 1 5

Supplementary Exercises Chapter 4

4. Let p and w be the velocities of the airplane and the wind. Then ||p| = 100 knots and
|lw|| = 75 knots and the resulting actual velocity of the airplane is v. = w + p. Since w and p
are orthogonal. Pythagoras’ theorem gives ||v||* = ||w|®+ || p||* = 752 +1002 = 25%(32+42) =
252 . 52, Hence ||v|| = 25 -5 = 125 knots. The angle 6 satisfies cos = H =12 =06 so
0 = 0.93 radians or 53°.

6. Let v = [z y]T denote the velocity of the boat in the water. If c is the current velocity then
c = (0, —5) because it flows south at 5 knots. We want to choose v so that the resulting actual

velocity w of the boat has easterly direction. Thus w = ; for some z. Now w = v 4 ¢ so
[ ; ]: [ ’ } —i—[ 05 } = [ I5 ].Heneez:xandyzﬂ Finally, 13 = ||v|| = /22 + 3% =
y - y—

V2 + 25 gives 22 = 144, x = +12. But z > 0 as w heads east, so = 12. Thus he steers
v = [12 5|7, and the resulting actual speed is ||w|| = z = 12 knots.
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Chapter 5: The Vector Space R”

Exercises 5.1 Subspaces and Spanning
0 0
1(b) Yes. In fact, U = span 1{,] o0 so Theorem 1 applies.
0 1
[ 2 4
(d) No. | o [isinUbut2| o | =10 | isnotinU.
K 0
[ o 0 0
(f) No. | =1 |isin U but (=1)| -1 | = | 1 |is not in U.
0 0 0

2(b) No. If x = ay + bz equating first and third components gives 1 = 2a + b, 15 = —3b; whence
a = 3, b= —5. This does not satisfy the second component which requires that 2 = —a — b.

(d) Yes. x = 3y + 4z.

3(b) No. Write these vectors as aj, as, ag and a4, and let A = [a; az az a4] be the matrix with
these vectors as columns. Then det A = 0, so A is not invertible. By Theorem 5 §2.4, this
means that the system Ax = b has no solution for some column b. But this says that bis not
a linear combination of the a; by Definition 1 §2.2. That is, the a; do not span R*.

For a more direct proof, is not a linear combination of a;, as, ag and ay.

o O O =

10. Since a;x; is in span{x;} for each i, Theorem 1 shows that span {a;x;} C span{x;}. Since
X =a; Y(a;x;) is in span {a;x;}, we get span {x;} C span {a;x;}, again by Theorem 1.

12. We have U = span{xy, -+, Xy} so, if y is in U, write y= t1x1 + - - - + t;;x; where the ¢; are in
R. Then Ay = t1Ax1 + - - + t1Ax, =10+ - - - + 0 = 0.

15(b) x= (x +y)—y is in U because x+y and —y = (—1)y are both in U and U is a subspace.
16(b) True. If we take r = 1 we see that x= 1x is in U.
(d) True. We have span{y, z} C span{x, y, z} by Theorem 1 because both y and z are in
span {x, y, z}. In other words, U C span {x, y, z}.

For the other inclusion, it is clear that y and z are both in U = span{y, z}, and we are
given that x is in U. Hence span{x, y, z} C U by Theorem 1.

2

(f) False. Every vector in span{ [ (1] } , [ o

} } has second component zero.
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20. If U is a subspace then S2 and S3 certainly hold. Conversely, suppose that S2 and S3 hold.
It is here that we need the condition that U is nonempty. Because we can then choose some
x in U, and so 0= 0x is in U by S3. So U is a subspace.

22(b) First, 0 is in U + W because 0= 0+0 (and 0 is in both U and W). Now suppose that P and
Q@ are both in U + W, say p= x1 + y1 and q= x2 + y2 where x; and xg are in U, and y; and
y2 are in W. Hence

Pp+a=(x1+y1)+ (x2+y2) = (x1+x2)+ (y1 +y2)

so p+qisin U+ W because x; + x3 is in U (both x; and x5 are in U), and y; + y3 is in
W. Similarly
aP =a(x1 +y1) =ax1 +ay1

is in p+q because ax; is in p and ay; is in Q. Hence U + W is a subspace.
Exercises 5.2 Independence and Dimension

1(b) Yes. The matrix with these vectors as columns has determinant —2 # 0, so Theorem 3
applies.

1(d) No. (1,1,0,0) — (1,0,1,0) + (0,0,1,1) — (0,1,0,1) = (0,0,0,0) is a nontrivial linear combi-
nation that vanishes.

2(b) Yes. If a(x+y)+b(y +2) +c(z+x) =0 then (a+ c)x + (a + b)y + (b + ¢)z = 0. Since we
are assuming that {x,y,z} is independent, this means a + ¢ =0, a+b =0, b+ ¢ = 0. The
only solution isa =b=c=0.

(d) No. (x+y)—(y+2z)+(z+w)—(w+x) = 0is a nontrivial linear combination that vanishes.

3(b) Write x; = (2,1,0,—1), xo = (—1,1,1,1), x3 = (2,7,4,1), and write U = span{xy, X2, X3}.
Observe that x3 = 3x;1 +4x2 so U = {x1,x2} . This is a basis because {x1, X2} is independent,
so the dimension is 2.

(d) Write x3 = (—2,0,3,1), xo = (1,2,-1,0), x3 = (—2,8,5,3), x4 = (—1,2,2,1) and write
U = span{xiy, X2, X3, X4}. Then x3 = 3x3 +4x2 and x4 = X1 + X2 so the space is span{xy, xa}.
As this is independent, it is a basis so the dimension is 2.

4(b) (a+b,a —b,b,a)=a(1,1,0,1) +b(1,—-1,1,0) so
U =span{(1,1,0,1), (1,—1,1,0)}. This is a basis so dimU = 2.

(d) (a=b,b+c,a,b+c)=a(1,0,1,0)+b(—1,1,0,1)4¢(0,1,0,1). Hence U = span {(1,0,1,0), (—1,1,0,1), (0,1,0, 1
This is a basis so dimU = 3.

(f) fa+b=c+dthen a =—-b+c+d Hence U = {(=b+ c+d,b,c,d) | b,c,d in R} so
U =span{(—1,1,0,0), (1,0,1,0), (1,0,0,1)}. This is a basis so dimU = 3.

5(b) Let a(x+w)+b(y +w)+c(z+w)+dw = 0, that is ax + by +cz+ (a+b+c+d)w = 0. As
{x,y,2z,w} is independent, this implies that a =0, b =0, c=0 and a+ b+ c+ d = 0. Hence
d = 0 too, proving that {x +w,y + w,z + w,w} is independent. It is a basis by Theorem 7
because dim R* = 4.
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6(b)

12.

16(b)

17(b)

Section 5.2: Independence and Dimension

Yes. They are independent (the matrix with them as columns has determinant —2) and so
are a basis of R® by Theorem 7 (since dimR? = 3).

Yes. They are independent (the matrix with them as columns has determinant —6) and so
are a basis of R? by Theorem 7 (since dimR? = 3).

No. The determinant of the matrix with these vectors as its columns is zero, so they are not
independent (by Theorem 3). Hence they are not a basis of R* because dimR* = 4.

True. If sy + tz = 0 then 0x + sy +tz = 0, so s =t = 0 by the independence of {x,y,z}.

False. If x #0 let k = 2, x; =x and x2 = —x. Then each x; # 0 but {xj,x2} is not
independent.

False. If y= —x and z= 0 then 1x+ ly + 1z = 0, but {x,y,z} is certainly not independent.

True. The x;are not independent so, by definition, some nontrivial linear combination van-
ishes.

. If rxo + sx3 4 tx5 = 0 then 0xy + X2 + sx3 + Ox4 + tx5 + Oxg = 0. Since the larger set is

independent, this implies r =s=1¢ = 0.

If t1x1 + to(x1 +x2) + -+ + tr(x1 + X2 + - - + x) = 0 then, collecting terms in x1,xg, ...,
(b +to+ -+ tp)x + (t2 4+ be)xo + - + (Br1 + Ep)Xp—1 + beXk = 0.

Since {x1,X2,...,Xx} is independent we get

ti+to+---+t =0
to4+---+t. =0

tk—1 +1tx =0
tr = 0.

The solution (from the bottom up) is txy =0, tx—1 = 0,...,t2 =0, {1 = 0.

We show that AT is invertible. Suppose ATx = 0, x in R2. By Theorem 5 §2.4, we must
show that x=0. If x= : then ATx = 0 gives as +ct = 0, bs + dt = 0. But then
s(ax+by)+t(cx+dy) = (sa+tc)x+(sb+td)y = 0. Hence s = t = 0 because {ax+by, cx+dy}

is independent.

Note first that each V~1'x; is in null(AV) because (AV)(V~!x;) = Ax; = 0. If t;V"1xy +
.V = 0 then V7l (txg +- -+ X)) = 050 t1X1 +- - - + 1%, = 0 (by multiplication

by V). Thus t; = --- =t = 0 because {x1,...,%;} is independent. So {V~1xy,...,V1x;}
is independent. To see that it spans null(AV'), let y be in null(AV), so that AVy = 0.
Then Vy is in null A so Vy = s1x1 + -+ + SpX,, because {x1,...,%,} spans null A. Hence

y = 51V Ixy 4+ +5,V 7 Ixp, as required.
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20. We have {0} C U C W where dim{0} = 0 and dim W = 1. Hence dim U is an integer between
0 and 1 (by Theorem 8), so dimU =0 or dimU = 1. If dimU = 0 then U = {0} by Theorem
8 (because {0} C U and both spaces have dimension 0); if dimU = 1 then U = W again by
Theorem 8 (because U C W and both spaces have dimension 1).

Exercises 5.3 Orthogonality

1(b) {%(1, 1,1), \/%(4, 1,-5), ﬁ(& -3, 1)} where in each case we divide by the norm of the
vector.

3(b) Write e; = (1,0, —1), e3 = (1,4,1), e3 = (2, —1,2). Then

ejreo=140—1=0,e1-e3=24+0—-2=0,e3-e3=2—-4+2 =0,

so {e1, ez, e3} is orthogonal and hence a basis of R3. If x = (a, b, ¢), Theorem 6 gives

X-€e1 X - €y X-es3
5€1 + 5€2 5 €3

e ez les]|

3(d) Write e = (1,1,1), e2 = (1,—1,0), e3 = (1,1, —2). Then
ejregs=1-14+0=0,e1-e3=141—2=0,andes-e3=1—-1+0=0.
Hence {ey, e, e3} is orthogonal and hence is a basis of R3. If x = (a, b, ¢), Theorem 6 gives
_Xx€ X € X €3 _ atbtc a—b atb—2c
X = 5€1 262+—2€3— 3 el—i—Teg—i-Teg.
el [[e2]| lles|
4(b) If e = (2,-1,0,3) and ez = (2,1,—2,—1) then {e;,ex} is orthogonal because e; @ €2 = 4 —
1+0—3 = 0. Hence {e1, e2} is an orthogonal basis of the space U it spans. If x = (14,1, —8,5)
1s in U, Theorem 6 gives

_ a—c a+4b+-c 2a—b+2¢
=5 e + 35 €+ T3 —es.

X -e X-e
X = ;e1+ 392:%el+%e2:3e1+4e2'
llell ez

We check that these are indeed equal. [We shall see in Section 8.1 that in any case,

_ <X : e; el + X e; e2> is orthogonal to every vector in U.]
[e1]] [[e2]]

5(b) The condition that (a, b, ¢, d) is orthogonal to each of the other three vectors gives the following
equations for a, b, ¢, and d.

a —c + d =0
2a + b + ¢ — =0
a — 3b + c =0

Solving we get: 21 1 —-1]0|—1]0 1 3 -3

1 -3 -1
1 -3 1 0|60
10 -1 1 0 1 00 &
—]l01 3 -3|0|—]010 %
0 0 11 -10 | 0 00 1 -3
The solution is (a, b, ¢,d) = t(—1,3,10,11),t in R.
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6(b)

(d)

7(b)

(d)

(f)

11(b)

12(b)

15.

Section 5.3. Orthogonality

I2x+ 7y = (2x+7y) - (2x+7y)
= 4(x-x)+4x-y)+ 14y -x) +49(y - y)
= 4x|* +28(x-y) + 49y
= 36 —56+49
= 29.

(x—2y)-(3x+5y) = 3(x-x)+5(x-y)—6(y-x)—10(y-y)
= 3P = (x-y)—10]ly]?
= 274+2-10
= 19.

False. For example, if x = (1,0) and y = (0, 1)in R? then {x, y }is orthogonal but x+y = (1,1)
is not orthogonal to x.

True. Let x and y be distinct vectors in the larger set. Then either both are x;’s, both are
yi’s, or one is an x; and one is a y;. In the first two cases xey = 0 because {x;} and {y;} are
orthogonal sets; in the last case xey = 0 by the given condition.

True. Every pair of distinct vectors in {x} are orthogonal (there are no such pairs). As x# 0,
this shows that {x} is an orthogonal set.

Row i of AT is ¢! so the (i, ) entry of ATAis ¢f'c; = ¢;ec;. Thisis 0if i # j, and 1 if i = j.
That is ATA =1.

Take x=(1,1,1) and y= (r1,72,73). Then |x o y| < ||x|| ||y|| byTheorem 2; that is |r; + ro + 73| <

V3+y/r? + 12 + r2. Squaring both sides gives
72 4+ 13 + 13+ 2(rire + rirg +1or3) < 3(r3 + 13 +13)
Simplifying we obtain r179 + r173 + rors < r% + r% + r%, as required.
Observe first that
(x+y)eo(x—y)= x| [yl (*)

holds for all vectors x and yin R".

If x+y and x—y are orthogonal then (x +y) e (x —y) =0, so [|x||? = |ly|* by (*). Taking
positive square roots gives [|x|| = |ly]|-

Conversely, if ||x|| = [|y| then certainly ||x||?> = ||y||?, so (*) gives (x +y) e (x —y) = 0.
This means that x+y and x—y are orthogonal.

If ) is an eigenvalue of AT A, let (AT A)x = A\x where x # 0 in R". Then:
|Ax||? = (Ax)T(Ax) = (xTAT) Ax = xT (AT Ax) = xT (Ax) = \||x|]%.

Since ||x|| # 0 (because x # 0), this gives A = ﬂﬁ; > 0.
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Exercises 5.4 Rank of a Matrix

2 -1 1 2 -1 1 1 -1 1
-2 1 1 0 0 2 0 0 1
1(b) s —2 3| o o 1| 7o o o
-6 3 0 0 0 3 0 0 0
Hence, rank A = 2and {[1 —3 1]7,[0 0 1)7} isabasis of row A. Thus {[2 -1 1]7,[0 0 1]T}
is also a basis of row A. Since the leading 1’s are in columns 1 and 3, columns 1 and 3 of A

are a basis of col A.

(@ 12 -1 3]_}[12—1 3]_}[12—1 3}
-3 —6 3 -2 00 0 7 00 0 1
Hence, rank A =2and {[1 2 —1 3]7,[0 0 0 1]7} is a basis of row A. Since the leading 1’s
are in columns 1 and 4, columns 1 and 4 of A are a basis of col A.

2(b) Apply the gaussian algorithm to the matrix with these vectors as rows:

1 -1 2 5 1 1 1 00 0 1 1.0 0 0
3 1 4 2 7 0 -2 2 5 1 01 -1 -2 -1
— —
1 1 000 0 -2 4 2 7 o0 1 -2 3
5 1 6 7 8 0 -4 6 7 8 00 0 0 0
Hence, {[1 1 0 0 0]7,[0 2 —2 -5 —1]7,[0 0 2 —3 6]7} is a basis of U (where we

have cleared fractions using scalar multiples).

(d) Write these columns as the rows of the following matrix:

1 5 —6 1 5 —6 1 5 —6 1 5 —6
2 6 -8 0 -4 4 0 1 -1 0 1 -1
— — —
3 7 —10 0 -8 8 0 0 24 00 1
4 8 12 0 —12 36 00 0 00 0
0 0
Hence, 5 |, 1 |,]o0 is a basis of U.
-6 -1

3(b) No. If the 3 columns were independent, the rank would be 3.
No. If the 4 rows were independent, the rank would be 4, a contradiction here as the rank
cannot exceed the number of columns.

(d) No. Suppose that A is m x n. If the rows are independent then rank A = dim(row A) =m
(the number of rows). Similarly if the columns are independent then rank A = n (the number
of columns). So if both the rows and columns are indeependent then m = rank A = n, that
is A is square.

(f) No. Then dim(null A) =n —r =4 —2 =2, contrary to null(A) = Rx where x # 0.

4. Let c; denote column j of A. If x = [z --- z,]7 € R" then AX = z1¢y + --- + x,¢, by
Definition 1 §2.2. Hence

col A = span{cy,...,cp} = {z1c1 + -+ zpc, | 25 € R} = {Ax | x € R"}.
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7(b) The null space of A is the set of columns X such that AX = 0. Applying gaussian elimination

10(b)

12

15(b)

to the augmented matrix gives:

3 5 5 2 0|0 10 2 2 1] o]
1 0 2 2 0 05 -1 —4 =30
—
1 1 1 -2 =20 01 -1 —4 -3 0
2 0 -4 —4 2|0 00 0 0 0 |0
10 2 2 1]o 100 -6 -5/ 0]
01 -1 —4 —3|0 010 0 0
— —
00 16 12 | 0 00 1 4 0
00 0 0|0 00 0 0 0
6s + 5t
0
Hence, the set of solutions is null A = —4s—-3t | | s,tin R 3 = span B where
S
t
5
0
B= -4 |, | -3 . Since B is independent, it is the required basis of null A. We have
1 0
0 1

r = rank A = 3 by the above reduction, so n —r = 5 — 3 = 2. This is the dimension of null
A, as Theorem 3 asserts.

Since A is m x n, dim(null A) = n— rank A. To compute rank A, let R = [r1 19 -+ 1y).
Then A =CR = [riC rC --- r,C] by block multiplication, so

col A = span{rC,rsC,...,r,C} =span{C}
because some 7; # 0. Hence rank A = 1, so dim(null A) = n— rank A =n — 1.

Let A = [c1 ... c¢,] where c¢; is the jth column of A; we must show that {ci,...,c,} is
independent. Suppose that z1ci + -+ + z,c, = 0, 2; in R. If we write x = [21 --- x,]7, this
reads Ax = 0 by Definition 1 §2.2. But then x is in null A, and null A = 0 by hypothesis. So
x = 0, that is each z; = 0. This shows that {cy,...,c,} is independent.

If A2 = 0 then A(Ax) = 0 for all xin R”, that is {Ax | X in R"} C null A. But col 4 =
{Ax |xin R™}, so this shows that col A C null A. If we write » = rank A, taking dimensions
gives r = dim(col A) < dim(null A) = n — r by Theorem 3. It follows that 2r < n; that is
r<3.

We have rank(A) = dim[col(A4)] and rank(AT) = dim[row(AT)]. Let {c1,ca,...,cx} be a
basis of col(A); it suffices to show that {cT,cI,... cl'} is a basis of row(AT). But if t;cT +
tgcg +...4+ tkcf =0, ¢; in R, then (taking transposes) tici + tacg + ... + txc,, = 0 so each
t; = 0. Hence {cf,cl,... ,cI'} is independent. Given v in row(AT) then v is in col(4), say
vl = s1¢1 +saca+. ..+ spCk, sj in R. Hence v = sicl +sacd +. .. —i—skcz so{cl el ... ,c%}
spans row (A7), as required.

Let {c1,...,c,} be a basis of col A where r = rank A. Since Ax = b has no solution, bis not
in col A =span{cy,---,c,} by Exercise 12. It follows that {ci,...,c,,b} is independent [If
aici + -+ + ayc, + ab = 0 then a = 0 (since bis not in col A), whence each a; = 0 by the
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independence of the ¢;]. Hence, it suffices to show that col[A, B] = span{cy,--- ,c,,b}. It is
clear that bis in col[A,b], and each c; is in col[A, b] because it is a linear combination of
columns of A (and so those of [A, b]). Hence

span{ciy,...,c;,b} C col[4,b].

On the other hand, each column xin col[A4, b] is a linear combination of band the columns of A.
Since these columns are themselves linear combinations of the c;, so xis a linear combination
of band the c;. That is, xis in span{ci,...,c,,b}.

Exercises 5.5 Similarity and Diagonalization

1(b) det A = —5, det B = —1 (so A and B are not similar). However, tr A =2 = tr B, and rank
A =2 = rank B (both are invertible).

(d) tr A=5, tr B=4 (so A and B are not similar). However, det A =7 = det B, so
rank A =2 = rank B (both are invertible).

(f) tr A= —5 = tr B; det A = 0 = det B; however rank A = 2, rank B =1 (so A and B are not
similar).
3(b) We have A ~ B, say B = P~'AP. Hence B~! = (P7!AP)" ' = P~ 1A~ }{(P~ 1)~ 50

A=l ~ B7! because P! is invertible.

t—3 0 —6
4(b) ca(@)=1] o z+3 o |=(x+3)(x® -5z —24) = (z+ 3)*(z — 8). So the eigenvalues
-5 0 -2
are A\; = —3, Ay = 8. To find the associated eigenvectors:
-6 0 -6 1 0 1 [ -1 0
AL =-—3: 0 0 0 | — | o 0o o];basiceigenvectors | o |,| 1
-5 0 -5 0 0 0 |1 0
5 0 —6 10 -§ 6
Ay =8t 0 11 0 | — |0 1 o |;basiceigenvector | 0
| -5 0 6 0 0 O | 5
[ 1 [0
Since o |[,[1],]o0 is a basis of eigenvectors, A is diagonalizable and
1 0
-1 0 6 -3 0 0
P=1| o 1 o | willsatisfy P"'AP=| o -3
1 0 5 | 0 0 8
z—4 0 0 0 0 0 1 0 0
(d) ca(z)=] 0o 2-2 -2 |=(x—-4)2*(x+1).Forr=4 |0 2 —=2|—]0 1 -1 |;
-3 z-1 2 -3 3 0 0 0
0
E; = | 1 | . Hence A is not diagonalizable by Theorem 6 because the dimension of F4(A) =1

1
while the eigenvalue 4 has multiplicity 2.
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8(b) If B=P7'AP and A* =0, then B¥ = (P~1AP)* = p~1A*P = p~l0P = 0.

9(b) Let the diagonal entries of A all equal \. If A is diagonalizable then P~ AP = AI by Theorem
3 for some invertible matrix P. Hence A = P(A\I)P~! = \(PIP~1) = Al

10(b) Let P~*AP = D = diag{\1, A2,..., Ay} . Since A and D are similar matrices, they have the
same trace by Theorem 1. That is

tr A= tr (P'AP)= tr D=\ + Aa + -+ \p.

12(b) Tp(A)Tp(B) = (P *AP)(P~'BP)= P~ 'AIBP = P~'*ABP = Tp(AB).

13(b) Assume that A is diagonalizable, say A ~ D where D is diagonal, say D = diag(\1,..., An)
where g, - - - , A, are the eigenvalues of A. But A and A7 have the same eigenvalues (Example
5§3.3) so AT ~ D also. Hence A~ D ~ AT so A ~ AT as required.

17(b) We use Theorem 7. The characteristic polynomial of B is computed by first adding rows 2
and 3 to row 1. For convenience, write s = a+b+ ¢, k = a® +b* + 2 — (ab + ac + be).

r—c —a —b rT—s T—S T—S T—s 0 0
CB(JI) = —-a x—-b —c = —-a x—-b —c = —a + (a —b) a—c
—b —-c z—a —b —-c zT—a —b b—c —(a—1b)
=(x—s)[2*—(a—b)*—(a—c)(b—¢)]
= (z —s)(2® — k).

Hence, the eigenvalues of B are s, vk and —k. These must be real by Theorem 7, so k > 0.
Thus a? + b + ¢ > ab + ac + be.

20(b) To compute ca(x) = det(xI — A), add = times column 2 to column 1, and expand along row

1:
T —1 0
T -1
0 T -1
cal)=| =+ o : :
0 0 0 0 -1 0
0 0 0 0 T -1
-rTo —T1 —Tr2 —r3 -+ —Tp_2 T—Tg_1
0 -1 0
x2 T -1
0 0 T -1
0 0 0 0 -1 0
0 0 0 0 T -1
—rog—T1x —Tr1 —T9 —T3 —Tp_9 X —Tg_1

Now expand along row 1 to get
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x? -1
0 T -1
ad=l P
0 0 0 T -1
—rog —T1x —Tr2 —T3 s —TE—2 r—Tr—-1

This matrix has the same form as xI — A, so repeat this procedure. It leads to the given
expression for det(xzI — A).

Exercises 5.6 Best Approximation and Least Squares
3 1 6
9 3 1 1 T 26 —2 12
1(b) Here A = 1 , B= o , X =1y |.Hence, ATA=| —2 20 -12
B 12 -12 12
3 -3 3 8

This is invertible and the inverse is

96 120 -—216 24 —30 —54

T -1 _ 1 _ 1
(ATA)" =g | —120 168 288 | =35 | —30 42 72
—216 288 516 54 72 129

Here the (unique) best approximation is

24 —30 —54 a4 60 20
Z=(ATA)ATB=2L| 30 42 mn 15 | =2 | s | =4 | 46
54 T2 129 29 285 95

Of course this can be found more efficiently using gaussian elimination on the normal equations
for Z.

2(b) Here MTM = [; ! 1]

=N W

2
4 :[4 21]7MTY:{1111}
7 21 133 2 4 7 8
8

411(2) } . We solve the normal equation (MT M)A = MTY by inverting MT M:

o[22 (2] (4] 4 ]

91 | —21 4 42 91 _42 13 | -6
Hence the best fitting line has equation y = % — 1%:0.

(d) Analogous to (b). The best fitting line is y = —15 — Tea.
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1 -2 4
111 1 Lo o 4 5 29
3(b) Now MM =| —2 0 3 4 L o | =5 o s
4 9 16 29 83 353
1 4 16
1
1 o 6
MY =| -2 0 3 4. .| =]
4 0 9 16 70
3
We use (M M7T)~1 to solve the normal equations even though it is more efficient to solve them
by gaussian elimination.
1 3348 642  —426 6 540 127
A= (MTM)"Y(MTY)=—— | 612 571 -—187 16 | = — 102 | = | —.024
4248 4248
426 —187 91 22 194
Hence the best fitting quadratic has equation y = .127 — .024x + .194z2.
1 0 0% 20 0 0 1
. 1 1 12 2! 11 2
4(b) In the notation of Theorem 3: Y = , M = = . Hence,
2 22 22 2 4 4
10 3 32 23 3 9 8
14 36 34 230 0 92 115 0  —46
MTM = |3 9 9 |,and (MTM)™ =g | 0o 3 -3 |=5]| 0o 17 -18
34 90 85 —92 36 76 —46 —18 38
Thus, the (unique) solution to the normal equation is
115 0 —46 41 —23
Z=M"M)'MY=L| o 17 -1 111 & | 33
—46 —18 38 103 30
The best fitting function is thus ;= [—23z + 3322 + 30(2)].
1 1 (-1)? sin(-%) 11 -1
1 1 02 in(0 10
5(b) Here Y = , M = ) S.m( ) = . Hence
5 1 2 sin(7) 1 4
9 1 32 sin(¥) 19 -1
4 14 0 -24 7 35
MTM = |14 9 -10 [and (MTM)t=1| 7 -2 10
0 —10 2 35 —10 —49
Thus, the (unique) solution to the normal equations is
24 -2 14 3L 18
— (T 1Ty — 1 _ 1
Z=M M)"MY =y |-2 12 3 B =55 2
14 3 49 -1 28

|

Hence, the best fitting functions

35 [18 + 212”4 28 sin (%)].
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7. To fit s = a + bz where x = t?, we have

1 1
MTM:[1 1} 14 :[314]
1 9 14 98
L 1 9
1 1 [ o5 [ 231
MTY = [ } 80 | = } :
1 9 919
L 56 -
Hence A = (MTM)~'MTYy = L | * 14} [231 - 4 [ o ] — [ o ]to two
—14 3 919 ] —477 —4.87

decimal places. Hence the best fitting equation 1s
y=99.71 — 4.87x = 99.71 — 4.87t%.

Hence the estimate for g comes from —%g = —4.87, g = 9.74 (the true value of g is 9.81).
Now fit s = a + bt + ct?. In this case

11 1 11 1 3 6 14
MIM=1|1 2 3 1 2 4| =1]6 14 36
1 4 9 139 14 36 98
[1 1 1] [ 9 231
MY =|1 2 3 80 | = | 423
1 4 56 919
Hence
76 -84 20 231 404 101
A= MM)Y(MTY)=1 | —s4 o8 -—24 423 | =1 -6 | =| -2
4 4 2
20 -24 6 919 -18 -2
. . _ 3 9,2 . . 9 _ 1 . .
so the best quadratic is y = 101 — 5t — 5¢°. This gives —5 = —5g so the estimate for g is

g =9 in this case.

9 We want ro, 1,72, and r3 to satisfy

rog + 50r; + 18ry + 10r3 = 28
ro + 4071 4+ 20ry + 1673 = 30
ro + 3511 + 14rg9 + 10rg = 21
ro + 40r1 + 12r9 + 1213 = 23
ro + 30r; + 167 + 14rg = 23.

We settle for a best approximation. Here

1 50 18 10 28
1 40 20 16 30
A= 1|1 3 14 10 B=| 21
1 40 12 12 23
1 30 16 14 23
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5 195 80 62
195 7825 3150 2390
80 3150 1320 1008
62 2390 1008 796

ATA =

1035720 —16032 10080 —45300

T 1 1 —-16032 416  —632 800
(A"A)™" = o160
10080  —632 2600  —2180
—45300 800  —2180 3950
So the best approximation
1035720 —16032 10080 —45300 125 —5.19
_ —-16032 416  —632 800 4925 0.34
Z = (ATA)TN(A"B) = i =

10080  —632 2600  —2180 2042 0.51
—45300 800  —2180 3950 1568 0.71

The best fitting function is

y = —5.19 + 0.34x; + 0.51z9 + 0.71x3.

10(b) f(x) = ap here so the sum of squares is

s=(y1—ao)*+ (y2 —ao)* + -+ + (yn — a0)?

n

= (yi - a0)2
i=1
n
= Z(a% — 2a9y; + yz)
=1

:na%— (QZ%> ao + (ny)

— a quadratic in ag. Completing the square gives

s=nfw- 23] - [Du- 2 (Tw)].

This is minimal when ap = = " ;.

1 en
13(b) It suffices to show that the columns of M = | @ are independent. If
1 e*n
1 e®1 0
ro| | +7m : = | : |, then rg +re® =0 for each ¢. Thus, ri(e” — e%) = 0 for all
1 e’2 0

1 and j, so r; = 0 because two x; are distinct. Then rg = r1e* = 0 too.

Exercises 5.7 An Application to Correlation and Variance
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2. Let X = [z1 @y --- x19] =[12 16 13 --- 14] denote the number of years of education. Then
T =53z =15.3, and s2 = =L 5(z; — 2)? = 9.12 (s0 s, = 3.02).

n—1
Let Y =[y1 y2 --- y10] = [31 48 35 --- 35] denote the number of dollars (in thousands) of
yearly income. Then § = 15%¢t; = 40.3, and s2 = =5 5(y; — 7)? = 114.23 (so s, = 10.69).

XeoY —10zy

= 0.599.
9545y

The correlation is r =

4(b) We have z; = a + bz; for each i, so

> (a+bay) = % (na—i—bei) :a+b<%2xi> — a + bZ.

S|

Z:

Hence

si= : Y (zi—2)?= : > lla+ba;) — (a+b2)]* =

n—1 n—1

1
n—1

ZbQ(xi —z)2 =152,
The result follows because vb2 = |b].

Supplementary Exercises for Chapter 5

1(b) False. If r = 0 then rx is in U for any x.
1(d) True. If x is in U then —x = (—1)x is also in U by axiom S3 in Section 5.1.

1(f) True. If rx 4+ sy = 0 then rx + sy + 0z = 0 so r = s = 0 because {x,y,z} is independent.

False. Take n =2, x; = | i | and x9 = [ ) |. Then both x; and x5 are nonzero, but {x;,x2}

is not independent.

1(j) False. If a = b = ¢ = 0 then ax + by + cz = 0 for any x,y and z.

1(1) True. If t1x3 + toxa + -+ + t,x, = O implies that each ¢; = 0, then {x1,x2, -+ .x,} is
independent, contrary to assumption.

1 -1 0 0
0 0 0 0,1 . :
1(n) False. <[ o 1 o 1 ) |l o | ¢ is not independent.
0 0 0 1

1(p) False. {x, x+y, y} is never independent because 1x + (—1)(x+y) + ly = 0 is a nontrivial
vanishing linear combination.

1(r) False. Every basis of R? must contain exactly 3 vectors (by Theorem 5 §5.2). Of course a
nonempty subset of a basis will be independent, but it will not span R3 if it contains fewer
than 3 vectors.
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Chapter 6: Vector Spaces

Exercises 6.1 Examples and Basic Properties

1(b) No: S5 fails 1(z,y,2) = (12,0,12) = (x,0,2) # (x,y, 2) for all (x,y,z) in V. Note that the
other nine axioms do hold.

(d) No: S4 and S5 fail: S5 fails because 1(x,y, 2) = (2z,2y,2z) # (z,y,2); and S4 fails because
alb(x,y, z)] = a(2bx,2by,2bz) = (4abx,4aby,4abz) # (2abzx,2aby,2abz) = ab(z,y, z). Note
that the eight other axioms hold.

2(b) No: Al fails — for example (2> + z + 1) + (—2® + 2 + 1) = 2z + 2 is not in the set.

(d) No: Al and S1 both fail. For example = + 22 and 2z are not in the set. Hence none of the
other axioms make sense.

(f) Yes. First verify Al and S1. Suppose A = [ ¢ Z ] and B = [ vy } arein V, so a+c = b+d

a+x b+y

and x + 2z =y +w. Then A+ B = [
c+z d+w

] is in V because
(a+z)+(ct2)=(a+c)+(x+2)=0b+d)+y+w)=(b+y)+ (d+w).

Also rA = [ " TZ } isin V for all 7 in R because ra +rc=r(a+c) =r(b+d) = rb+ rd.

rc T

A2, A3, S2, 83, S4, S5. These hold for matrices in general.
A4. [ g g } isin V and so serves as the zero of V.

with a + ¢ = b+d, then -4 = | * 1 is also in V because

a
c —c —d

—(b+d) = —b—d. So —A is the negative of A in V.

A5. Given A =
—a—c=—(a+c)
(h) Yes. The vector space axioms are the basic laws of arithmetic.

(j) No. S4 and S5 fail. For S4, a(b(z,y)) = a(bzx, —by) = (abx,aby), and this need not equal
ab(x,y) = (abx, —aby); as to S5, 1(x,y) = (z, —y) # (x,y) if y # 0.

Note that the other axioms do hold here:
A1, A2, A3, A4 and A5 hold because they hold in R2.
S1 is clear; S2 and S3 hold because they hold in R?.

(1) No. S3 fails: Given f:R — R and a,b in R, we have

[(a+0)f](z) = f((a +b)z) = f(ax + bx)
(af +0f)(z) = (af)(z) + (bf)(z) = f(az) + f(ba).

These need not be equal: for example, if f is the function defined by f(z) =
Then f(ax + bz) = (ax + bx)? need not equal (az)? + (bz)? = f(az) + f(bx )



102

5(b)
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Note that the other axioms hold. A1-A4 hold by Example 7 as we are using pointwise addition.
S2. a(f+g9)(x) = (f+g)(ax) definition of scalar multiplication in V'

= f(az)+ g(ax) definition of pointwise addition
= (af)(x)+ (ag)(z) definition of scalar multiplication in V'

= (af +ag)(z) definition of pointwise addition
As this is true for all z, a(f + g) = af + ag.
S4. [a(bf))(z) = (bf)(az) = flblaz)] = F((ba)e] = [(ba)f](x) = [abf](x) for all 2,
so a(bf) = (ab)f.
S5. (1f)(z) = f(lz) = f(z) for all z, so 1f = f.

No. S4, S5 fail: a* (b* X) = a* (bXT) = a(bX")T = abX™TT = abX, while (ab) x X = abX ™.
These need not be equal. Similarly: 1% X = 1X7 = X7 need not equal X.

Note that the other axioms do hold:

A1-A5. These hold for matrix addition generally.

Sl.ax X =aXTisin V.

S2. ax (X +Y)=a(X+ V) =a(XT+YT) =aXT +aYT =ax X +axY.
S3(a+b)*xX =(a+b)XT =aXT +bXT =a* X +bxX.

AL (z,y) + (z1,y1) = (x+ 21,y +y1+ 1) isin V for all (z,y) and (x1,y1) in V.

A2, (z,y) + (z1,01) = (e +z,y+yi+ 1) = (@1 + 2,0 +y+ 1) = (21,v1) + (21,9).
A3 (z,y) + (z1,51) + (22,92)) = (@,9) + (w1 + 22,91 +y2+1)
(x4 (z1 +x2),y+ (1 +y2+1)+1)
(x+21 + 22,y +y1 +y2 +2)
((z,y) + (z1,91)) + (22,92) = (z+zL,y+y+1)+ (z2,92)
(4z1) + 22, (y+yr +1)+y2+1)
(

Tz + 22,y +y1 Y2 +2).

These are equal for all (z,y), (z1,y1) and (z2,y2) in V.

Ad. (z,y)+(0,-1) =(z+ 0,y + (=1) + 1) = (x,y) for all (z,y), so (0,—1) is the zero of V.
A5 (z,y)+ (—z,—y—2)=(z+ (—x),y+ (—y —2)+ 1) = (0,—1) is the zero of V' (from A4)
so the negative of (x,y) is (—z, —y — 2).

Sl. a(z,y) = (az,ay +a—1) isin V for all (z,y) in V and a in R.

S2. al(@,y)+ (um) = a@tenytu+l) = (ae+a)aly 1) fa—1)

= (az+azry1,ay +ayy +2a —1)

a(z,y) +alzi,y1) = (ax,ay+a—1)+ (az1,ay1 —a —1)
= ((az+az1),(ay+a—1)+ (a1 +a—1)+1)

= (az+azry,ay +ay; +2a —1).
These are equal.
S4. alb(z,y)] = a(bz, by+b—1) = (a(bz), a(by+b—1)+a—1) = (abz, aby+ab—1) = (ab)(x,y).
S5. 1(z,y) = (lz,ly+ 1 —1) = (z,y) for all (z,y) in V.

Subtract the first equation from the second to get x — 3y = v — u, whence x =3y + v —u.
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10.

12(b)

13(b)

15(c)

Substitute in the first equation to get

3By +v—u)—2y=u
Ty =4u—3v
y =2u-—2v.

Substitute this in the first equation to get x = %u — %v.

It is worth noting that these equations can also be solved by gaussian elimination using u
and v as the constants.
0 0
0 0|

a+c=0, b+c=0, b+c=0, a—c=0.

a b 0 c —c
Equating corresponding entries gives equations for a and b.

au+bv+cw:0becomes[g 0 +[0 bl C}

The only solution isa =b=c=0.

au + bv + cw = 0 means asinz + bcosx + ¢l = 0 for all choices of . If z = 0, §,m,

we get,respectively, equations b +c¢ = 0, a + ¢ = 0, and —b + ¢ = 0. The only solution is
a=b=c=0.

>
—

3u—v+w)—-2[Bu—-2v)—-3(v—w)|+6(w—u—v)

(12u — 4v + 4w) — 2[3u — 2v — 3V + 3w]| + (6w — 6u — 6v)
(12u — 4v + 4w) — (6u — 10v + 6w) + (6w — 6u — 6v)
4

W.

Suppose that a vector z has the property that z + v = v for all v in V. Since 0 4+ v = v also
holds for all v, we obtain z + v = 0+ v, so z = 0 by cancellation.

(—a)v+av = (—a+a)v = 0v = 0. Since also —(av)+av = 0 we get (—a)v+av = —(av)+av.
Thus (—a)v = —(av) by cancellation.
Alternatively: (—a)v = [(—1)a]v = (—1)(av) = —av using part 4 of Theorem 3.

We proceed by induction on n (see Appendix A). The case n = 1 is clear. If the equation
holds for some n > 1, we have

(al +a2+"'+an+an+1)v = [(al +a2+"'+an) +an+1]v
= (a1 +ag+ - +ay)V+ap1v by S3
= (mv+av+---+a,v)+ap1v by induction

= @mV+av+---+a,V+ap+1Vv
Hence it holds for n + 1, and the induction is complete.

1 1

Since a # 0, ! exists in R. Hence av = aw gives a 'av = a~'aw; that is 1v = 1w, that is
vV=w.
Alternatively: av = aw gives av —aw = 0, so a(v — w) = 0. As a # 0, it follows that

v —w = 0 by Theorem 3, that is v =w.
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Exercises 6.2 Subspaces and Spanning Sets

1(b) Yes. U is a subset of P3 because xg(z) has degree one more than the degree of g(z). Clearly
0=2x-0isin U. Given u = zg(z) and v = zh(z) in U (where g(x) and b(x) are in Pg) we
have

u+v =z(g9(x) + h(z)) is in U because g(z) + h(z) is in P2
ku = z(kg(z)) is in U for all k in R because kg(z) is in Py

(d) Yes. Asin (b), U is asubset of P3. Clearly 0 = z-0+(1—2)-0isin U. If u = zg(z)+(1—z)h(z)
and v =zg1(z) + (1 — z)h1(x) are in U then

u+v=uzg(z)+g1(x)] + (1 —2z)[h(z) + h(z)]
ku = z[kg(z)] + (1 — z)[kh(z)]

both lie in U because g(x) + g1(x) and h(z) + hi(z) are in Ps.

(f) No. U is not closed under addition (for example u = 1+ 23 and v = x — 2? are in U but
u+v=1+zisnot in U). Also, the zero polynomial is not in U.

2(b) Yes. Clearly 0 = [E g] isin U. If u = [a

C

Z]andulz [al bl]areinUthen

C1 1
a—+ ay b+ b1

u+u; =
1 |: c+c d+dy

] isin U because (a+a1)+ (b+0b1) = (a+b)+ (a1 +b1)
= (c+d)+ (c1 +d1)
= (c+a)+(d+d).

ku = [ Za :Z] is in U because ka + kb = k(a + b) = k(c+ d) = ke + kd.

(d) Yes. Here 0 is in U as 0B = 0. If A and A; are in U then AB = Oand A;B = 0, so
(A+ A)B=AB+ AB =0+0 =0 and (kA)B = k(AB) = k0 = 0 for all k in R. This
shows that A + A; and kA are also in U.

1 0

(f) No. U is not closed under addition. In fact, A = [ o and A; = [ g (1) } are both in U,

butA—i—Al:[; (1]} is not in U.

3(b) No. U is not closed under addition. For example if f and g are defined by f(z) =z + 1 and
g(r) = 22+ 1, then f and g are in U but f + g is not in U because (f +¢)(0) = f(0) +g(0) =
1+1=2.

(d) No. U is not closed under scalar multiplication. For example, if f is defined by f(z) = =z,

then f isin U but (—1)f is not in U (for example [(—1)f](3) = —3 so is not in U).
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(f) Yes. 0is in U because 0(x +y) =0=0+0 = 0(x) + 0(y) for all z and y in [0,1]. If f and g
are in U then, for all k£ in R:

(f+9)@+y) =flz+y) +9(z+y)

= (f(2)+ f(y) + (9(z) + 9(y

= (f(z) +9(z)) + (f(y) +9())
=(f+9)@)+(f+9)(y)

(k)@ +y) =k[f(x+y)] =k[f(x) + f(y)] = klf(@)] + k[f(y)]
= (kf)(z) + (kf)(y)
Hence f + g and kf are in U.
1 Y1
5(b) Suppose X = | : | #0,say x; #0. Given Y = | : | let A be the m x n matrix with &t

column x,;lY and the other columns zero. Then Y = AX by matrix multiplication, so Y is
in U. Since Y was an arbitrary column in R", this shows that U = R™.

6(b) We want 7,s and ¢ such that 222 — 3z + 1 = r(z + 1) + s(2? + x) + t(2? + 2). Equating
coefficients of z?, x and 1 gives s +t = 2, r +s = —3, r + 2t = 1. The unique solution is
r=-3,s=0,t=2.

(d) Asin (b),z=2(z+ 1)+ $(2® +z) — 3(2® + 2).

7(b) If v = su +tw then z = s(z? + 1) + t(z + 2). Equating coefficients gives 0 = s, 1 = ¢ and
0 = s+ 2t. Since there is no solution to these equations, v does not lie in span{u, w} .

—4 - . . .
(d) If v = su+ tw, then [ ; s | =8 ; 11 +t j (1] . Equating corresponding entries
gives s+2t =1, —s+t = —4, 2s+t =5 and s = 3. These equations have the unique solution
t=—1,s=3,s0 v isin span{u,w}; in fact v=3u —w.

8(b) Yes. The trigonometry identity 1 = sin? 2 + cos? z for all x means that 1 is in spam{sin2 z,cos?x}.

(d) Suppose 1 + 2% = ssin? z + t cos? = for some s and ¢. This must hold for all . Taking = = 0
gives 1 = t; taking © = 7 gives 1 + 72 = —t. Thus 2 + 72 = 0, a contradiction. So no such s
and t exist, that is 1 + 22 is not in spam{sin2 x, cos? :c} .

9(b) Write U = span {1 + 222 32,1 + x} , then successively

=

(3z) isin U
l+z)—zisin U
[(1+22?) — 1] is in U.

I
Aw

=

T
1
2

Since Py = span {1,x,x2} , this shows that Py C U. Clearly U C P2, so U = Pas.



106 Section 6.3: Linear Independence and Dimension
11(b) The vectors u—v = lu+(—1)v, u+v, and w are all in span {u, v, w} so span{u — v,u+ w,w} C
span{u, v, w} by Theorem 2. The other inclusion also follows from Theorem 2 because
u=(ut+w)—w
v=—(u—-v)+(ut+w)—w
W =W

show that u, v and w are all in span{u — v,u+v,w}.

14. No. For example (1,1,0) is not even in span{(1,2,0),(1,1,1)}. Indeed (1,1,0) = s(1,2,0) +
t(1,1,1) requires that s+t =1, 2s+¢=1,¢t=0, and this has no solution.

18. Write W = span{u,va,...,v,}. Since u is in V we have W C V. But the fact that a; # 0

means
—ly—%y, _..._
V1 = alu ol Vo a1 Vn
so vp is in W. Since vo,..., v, are all in W, this shows that V' = span{vi, va,...,v,} C W.
Hence V =W.

21(b) fuand u+varein U then v=(u+v)—u= (u+v)+ (—1)uis in U because U is closed
under addition and scalar multiplication.

22. If U is a subspace then, u; + aus is in U for any u; in U and a in R by the subspace test.
Conversely, assume that this condition holds for U. Then, in the subspace test, conditions (2)
and (3) hold for U (because 1v = v for all v in V'), so it remains to show that 0 is in U. This
is where we use the assumption that U is nonempty because, if u is any vector in U then
u+ (—1)uis in U by assumption, that is 0 € U.

Exercises 6.3 Linear Independence and Dimension

1(b) Independent. If rz2 + s(x + 1) + (1 — 2 — 2?) = 0 then, equating coefficients of 2, x and 1,
wegetr—t=0,s—t=0,s+t=0. The only solution is r = s =1t = 0.

(d) Ilrldependent.Ifr[1 I}Jrs{o 1}+t{1 0]+u[1 1}:[0 O}Jhen
10 11 11 0 1 0 0

r+t+u=0,7r+s+u=0,r4+s5+t=0,s+t+u = 0. The only solutionisr =s =%t =u = 0.
2(b) Dependent. 3(z? —x +3) — 2222 + 2 +5) + (22 + 5z +1) =0

(d)Dependent.Z[_Ol _01]+[_11 _11}+{1 i:|+0|:_01 _01}:[2 H

5 1 6
(f) Dependent. —"— + 555 — 775 = 0

2

3(b) Dependent. 1 — sin?z — cos? z = 0 for all =.

4(b) If r(2,z,1) + s(1,0,1) +¢(0,1,3) = (0,0,0) then, equating components:
2r + s = 0

xr + t =0
r + s 4+ 3t = 0.
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Gaussian elimination gives

2 1 0 0 1 1 3 0 1 1 3 0 1 1 3 0
z 0 1 0 — 2 1 0 0 — 0 1 6 0 — 0 1 6 0
1 1 3 0 z 0 1 0 0 -z 1-3z 0 0 0 1+ 3z 0

This has only the trivial solution 7 = s = ¢ = 0 if and only if z # = L Alternatively, the
coefficient matrix has determinant

2
det x
1

2
= det T
-1

xT

=
w = O
o O =
w = O

:det[ ;}:(1+3$).

This is nonzero if and only if x # —%.
Independence: If r(—1,1,1) 4+ s(1,-1,1) + ¢(1,1,-1) = (0,0,0) then —r + s+t = 0,
r—s+t=0,r+s—t=0. The only solution is r =s =t = 0.

Spanning: Write U = span{(—1,1,1),(1,—1,1),(1,1,—1)}. Then (1,0,0) = %[(1, 1
(1,—1,1)] is in U; similarly (0, 1, 0) and (0, 0, 1) are in U. As R3 = span{(1, 0, 0), (0, 1,0), (0 0,1)},
we have R3 C U.Clearly U C R3, so we have R? = U.

Independence: If 7(1+ z) + s(z + 2?) + t(z? + 23) + uz® = 0 then
T+ (r+s)z+ (s +t)z? + (t +u)2z® =0,

sor=0,r+s=0,s+t=0,t+u=0. The only solution is r =s =t =u = 0.

Spanning: Write U = span{l +x, x4z, 2?2423 x?’}. Then 22 is in U; whence
22 = (22 + 2%) — 23 is in U; whence x = (z + 2?) — 22 is in U; whence 1 = (1 + z) — z is in

U. Hence P3 = span{l,:z:,scz,sc?’} is contained in U. As U C P3, we have U = Ps3.

Write U = {a + b(z + 2?) | a,b in R} = span B where B = {1,z + 2?} . But B is independent
because s + t(z + 2?) = 0 implies s = t = 0. Hence B is a basis of U, so dimU = 2.

Write U = {p(z) | p(x) = p(—x)}. As U C Pa, write p(z) = a + bz + cx? be any member
of U. The condition p(x) = p(—x) becomes a + bz + cx? = a — bz + cz?, so b = 0. Thus
U= {a+bm2 | a,bin R} = Span{l,xQ}. As {1,302} is independent (s + tx? = 0 implies
s =0=1t), it is a basis of U, so dimU = 2.

WriteU:{A|A[_11 (1)]:[ 11 ;}A}.IfA:[I y},AiSinUifandonlyif

|::E y:||:1 1:|:|:1 1:||::E y],thatis[zy z:|:|:z+z y+w:|‘
z w -1 0 -1 0 zZ w zZ—w z - -y

This holds if and only if x = y + w and z = —y, that is

A:[y—f—w y]:y[l 1]+w[1 0].
—y w -1 0 0 1

Hence U = span B where B = { [ Pt } , [ ! (1] } } . But B is independent here because

-1 0 0

s[ ! 1}+t ! 0}:{0 0}1rneanss+t:(),s:(),s:(),t:(),sos:tzo.Thus
-1 0 0 1 0 0

B is a basis of U, so dimU = 2.
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(d)

10(b)

11(b)

12(b)

Section 6.3: Linear Independence and Dimension

G ) o e il B ey
z w -1 0 -1 1 z w | z2—w =z Z—r w—y

This holds if and only if 2 = x — y and x = w; that is
. T Y o 1 0- 0 1
A_[zy z:|_x[1 1_+y[1 0]'

Thus U = span B where B = {[ i (1) ] , [ _01 (1] }}.ButBis independent because s [ 1 (1) }+

WriteU:{A|A[11 ;]:[ 01 1}14}.1&4:[33 y}thenAisinUifandonly

t[ol ;}:[8 g} implies s =t = 0. Hence B is a basis of U, so dimU = 2.

T

If X = [ and this holds if and

the condition AX = X is [ Ttz ytuw } ="

Yy
z w 0 0 z w

onlyifz:w:().HenceX:[xy]:x[10]+y 01}SoUzspanBWhere
0 0 0 0 0 0
B:{[; g},[g (];}}.AsBisindependent,itisabasisofU,sodimU:Z.

If the common column sum is m, V has the form

v

| a,b,p,q,7,8,m in R 3 = span B where

I
S8
bS]
)

o o O

[0 0 0 0
B 00 0f,| o o |,
11 1 —1 0 —1
0
0
0

0 0
0 0
0 0

0

0

0

The set B is 1ndependent a linear combination using coefficients a, b p, q,r,s, and m yields
the matrix in V, and this is 0 if and only ifa =b=p=¢g=r=s=m =0.) Hence B is a
basis of B, so dimV = 7.

0
0 1
0 -1

A general polynomial in P3 has the form p(z) = a + bz + cx? + dx?, so

V= {(172 —z)(a + bz + cz® + dz3) | a,b,c,d in R}
= {a(2® — 2) + ba(z® — 2) + cx®(2® — 2) + da®(2® — 2) | a,b,¢,d in R}
= span B
where B = {(2? — z),z(2? — ), xQ(ch —x),23(2? — 2)} . We claim that B is independent.
For if a(x? —z) +bz(2? —2) +cx?(2? — x) +da3(2? —z) = 0 then (a+bz+cr?+dz3) (2% —x) = 0,
whence a + bx + cz? + dz® = 0 by the hint in (a). Thus a = b = ¢ = d = 0. [This also follows
by comparing coefficients.] Thus B is a basis of V, so dimV = 4.

No. If P3 = span{ fi(z), fa(z), f3(z), fa(z)} where f;(0) = 0 for each 4, then each polynomial
p(x) in P3 is a linear combination

p(x) = a1 fi(x) + azfo(x) + asf3(x) + as fa(z)
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15.

19.

when the a; are in R. But then

p(0) = a1 f1(0) + a2 f2(0) + a3 f3(0) + a4 f4(0) = 0

for every p(x) in P3. This is not the case, so no such basis of P3 can exist. [Indeed, no such
spanning set of Pz can exist.]

=l )L
1(1) L

1 . . . . .
) ] } is a basis of invertible matrices.

11 10 0 1 0 0 .
Independent: r }—i—u[ ]:[ ]glves
0 1 11 11 0 0
r+s+t=0,s+u=0, t+u 0, 7+s+1t+u=0. The only solution is r =s =t =u = 0.
Spanning: 0 1 _ o is in span B
P & 1o o o1 0 1 p
S I R R is in span B
10 11 0 1
0 0 0 1 0 1 0 0 .
= - —[ ] is in span B
0 1 11 0 0 10
I I L I is in span B
[ 0 0 | o 1| [0 1]
0 1 0 0 0 0 10
pu— C . C
Hence Moy span{[o 0],[1 0],[0 1],[0 0]}_spanB Clearly span B C

Mos.
Yes. Indeed, Ou + Ov + Ow = 0 for any u, v, w, independent or not!

Yes. If su+t(u+v) =0 then (s+t)u+tv=0,s0s+t=0and ¢t=0 (because {u, v} is
independent). Thus s =¢ = 0.

Yes. If su+tv =0 then su+tv+0w =0, s0 s =t =0 (because {u,v,w} is independent).
This shows that {u, v} is independent.

Yes. Since {u,v,w} is independent, the vector u+ v + w is not zero. Hence {u+ v + w} is
independent (see Example 5 §5.2).

Yes. If Iis a set of independent vectors, then |I| < nby the fundamental theorem because
Vcontains a spanning set of nvectors (any basis).

If a linear combination of the vectors in the subset vanishes, it is a linear combination of the
vectors in the larger set (take the coefficients outside the subset to be zero). Since it still
vanishes, all the coefficients are zero because the larger set is independent.

We have su’ + tv = s(au + bv) + t(cu + dv) = (sa + tc)u + (sb + td)v. Since {u, v} is
independent, we have

su' +tv/ =0 if and only if sa+tc=0 and sb+td =0
if and only if [ac][s}:[o].
b d t 0

Hence {u’, v’} is independent if and only if [ Z Z } [ ° ] = [ 3 ] implies [ : ] = [ 0 } .

By Theorem 5 §2.4, this is equivalent to A being invertible.
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23(b)

(d)

26.

29(b)

33(b)

36(b)

Section 6.4: Finite Dimensional Spaces

Independent: If r(u+v)+s(v+w)+t(w+u) = 0 then (r+t)u+(r+s)v+(s+t)w+0z =0
Thus r+t =0, r+s =0, s+t = 0 (because {u, v, w,z} is independent). Hencer = s =t = 0.

Dependent: (u+v) — (v+w) + (w+2z) — (z+ u) = 0 is a nontrivial linear combination
that vanishes.

If rz + 822 =0, r,s in R, then z(r + sz) = 0. If z is not real then z # 0 so r + sz = 0. Thus
s = 0 (otherwise z = =L is real), whence r = 0. Conversely, if z is real then rz + sz = 0

when r =2z, s = —1, so {z, 22} is not independent.

If U is not invertible, let Ux = 0 where x# 0 in R" (Theorem 5, §2.3). We claim that no set
{A1U, AoU, ...} can span M, (let alone be a basis). For if it did, we could write any matrix
B in M,,,,, as a linear combination

B =a1A1U + a2 AU + - -

Then Bx = a1 AUX + a2 AsUx+--- =0+ 0+ --- =0, a contradiction. In fact, if entry k of
xis nonzero, then Bx # 0 where all entries of B are zero except column k, which consists of
1’s.

Suppose UNW = 0. If su+ tw = 0 with u and w nonzero in U and W, then su = —tw
isin UNW = {0}. Hence su =0 =tw. So s =0 =1 (as u # 0 and w # 0). Thus {u, v}
is independent. Conversely, assume that the condition holds. If v # 0 lies in U N W, then
{v,—v} is independent by the hypothesis, a contradiction because 1v + 1(—v) = 0.

If p(z) = ap + a1z + - - - + apz™ is in Oy, then p(—x) = —p(x), so

ao—a1x+a2x2+a3x3+a4x4—--- :—ag—alm—a2m2—a3m3—a4m4—---
Hence ag = ay = a4 = --- = 0 and p(z) = a1x+azr3+asz®+- - Thus On = span{:c 23, 2P, . }
is spanned by the odd powers of x in Pp. The set B = {z,2%,2° ...} is 1ndependent
(because {1, 2, 2%, 2°, xt ..} is independent) so 1t is a basis of O If n 1s even B =
{z,2%, a2, ... 2"} has g members, so dimO, = %. If n is odd, B = {z,2* 2° ... 2"}

has "+1 members, so dimO,, = "TH

Exercises 6.4 Finite Dimensional Spaces

1(b)

B ={(1,0,0),(0,1,0),(0,1,1)} is independent as r(1,0,0) + s(0,1,0) + ¢(0,1,1) = (0,0,0)
implies r =0, s+t =0, t = 0, whence r = s =t = 0. Hence B is a basis by Theorem 3
because dimR? = 3.

B = {1,30,302 —x+ 1} is independent because 71 + sz + t(z? —x — 1) = 0 implies r — t = 0,
s—t =20, and t = 0; whence r = s =t = 0. Hence B is a basis by Theorem 3 because
dim P2 = 3.

As dim P, = 3, any independent set of three vectors is a basis by Theorem 3. But we have
—(22+3)+2(z+2)+ (22 —22—1) =0, {2 + 3,2 4+ 2,2? — 2z — 1}, so is dependent. However
any other subset of three vectors from {502 +3,x+2,22 -2z — 1,22+ :r} is independent
(verify).
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3(b) B ={(0,1,0,0),(0,0,1,0),(0,0,1,1),(1,1,1,1)} spans R* because

(1,0,0,0) = (1,1,1,1) — (0,1,0,0) — (0,0,1,1) is in span B
(0,0,0,1) =(0,0,1,1) — (0,0,1,0) is in span B

and, of course, (0,1,0,0) and (0,0,1,0) are in span B. Hence B is a basis of R* by Theorem
3 because dimR* = 4.

(d) B={1, a® +a, 2® +1, 3} spans P3 because 2> = (2 +1) —1 and 2 = (2® + ) — 2% are in
span B (together with 1 and #3). So B is a basis of P3 by Theorem 3 because dim P3 = 4.

4(b) Let z = a + bi; a,b in R. Then b # 0 as z is not real and a # 0 as z is not pure imaginary.
Since dim C = 2, it suffices (by Theorem 3) to show that {z, z} is independent. If rz+ sz =0
then 0 = r(a+bi) + s(a—bi) = (r+s)a+ (r — s)bi. Hence (r + s)a = 0 = (r — s)b so (because
aZ0#b)r+s=0=7r—s. Thusr =s=0.

5(b) The four polynomials in S have distinct degrees. Use Example 4 §6.3.

6(b) {4,4x,42% 423} is such a basis. There is no basis of Pgconsisting of polynomials have the
property that their coefficients sum to zero. For if it did then every polynomial in P3would
have this property (since sums and scalar multiples of such polynomials have the same prop-
erty).

7(b) Not a basis because (2u+ v +3w) — (3u+v —w) + (u—4w) = 0.
(d) Not a basis because 2u — (u+w) — (u—w) +0(v +w) = 0.

8(b) Yes, four vectors can span R? — say any basis together with any other vector.
No, four vectors in R? cannot be independent by the fundamental theorem (Theorem 2 §6.3)
because R? is spanned by 3 vectors (dim R3 = 3).

10. We have det A = 0 if and only if A is not invertible. This holds if and only if the rows of
A are dependent by Theorem 3 §5.2. This in turn holds if and only if some row is a linear
combination of the rest by the dependent lemma (Lemma 3).

11(b) No. Take X = {(0,1),(1,0)} and D = {(0,1),(1,0),(1,1)}. Then D is dependent, but its
subset X is independent.

(d) Yes. This is follows from Exercise 15 §6.3 (solution above).

15. Let {uy,...,up}, m < k, be a basis of U so dimU = m. If v € U then W = U by Theorem
2 §6.2, so certainly dimW = dimU. On the other hand, if v ¢ U then {ui,...,uy, v} is
independent by the independent lemma (Lemma 1). Since W = span{uy, ..., u,,, v}, again
by Theorem 2 §6.2, it is a basis of W and so dim W =1+ dim U.

18(b) The two-dimensional subspaces of R3 are the planes through the origin, and the one-dimensional
subspaces are the lines through the origin. Hence part (a) asserts that if U and W are distinct
planes through the origin, then U N W is a line through the origin.

23(b) Let v, denote the sequence with 1 in the n'" coordinate and zeros elsewhere. Thus vy =
(1,0,0,...), vi = (0,1,0,...) etc. Then agvgp + a1vy + -+ apvy = (ag,a,...,a,,0,0,...)
so apvp + aivi + -+ + apvy, = 0 implies ap = a1 = -+ = a, = 0. Thus {vo,vi,...,v,}
is an independent set of n + 1 vectors. Since n is arbitrary, dim V' cannot be finite by the
fundamental theorem.
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25(b) Observe that Ru = {su | s in R}. Hence Ru+Rv = {su+tv|sin R, ¢in R} is the set of
all linear combinations of u and v. But this is the definition of span{u, v} .

Exercises 6.5 An Application to Polynomials

2b) fO(z) = f(x) =2+ +1,s0 fD(z) =322+ 1, fA(x) =6z, f®(z) = 6. Hence, Taylor’s
theorem gives

f({E) _ f(())(l) + f(l)(l)(x . 1) 4 f(22)'(1) (l’ — 1)2 + f(‘z'(l)

=3+4(x—1)+3x—1)?+(z—1)3

(z—1)°

(d) fO(z) = f(x) = 2® — 322 + 3z, fD(z) =322 — 62+ 3, fD(x) =62 —6, fO)(2) = 6. Hence,
Taylor’s theorem gives

2 (3)
1) = 1O + W@ -1+ TP @ 1 LD e gy

:1—1—0(96—1)—1—%(&0—1)2—1-1(30—1)3
=1+ (z—1)>%

6(b) The three polynomials are 22 — 3z +2 = (z — 1)(z — 2), 22 — 42 + 3 = (z — 1)(z — 3) and
2?2 — 52 +6=(z —2)(x —3),s0 use ap = 3, a; = 2, az = 1, in Theorem 2.

7(b) The Lagrange polynomials for ag = 1, a1 = 2, ag = 3, are

(o) = g = e =23
(o~ 1)z —3)

(o) = G =~ = (e -3

h(o) = PG —a ~ e - D@2

Given f(z) =2+ 2+ 1:

f(z) = f(1)do(x) + f(2)d1(z) + f(3)d2(z)
=32 -2)(z—3) -7z —1)(z—3)+ ¥z -1)(z—2).

10(b) If r(x — a)® + s(x — a)(z — b) + t(z — b)? = 0, then taking x = a gives t(a — b)? = 0,
so t = 0 because a # b; and taking x = b gives r(b — a)?> = 0, so r = 0. Thus, we are
left with s(z — a)(z — b) = 0. If  is any number except, a, b, this implies s = 0. Thus
B = {(z—a)? (z—a)(z—1b), (z—b)?} is independent in Py; since dimPy = 3, B is a
basis.
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11(b) Have U,, = {f(z) in Py, | f(a) =0= f(b)}. Let {p1(x),...,pn—1(x)} be a basis of P,_o; it
suffices to show that

B={(z—a)(z=b)pi(2),...,(x - a)(z = b)pp-1(2)}

is a basis of U,. Clearly B C U,.

Independent: Let si(z — a)(x — b)p1(z) + -+ + sp—1(z — a)(x — b)pp—1(x) = 0. Then
(x—a)(z—0b)[sip1(x)+- -+ Sp—1Pn—1(x)] = 0, so (by the hint) sip1(x)+- - -+sp_1Pn—1(z) = 0.
Thus s1 =89 =---=5,-1 =0.

Spanning: Given f(z) in P,, with f(a) = 0, we have f(z) = (r—a)g(x) for some polynomial
g(z) in P, _1 by the factor theorem. But 0 = f(b) = (b—a)g(b) so (as b # a) g(b) = 0. Then
g(x) = (x — b)h(z) with h(z) = ripi(z) + - + rp—1pp—1(z), r; in R, whence

fz) = (z — a)g(x)
= (z - a)(z = b)g(x)
= (¢ = a)(z = b)[rpi(2) +
=ri(z —a)(z = b)pi(z) +

R "“nflpnfl(x)]
o4 Tnfl(x — CL)((E — b)pnfl(x)‘

Exercises 6.6 An Application to Differential Equations

1(b) By Theorem 1, f(z) = ce™® for some constant c. We have 1 = f(1) = ce™!, so ¢ = e. Thus
flz)=e""

(d) The characateristic polynomial is #? + 2 — 6 = (x — 2)(z + 3). Hence f(z) = ce** + de™3*
for some ¢, d. We have 0 = f(0) = ¢+ d and 1 = f(1) = ce? + de 3. Hence, d = —c and

2z 3z

C = 627—1673 SO f(IE) — 662:2:3 .

(f) The characteristic polynomial is 22 —4z+4 = (z—2)2. Hence, f(z) = ce?* +dze®® = (c+dz)e?*
for some ¢, d. We have 2 = f(0) = cand 0 = f(—1) = (¢ — d)e 2. Thus ¢ = d = 2 and
flz) =2(1 + z)e*.

(h) The characteristic polynomial is 22 —a? = (z —a)(z +a), so (as a # —a) f(z) = ce®® +de™ %"
for some ¢, d. We have 1 = f(0) = c¢+d and 0 = f(1) = ce® + de™®. Thus d = 1 — ¢ and
c= ﬁ whence

azr a(2—x)

e —e€

fa) ="+ =ge™ = ——7

(j) The characteristic polynomial is #2 + 4x + 5. The roots are A = —2 414, so
f(z) = e 2 (csinx + dcos z) for some real ¢ and d.
We have 0 = f(0) =d and 1 = f (5) = e ™(c). Hence f(z) = €™ **sinz.

4(b) If f(z) = g(x) + 2 then f'+ f = 2 becomes ¢’ + g = 0, whence g(z) = ce™* for some c. Thus
f(z) = ce™* + 2 for some constant c.
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Supplementary Exercises — Chapter 6

5(b) If f(z) = —Z then f'(z) = —22 and f"(z) = —2z, so

f"(@) + () = 6f(x) = —2x — 2® + 22°.
Hence, f(z) = —Txi" is a particular solution. Now, if h = h(x) is any solution, write
g(z) = h(z) — f(z) = h(z) + %3 Then
g"+g —6g= (' +h —6h)—(f"+ f —6f)=0.

So, to find g, the characteristic polynomial is 22 + z — 6 = (z — 2)(z + 3). Hence we have
g(z) = ce™3% + de**| where ¢ and d are constants, so

-3 2 3
h(z) = ce™™" +de™* — %-.

6(b) The general solution is m(t) = 10(%)1/3. Hence 10(%)”3 =550t =382 _ 939 hours.

Tn(4/5)

7(b) If m = m(t) is the mass at time ¢, then the rate m/(¢) of decay is proportional to m(t), that

is m/(t) = km(t) for some k. Thus, m’ — km = 0 so m = ce* for some constant c. Since
m(0) = 10, we obtain ¢ = 10, whence m(t) = 10e¥*. Also, 8 = m(3) = 10e%* so 3k = 2

59
ek = (H)"? m(t) = 10(k)t = 10 (4)"°.

2

. In Example 4, we found that the period of oscillation is % Hence W 30 so we obtain

k= (2)*=0.044.

Supplementary Exercises Chapter 6

2(b) Suppose {Azx1,..., Az, } is a basis of R™. To show that A is invertible, we show that YA =0

implies Y = 0. (This shows A7 is invertible by Theorem 5 §2.3, so A is invertible). So assume
that YA = 0. Let cy,..., ¢y denote the columns of I, so I, = [C1,Cq,...,Cy]. Then
Y =Y, =Y[ct c2 ... cp]=[Yca Yc2 ... Ycul, so it suffices to show that
Yc; = 0 for each j. But c; is in R" so our hypothesis shows that c; = r1Avy +--- +r,Avy,
for some r; in R. Hence,

cj=Amvi+--+1rvp)

so Yc; =YA(rivi + -+, vy) = 0, as required.

Assume that A is m x n. If x is in null A, then Ax =0 so (AT A)x = AT0 = 0. Thus x is in
null ATA, so null A C null AT A. Conversely, let x be in nullA” A; that is AT Ax = 0. Write

Y1
AX = y =
Ym
Then y? + y2 + -+ + 32, = yly = (Ax)T(Ax) = xT AT Ax = xT'0 = 0. Since the y; are real

numbers, this implies that y; = yo = -+ = y,, = 0; that is y = 0, that is Ax = 0, that is x is
in null A.
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Chapter 7: Linear Transformations

Exercises 7.1 Examples and Elementary Properties
10
1(b) T(X)=XAwhere A= |0 1 o | X =(z,vy,z)is thought of as a row matrix. Hence, ma-
00 -1
trix algebra gives T(X +Y) = AX +Y) = AX + AY = T(X) + T(Y) and
T(rA) =A(rX) =rAX) =rT(X).

(d) T(A+B) = P(A+B)Q = PAQ+PBQ =T(A)+T(B); T(rA) = P(rA)Q =rPAQ = rT(A).
(f) Here T'[p(x)] = p(0) for all polynomials p(z) in P,,. Thus

Tl(p+ q)(@)] = Tlp(z) + q(=)] = p(0) + ¢(0) = T(p(x)] + Tq()]
Tlrp(z)] = rp(0) = r[Tp(x)].

(h) Here Z is fixed in R" and T'(X) = X e Z for all X in R™. We use Theorem 1, Section 5.3:

T(X+Y)=X+Y)eZ=XeZ+Y eZ=T(X)+T(Y)
TrX)=(rX)eZ=r(XeZ)=rT(X).

(G) v=(ry -+ ry) and w=(s1 --- s,) then, v+w = (r; +s1 -+ r, + s,). Hence:
T(v+w)=(r1+s1)e1+ -+ (rn+ sn)en
=(rie1+---+ren) + (sie1 + -+ spen) =T(v) + T(w).
Similarly, for a in R, we have av = (ary -+ ary) so

T(av) = (ar1)er + -+ (arp)e, = a(rier + - - - +rpe,) = al'(v).

1 0 O 1 0 2 0 O
0 1 0 -1 0 0 O
2(b) Let A= | 0 0 0 ,B=]0 0 0 ... 0| thenA+B=|0 00
0O 0 0 ... O 0 0 0 0 0O 0 0 ... O

Thus, T(A) = rank A = 2, T(B) = rank B = 2 and T(A + B) = rank(A 4+ B) = 1. Thus
T(A+ B) £ T(A) +T(B).

(d) Here T'(v) =v+u, T(w) =w+u,and T'(v+w) = v+w+u. Thus if T'(v+w) =T(v)+T(w)
then v4+w+u = (v+u) + (w+u), sou = 2u, u= 0. This is contrary to assumption.
Alternatively, T(0) = 0+ u # 0, so T cannot be linear by Theorem 1.

3(b) Because T is linear, T'(3vy + 2va) = 3T(v1) + 2T(v2) = 3(2) +2(—3) = 0.
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(d)

Section 7.1: Examples and Elementary Properties

Since we know the action of T on [ jl } and [ 1 } , it suffices to express [

IRV

=r + s .

-7 -1 1

Comparing components gives 1 =r + s and —7 = —r + s. The solution is r =4, s = —3, so

R O S ) e R R R R N R
_7 —1 1 -1 1 1 1 4

We know T'(1), T(z +2) and T(2? + ), so we express 2 — z + 322 as a linear combination of
these vectors:

1 )
, as a linear

combination of these vectors.

22 +322 =7r-1+s(x+2)+t(®+z).

Equating coefficients gives 2 =r + 2s, —1 = s+t and 3 = . The solution is r = 10, s = —4
and t = 3, so

T2 —x+4322) =T[r- 1+ s(z +2) + t(z? + z)]
=rT(1) + sT(z + 2) + tT(2* + )
=5ir+s+0
= 46.

In fact, we can find the action of T on any vector a 4 bz + cz?in the same way. Observe that

a+br+cx®=(a—2b+2c) -1+ (b—c)(x+2)+c(@®+x)

for any a, b and ¢, so

T(a+ bz +cx?) = (a — 2b+20)T(1) + (b— )T (x + 2) + T(2* + )
=(a—2b+2¢)-5+(b—c)-14+¢-0

= 5a — 9b + 9c.
This retrieves the above result when a =2, b = —1 and ¢ = 3.
Since B = {(2,—1),(1,1)} is a basis of R?, any vector (z,y) in R? is a linear combination

(z,y) =r(2, —1) + s(1,1). Indeed, equating components gives x = 2r + s and y = —r + s so
r=3(x—vy),s=3(z+2y). Hence,

T(x,y) =T[r2,—1) + s(1,1)]

T(2, —1)+sT(1,1)
z—y)(1,-1,1) + 3(z + 2y)(0,1,0)
(z—y),y,3(z—y))

T —y,3Y, T —Y).

W=/~ c.ol)—- =

—~ W=~
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12.

15(b)

In particular, T(v) = T(—1,2) = 1(—3,6,-3) = (—1,2, -1).

This works in general. Observe that (z,y) = 5%(2,-1) + %Qy(l, 1) for any = and y, so
since T' is linear,
T(z,y) = 54T(2, 1) + S5ET(1,1)

for any choice of T'(2, —1) and T'(1,1).

SinceB:{[l 0],[0 1],[1 0],[0 0]}isabasisofMQQ,everyvector[a b]
0 0 10 10 0 1 c d
is a linear combination

|:a b:|:T|:1 0]+8[0 1}+t[1 0}+u[0 0].

c d 0 0 10 10 0 1

Indeed, equating components and solving for r,s,t and u givesr =a—c+b, s=0b,t =c— b,

u = d. Thus,
R P P R B R P
c d 0 0 0 10 0 1
=(a—c+b)-34+b-(—1)+(c—b)-0+d-0
= 3a + 2b— 3c.

= o

Since T is linear, the given conditions read

T(v)+2T(w)=3v—w
T(v)—T(w)=2v —4w.
Add twice the second equation to the first to get 3T(v) = 7v—9w, T(v) = Zv—3w. Similarly,
subtracting the second from the first gives 37(w) = v + 3w, T(w) = 2v + w. [Alternatively,
we can use gaussian elimination with constants 3v — w and 2v — 4w.]
Since {v1,...,v,} is a basis of V, every vector v in V is a unique linear combination

v=rvi+---+r,vp, r; in R. Hence, as T is linear,
T(v)=rT(vi)+-+rT(vy) =r1(=v1)+ -+ rp(—Vvy) = —v=(=1)v.
Since this holds for every v in V, it shows that T' = —1, the scalar operator.

{1} is a basis of the vector space R. If T': R — V' is a linear transformation, write T'(1) = v.
Then, for all 7 in R :
T(r)=T(r-1)=rT(1) =rv.

Since T'(r) = rv is linear for each v in V, this shows that every linear transformation

T :R — V arises in this way.

Write U = {v € V | T(v) € P}. If v and v; are in U, then T(v) and T(vy) are in P. As P
is a subspace, it follows that T'(v +v1) = T'(v) +T(v1 ) and T'(rv) = rT'(v) are both in P;

that is v 4+ v and rv are in U. Since 0 is in U—because T(0) = 0 is in P—it follows that U
is a subspace.
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18.

21(b)

Section 7.2: Kernel and Image of a Linear Transformation

Assume that {v, T(v)} is independent Then T'(v) # v (or else 1v + (—=1)T'(v) = 0) and
similarly T'(v) # —v.

Conversely, assume that T'(v) # v and T'(v) # —v. To verify that {v,T(v)} is independent,
let rv + sT'(v) = 0; we must show that » = s = 0. If 5 # 0, then T'(v) = av where a = —Z.
Hence v = T[T'(v)] = T(av) = aT(v) = a®v. Since v # 0, this gives a = %1, contrary to
hypothesis. So s =0, whence rv =0 and r = 0.

Suppose that T : P, — R is a linear transformation such that 7'(z*) = T'(z)* holds for all
k>0 (where 2° = 1). Write T(z) = a. We have T(z%) = T'(2)* = a* = E,(2*) for each k by
assumption. This gives T' = E, by Theorem 2 because {1, x, 2%, ... 2k .. ,m"} is a basis of
P,.

Fxercises 7.2 Kernel and Image of a Linear Transformation

1(b)

We have ker Ty = {X | AX = 0} ; to determine this space, we use gaussian elimination:

2 1 -1 3|0 10 3 1]0 10 3 1
10 3 1jlo|—=|o0o1 -7 1l0|—]01 -7 1
1 1 -4 2] 0 01 -7 1|0 00 0 0
—3s5—t -3 1
Ts —t 7 1 .
Hence ker Ty = | s,tin R » = span N . These vectors are in-
S
t 0 -1

dependent so nullity of T4 = dim(ker T4) = 2. Next

im Ty = {AX | X in R}

T
2 1 -1 3
S
= 1 0 3 1 ) | 7, s,t,uin R
1 1 —4 2
y
2 1 -1 3
=<r +s|o|+t| 3 |+ul|l1]|]|rst,unR
1 1 —4 2

Thus im T4 = col A as is true in general. Hence dim(im 74) = dim(col A) = rank A, and
we can compute this by carrying A to row-echelon form:

2 1 -1 3 1 0 3 1
1 0 3 1 — 0o 1 -7
1 1 -4 2 0 0 0 O

Thus dim(im T4) = rank A = 2. However, we want a basis of col A, and we obtain this by
writing the columns of A as rows and carrying the resulting matrix (it is A7) to row-echelon
form:
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2 1 1 1 0 1 1 0 1
1 0 1 01 -1 0 1 -1
— —

-1 3 -4 0 3 -3 00 0

3 1 2 0 1 -1 00 0
1 0

Hence, by Lemma 2 §5.4, o, 1 is a basis of im Ty = col A. Of course this once

1 -1

again shows that rank T4 = dim(col A) = 2.

ker Ty = {X | AX =0} so, as in (b), we use gaussian elimination:

2 1 0 1 -1 3 1 0 1
1 -1 3 0 —6 0 1 -2
— —
1 -3 0 -6 00 ©
0 3 -6 0 —6 0 0 0
—t —1
Hence, ker Ty = 2t | |[tin R } = span 2 . Thus the nullity of T4 is
t 1

dim (ker T4) = 1. As in (b), im T4 = col A and we find a basis by doing gaussian elimination
on AT

2 1 1 0 1 -1 2 3 10 1 1
1 -1 2 3 |—=]l0 3 -3 —6|—]01 -1 -2
0 3 -3 —6 0 3 -3 —6 00 0 0
[ 1 0
) 0 1 .
Hence, im T4 = col A = span E . , so rank Ty = dim(im T4) = 2.
1 —2

Here T = Py — R2? given by T[p(z)] = [p(0) p(1)]. Hence

ker T = {p(x) | p(0) = p(1) = 0}.

If p(z) = a + bz + cz? is in ker T, then 0 = p(0) = @ and 0 = p(1) = a + b + c. This means
that p(z) = bz — ba?, and so ker T’ = span{z — %} . Thus {z — 2} is a basis of ker T". Next,
im T is a subspace of R%. We have (1,0) = T(1 — z) and (0,1) = T[z] are both in im T, so
im T'= R2. Thus {(1,0),(0,1)} is a basis of im T

Here T : R? — R?* given by T'(x,y, z) = (z,,y,y). Thus,
ker T = {(x,y,2) | (z,z,y,y) = (0,0,0,0)} = {(0,0,2) | zin R} = span {(0,0,1)}.
Hence, {(0,0,1)} is a basis of ker 7. On the other hand,
im T = {(z,z,y,y) | z,y in R} = span{(1,1,0,0),(0,0,1,1)}.

Then {(1,1,0,0),(0,0,1,1)} is a basis of im 7.
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(f) HereT:MggeRisgivenbyT[a Z} = a + d. Hence
(&

kerT:{[z Z] |a+d:0}:{[z _”a] |a,b,cinR}
=oefls L)

Hence, {[ (1) 0 ] , [ 8 ; ] , ? 8 } is a basis of ker T' (being independent). On the other

imT:{a+d| [Z Z} inMgg}:R.
So {1} is a basis of im 7.
(h) T:R® - R, T(r1,72,...,10) =71+ 72+ - + 1. Hence,
kerT = {(r1,ro,...,7) | "1+ 12+ + 1, =0}

= {(Tl,TQ,...,Tn_l,—Tl — _rn_l) ‘ Tr; in R}
= span{(1,0,0,...,-1),(0,1,0,...,~1),...,(0,0,1,...,~1)}.

This is a basis of kerT". On the other hand,
mT={r++ry|(ri,re,...,ry) isin R"} =R.
Thus {1} is a basis of im 7.

z w

o xaso={[ [T [N {0 i)
{3051

Thus, { [ g (1) ] , [ 8 (1) ] } is a basis of ker T' (being independent). On the other hand,

imT:{XA|XinM22}:{[Z j]|m,zinR}:span{[; ;][‘i ‘;H

Thus,{[1 1],[0 0]}isabasisofimT.
0 0 11

3(b) We have T : V — R? given by T(v) = (P(v),Q(v)) where P: V — R and Q : V — R are
linear transformations. 7T is linear by (a). Now

() T:M22—>M221sgivenbyT(X):XAwhereA:[(1) ”.Writingxz[x y }:

kerT = {v |T(v) = (0,0)}
={v|P(v)=0and Q(v) =0}
={v|P(v)=0}tn{v|Q(v) =0}
= ker P Nker Q.
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4b) ker T ={(z,y,2) e +y+2=0, 22 —y+32=0, 2z—3y =0, 3z +4z = 0}. Solving:

1 1]0 1 1 1[0 10 2 |0

-1 3|0 0 -3 1|0 01 —%1]0
— —

-3 1] 0 0 -3 1|0 00 0|0

0 4|0 0 -3 1|0 00 0|0

Hence, ker T' = {(—4t,t,3t) | t in R} = span{(—4,1,3)}. Hence,{(1,0,0), (0,1,0),(—4,1,3)}
is one basis of R? containing a basis of ker 7. Thus

{T'(1,0,0),7(0,1,0)} = {(1,2,0,3),(1,-1,-3,0)}
is a basis of im 7" by Theorem 5.

6(b) Yes. dim(im7) = dimV —dim(ker7) =5—2 = 3. Asdim W = 3 and im T is a 3-dimensional
subspace, im T'= W. Thus, T is onto.

(d) No. If kerT' =V then T(v) = 0 for all v in V, so T' = 0 is the zero transformation. But
W need not be the zero space. For example, T : R? — R? defined by T'(z,y) = (0,0) for all
(z,y) in R2.

(f) No. Let T': R? — R? be defined by T(z y) = (y 0) for all (x,) € R% Then ker T = {(z,0) |
r e R} =im T.

(h) Yes. We always have dim(im 7') < dim W (because im T is a subspace of W). Since
dim(ker T') < dim W also holds in this case:

dimV = dim(ker T") + dim(im 7') < dim W + dim W = 2dim W.
Hence dim W > % dim V.

(j) No. T : R? — R2 given by T(x,y) = (z,0) is not one-to-one (because ker T = {(0,y) | y € R}
is not 0).

(1) No. T : R? — R? given by T(z,y) = (=, 0) is not onto.

(n) No. Define T': R? — R? by T'(z,y) = («,0), and let v; = (1,0) and vo = (0,1). Then {v1,va}
spans R2 but {T'(v1),T(vs)} = {v1,0} does not span R2.

7(b) Given w in W, we must show that it is a linear combination of T'(v1), ..., T(vy). As T is onto,
w = T'(v) for some v in V. Since V' = span{vy,...,v,} we can write v =rivy + -+ 1,V
where each r; is in R. Hence

w=Tv)=T(rvi+ - +rvy) =mT(vi)+ - +r,T(vyn).

8(b) If T is onto, let v be any vector in V. Then v = T'(rq,...,ry) for some (r,...,r,) in R™;
that is v =rivi+---+rpvy is in span{vy,...,v,}. Thus V = span{vy,...,v,} . Conversely,
if V.= span{vi,...,vp}, let v be any vector in V. Then v is in span{vy,..., vy} sory,...,m

exist in R such that
v=rivit+-+ vy, =T(r1,...,m).

Thus T is onto.
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10.

12.

15(b)

20.

22.

29(b)

Section 7.2: Kernel and Image of a Linear Transformation

The trace map T : Mgy — R is linear (Example 2, Section 7.1) and it is onto (for example,
r = tr[diag (r,0,...,0)] = T [diag (1, 0,...,0)] for any r in R). Hence the dimension theorem
gives dim(ker T') = dim M,,;, — dim(im 7)) = n? — dim(R) = n? — 1.

Define T4 : R” — R™ and T : R® — R* by Ty(x) = Axand Tp(x) = Bxfor all xin R”.
Then the given condition means ker T4 C ker Tp, so dim(ker T4) < dim(ker T). Hence

rank A = dim(im 74) = n — dim(ker T4) > n — dim(ker T) = dim(im 7g) = rank B.

Write B = {x— L2 —1,...,2" — 1}. Then B C ker T because T'(z¥ —1) =1 —1 =0 for
all k. Hence span B C kerT. Moreover, the polynomials in B are independent (they have
distinct degrees), so dim(span B) = n. Hence, by Theorem 2 §6.4, it suffices to show that
dim(kerT) = n. But T : P,, — R is onto, so the dimension theorem gives dim(kerT) =
dim(P,) — dim(R) = (n + 1) — 1 = n, as required.

If we can find an onto linear transformation 1" : M,,,, — M, with kerT = U and imT =V,
then we are done by the dimension theorem. The condition ker T' = U suggests that we define
T by T(A) = A— AT for all A in M,,,. By Example 3, T is linear, ker T = U, and im T = V.
This is what we wanted.

Fix a column y # 0 in R", and define T': M,,,,, — R™ by T'(A) = Ay for all A in M,,,,,. This
is linear and ker T" = U, so the dimension theorem gives

mn = dim(M,,;,) = dim(ker ') + dim(im 7") = dim U + dim(im T').

Hence, it suffices to show that dim(im 7') = m, equivalently (since im 7" C R™) that T is
onto. So let xbe a column in R™, we must find a matrix A in M,,,, such that Ay = x. Write

A in terms of its columns as A = [C7 Cy ... Cy] and writey = [y1 y2 ... yn]T.
Then the requirement that Ay = x becomes

u

Y2

x=[C1 C2 ... Cu]| . | =yC1+y202+ - +ynChn. *)
Yn

Since y # 0, let yx # 0. Then Ay = x if we choose C}, = ykflx and C; = 0if j # k. Hence T
is onto as required.

Choose a basis{ui,...,uy} of U and (by Theorem 1 §6.4) let {uy,...,Wn,...,u,} be a basis
of V. By Theorem 3 §7.1, there is a linear transformation S : V — V such that

S(w) =u; ifl1<i<m
S(u;)) =0 ifi>m.

Hence, u; is in im S for 1 < i < m, whence U C im S. On the other hand, if w is in im S,
write w = S(v), v in V. Then r; exist in R such that

v=rur+- -+ iyt Frply
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SO

w=r1S(ur) + -+ S () + -+ rpS(un)
=ruy + -+ Ty, + 0.

It follows that w is in U, so im S C U. Then U = im S as required.

Exercises 7.3 Isomorphisms and Composition

1(b) T is one-to-one because T'(z,y, z) = (0,0,0) means x = 0, x+y = 0 and z+y+ 2z = 0, whence
x =y =2z=0. Now T is onto by Theorem 3.
Alternatively: {7'(1,0,0), 7(0,1,0), 7(0,0,1)} = {(1,1,1), (0,1,1), (0,0,1)} is indepen-
dent, so T is an isomorphism by Theorem 1.

(d) T is one-to-one because T'(X) = 0 implies UXV = 0, whence X = 0 (as U and V are
invertible). Now Theorem 3 implies that 7" is onto and so is an isomorphism.

(f) T is one-to-one because T'(v) = 0 implies kv = 0, so v = 0 because k # 0. Hence, T is onto
if dim V' is finite (by Theorem 3) and so is an isomorphism. Alternatively, T"is onto because
T(k™'v) = k(k~1v) = v holds for all v in V.

(h) T is onto because T(AT) = (AT)T = A for every n x m matrix A (note that AT is in M,,,
so T(AT) makes sense). Since dim M, = mn = dim My, it follows that T is one-to-one
by Theorem 3, and so is an isomorphism. (A direct proof that 1" is one-to-one: T'(A) = 0
implies AT = 0, whence A = 0.)

4(b) ST(z,y,2) = S(x+y,0,y +2) = (x +y,0,y + 2); T'S(z,y,2) = T(z,0,2) = (2,0, 2). These
are not equal (if y # 0) so ST #T'S.

(d) ST[a b}:S[c a}:[c 0];TS[G b]:T[a 0}:[0 a}Thesearenot
c d d b 0 b c d 0 d d 0

equal for some values of a,b,c and d (nearly all) so ST # T'S.

5(0b) T?(z,y) = T[T(z,y)] = T(z +y,0) = [z +y +0,0] = (z + y,0) = T(z,y). This holds for all
(x,5), whence T? = T.

(d) T2 a b —7(T a b —T 1 atc b+d _1p a+c b+d
c d c d 2 a4c¢ b+d 2 at+c b+d
_1| (et +(a+e) (@+d)+(@0+d) | 1| atc b+d _7 a b

4 @t +@a+e) b+d+Ob+d) | 2| atc b+d | ‘

a

C

This holds for all [ Z ] ,s0T? =T.

6(b) No inverse. For example T'(1,—1,1,—1) = (0,0,0,0) so (1,—1,1,—1) is a nonzero vector in
kerT. Hence T is not one-to-one, and so has no inverse.
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(d)
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. a
T is one-to-one because T’ [
C

| —

] implies a + 2¢ = 0 = 3¢ — a and

b+2d=0=3d—b, Whencea:b =d = 0. Thus T is an isomorphism by Theorem 3. If
Tlv[“”]:[l’ y},then b] [ }:[”22 y+2w].Thus
c d z w d 3z—z 3w-—y
T+2z=a
—z+3z=c
y+2w=>
—y+3w=d.

The solution is z = $(3a — 2¢), z = t(a+¢), y = £(3b — 2d), w = £ (b+ d). Hence

T_1 a b _1 3a—2c 3b—2d . (*)
c d 5 a+c b+d

A better way to find T~ is to observe that T(X) = AX where A = 11 z . This matrix

is invertible which easily implies that 7" is one-to-one (and onto), and if S : Mg — Mgy is
defined by S(X) = A71X then ST = 1, and T'S = lnp,,. Hence S = T~ by Theorem 5.

Note that A~1 = 1 [ i’ _12 } which gives (*).

T is one-to-one because, if p in Py satisfies T'(p) = 0, then p(0) = p(1) = p(—1) = 0. If

p=a+br+cx? thismeansa=0,a+b+c=0anda—b+c=0, whencea=b=c=0,

and p = 0. Hence, T~ exists by Theorem 3. If T~ (a,b,c) = r + sz + tz?, then
(a,b,¢) =T(r+ sz +tz?) = (r,r +s+t,r —s+1t).
Thenr =a,r+s+t=>b,r—s+t=c, whencer =a, s = 3(b—c), t = 3(b+c—2a). Finally
T a,b,c)=a+3(b—c)z+ 3(b+c—2a)z.

T*(z,y) = T[T (z,y)] = T(ky —=,y) = [ky — (ky — @), y] = (,y) = 1g2(x,y). Since this holds
for all (x,y) in R2, it shows that T2 = 1p2. This means that T-! = T.

It is a routine verification that A% = I. Hence
T*(X) =T[T(X)] = A[AX] = A2X =X = X = I, (X)
holds for all X in Myy. This means that 7?2 = 1M, , and hence that T-1=T.
T*(z,y,z,w) = T[T[x,y, z,w]] = T(—y,z — y, 2, —w) = (—(x —y), —y — (x — y), 2, —(—w))
=(y—=x,—x,z,w).

TS(:‘Cayasz) =T [T2(IE’ Y, va)] = T(y -, —x,z,w) = (:rvyaza *’(U)
T%(z,y,2z,w) = T3 [T3(ac,y,z,w)] =T3[z,y, 2z, —w] = (2,9, 2,w) = lpa(z,y, 2,w).

Hence, T¢ = 1g4 so T~ = T°. Explicitly:
T_l(x,y,z,w) =T? [Ts(x,y,z,w)] = T2(x,y,z, —w) = (y —z,—xz, 2z, —w).
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9(b)

10(b)

12(b)

13(b)

14.

16.

19(b)

Define S : M,,,, — M,,,, by S(A) = U"'A. Then

ST(A) = S(T(A) =UUA) =A=1m,,(A) 50 ST =1m,,
TS(A) =T(S(A)=UUA)=A=1pm,,(A) soTS=1n,,.

Hence, T is invertible and 77! = S.

Given V 5 W 2 U with T and S both onto, we are to show that ST : V — U is onto. Given
u in U, we have u = S(w) for some w in W because S is onto; then w = T'(v) for some v in
V because T is onto. Hence,

This shows that ST is onto.

If u lies in im RT write u = RT'(v), v in V. Thus u = R[T'(v)] where T'(v) in W, so u is in
im R.

Given V.5 U 2 W with ST onto, let w be a vector in W. Then w = ST(v) for some v in
V because ST is onto, whence w = S[T'(v)] where T'(v) is in U. This shows that S is onto.
Now the dimension theorem applied to S gives

dim U = dim(ker S) 4+ dim(im S) = dim(ker S) + dim W
because im S = W (S is onto). As dim(ker.S) > 0, this gives dim U > dim W.

If T? = 1y then TT = 1y so T is invertible and T—! = T by the definition of the inverse of a
transformation. Conversely, if 77! = T then T? =TT~ = 1.

Theorem 5, Section 7.2 shows that {T'(e;),T'(e2),...,T(e;)} is a basis of im 7. Write

U = span{ey,...,e.}. Then B = {ey,...,e,} is a basis of U, and T : U — im T carries B
to the basis {T'(e1),...,T(e;)}. Thus T : U — im T is itself an isomorphism. Note that
T :V — W may not be an isomorphism, but restricting 7" to the subspace U of V' does result
in an isomorphism in this case.

We have V = {(z,y) | z,y in R} with a new addition and scalar multiplication:

(@,y) ® (z1,51) = (x+ 21,y + 91+ 1)
a® (z,y) = (ax,ay +a—1).

We use the notation & and ©® for clarity. Define
T:V —R?by T(z,y) = (x,y +1).
Then T is a linear transformation because:

Tz, y) @ (z1,y)] =T(x+z1,y +y1 +1)
= (x+x1,(y+y1+1)+1)
= (z,y+ 1)+ (z1,01 +1)
=T(x,y) + T(z1,91)
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24(b)

26(b)

27(b)

28(b)
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T(CL © (:‘Ca y)] = T((ZIE, ay +a— 1)
= (az,ay + a)
=a(z,y+1)
=aTl(z,y).
Moreover T is one-to-one because T'(x,y) = (0,0) means x = 0=y + 1, so (x,y) = (0,1), the

zero vector of V. (Alternatively, T'(z,y) = T'(z1,y1) implies (z,y + 1) = (z1,y1 + 1), whence
r=x1,y =y1.) As T is clearly onto R?, it is an isomorphism.

TS[zo,x1...) = T[0,20,21,...) = [z0,1,...) S0 T'S = 1. Hence T'S is both onto and one-
to-one, so T' is onto and S is one-to-one by Exercise 113. But [1,0,0,...) is in ker T while
[1,0,0,...) is not in im S.

If p(x) is in ker T, then p(x) = —zp/(z). If we write p(x) = ag+a1x +-- -+ a,z", this becomes

ao+ a1z + - + ap_12" " + apz” = —ar1x — 2a92° — - - — napz".
Equating coefficients gives ag = 0, a1 = —a1, ag = —2a2, ..., an = —na,. Hence we have,
ap=ay =---=ap =0, so p(x) =0. Thus kerT' = {0}, so T is one-to-one. As T : P,, — P,

and dim P,, is finite, this implies that 7" is also onto, and so is an isomorphism.

If TS = 1y then, given w in W, T'[S(w)] = w, so T is onto. Conversely, if T" is onto, choose a
basis {e1,..., €, €41,...,€,} of V such that {e,11,...,e,} is a basis of ker T. By Theorem 5,
§7.2,{T'(e1),...,T(es)} isabasisof im T'= W (as T is onto). Hence, a linear transformation
S : W — V exists such that S[T(e;)] = e; for i = 1,2,...,r. We claim that 7'S = 1y, and
we show this by verifying that these transformations agree on the basis {T'(e;),...,T(e;)} of
W. Indeed

TS[T(e:)] =T{S[T(e)]} =T(es) = 1w [T(es)]

fori=1,2,...,n.

If T = SR, then every vector T'(v) in im T has the form T'(v) = S[R(v)], whence im T C im
S. Since R is invertible, S = TR~! implies im S C im T, so im S = im 7.

Conversely, assume that im S = im 7. The dimension theorem gives
dim(ker S) = n — dim(im S) = n — dim(im 7T') = dim(ker T").
Hence, let {e1,...,e;,...,e,} and {f},... £, ... £,} be bases of V such that {e,;1,...,e,}

and {f,41,...,f,} are bases of ker S and ker T, respectively. By Theorem 5, §7.2, {S(e1),...,S(er)}

and {T'(f1),...,T(f.)} are both bases of im S = im T. So let g1,...,8, in V be such that
S(ei) =T(g:)
foreachi=1,2,...,7.

Claim: B ={g1,...,8r,fr41,...,f,} is a basis of V.
Proof. It suffices (by Theorem 4, §6.4) to show that B is independent. If

a1g1 + -+ argr + bpprfr 1 + -+ 08, =0,
apply T to get

0= alT(gl) +-+ arT(gr) + br—l—lT(fr—I—l) +-+ bnT(fn)
=aiT(g1) +--- +a,T(gr) +0
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29.

because T'(f;) =0 if j > r. Hence a; = --- = a, = 0; whence 0 = b, 1f.11 + - - - + b,f,. This
gives byy1 = --- = b, = 0 and so proves the claim.

By the claim, we can define R: V — V by

R(gi)=e; fori=1,2,...,r
R(f;) =e; forj=r+1,...,n
Then R is an isomorphism by Theorem 1, §7.3, and we claim that SR = T. We show this by

verifying that SR and T have the same effect on the basis B in the claim. The definition of
R gives

SR(gi) = S[R(gi)] = S(e;)) =T(gi) fori=1,2,...,r
SR(f;) = Sle;] =0 =T(f)) forj=r+1,...,n
Hence SR=T.

As in the hint, let {ej,e3,...,€e.,...,€,} be a basis of V' where {e,;1,...,€,} is a basis of
ker T. Then {T'(e1),...,T(e;)} is linearly independent by Theorem 5, §7.2, so extend it to a
basis {T'(e1),...,T(e;), Wyr41,..., Wy} of V. Then define S : V — V by

S[T(e;)]=e; forl<i<r

S(wj)=e; forr<j<n.
Then, S is an isomorphism (by Theorem 1) and we claim that T'ST = T. We verify this by
showing that T'ST and T agree on the basis {ej,...,e,,...,e,} of V (and invoking Theorem
2, §7.1).

If1<i<r: TST(e;) =T{S[T(e)]}="T(e)
Ifr+1<j<n: TST(ej)=TS[T(e;)] =TS5[0] =0=7T(e;)

where, at the end, we use the fact that e; is in ker T for r +1 < 57 < n.

Exercises 7.4 A Theorem about Differential Equations

Exercises 7.5 More on Linear Recurrences

1(b) The associated polynomial is

px)=2® T +6=(z—1)(z—2)(z+3).

Hence, {[1),[2"), [(—3)™)} is a basis of the space of all solutions to the recurrence. The general
solution is thus,
[zn) = al1) +b[2") + ¢[(=3)")

where a, b and ¢ are constants. The requirement that g = 1, z1 = 2, o = 1 determines a,
b, and c. We have
Ty =a+ 02" + ¢(=3)"



128 Section 7.5: More on Linear Recurrences

for all n > 0. So taking n =0, 1,2 gives

a+btc=x9=1
a+2b—3c=1x1=2
a+4b+9c=x9 = 1.

onisq—1 p—B8 o _3
The solution is a = 53, b = 55, ¢ = —55, S0

=]

Tp = 55 (15 4+ 2712 4 (=3)"T1) n > 0.

2(b) The associated polynomial is
p(z) =2 -3z +2=(z—1)*(z+2).

As 1 is a double root of p(x), [1") = [1) and [n1™) = [n) are solutions to the recurrence by
Theorem 3. Similarly, [(—2)") is a solution, so {[1), [n),[(—2)")} is a basis for the space of
solutions by Theorem 4. The required sequence has the form

[zn) = all) + b[n) + ¢[(=2)")

for constants a, b, c. Thus, z, = a + bn + ¢(—2)" for n > 0, so taking n = 0,1, 2, we get

a —+ c = xTy = 1

a + b — 2¢ = x = -1

a + 2b + 4 = 29 = 1.
The solution is a = 8, b= —g, c= %, SO

T =5 [5—6n+ (2" n>0.

(d) The associated polynomial is
plz) =2% —32® + 3z — 1= (z — 1)

Hence, [1") = [1), [n1") = [n) and [n*1") = [n?) are solutions and so {[1), [n), [n?)} is a basis
for the space of solutions. Thus

xnza-l—i-bn—i-an,

a, b, c constants. As xg =1, x1 = —1, 252 = 1, we obtain
a = x9 = 1
a + b + ¢ =21 = -1
a + 2b + 4c = x9 = 1.
The solution isa =1, b= —4, c = 2, so

T, =1—4n+2n®> n>0.

This can be written
T, =2(n—1)* - 1.
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3(b)

The associated polynomial is
p(z) =2 - (a+b)x+ab=(z—a)(z —b).
Hence, as a # b, {[a™), [b™)} is a basis for the space of solutions.

The recurrence 14 = —Tn12+2%,13 has rg = 0 as there is no term x,,. If we write y,, = Tp19,
the recurrence becomes

Ynt2 = —Yn + 29n+1-

Now the associated polynomial is 22 — 22 + 1 = (x — 1)? so basis sequences for the solution
space for y,, are [1") = [1,1,1,1,...) and [n1™) =[0,1,2,3,...). AS y, = Zp12, corresponding
basis sequences for z,, are [0,0,1,1,1,1,...)and [0,0,0,1,2,3,...). Also, [1,0,0,0,0,0,...)and
[0,1,0,0,0,0,...) are solutions for x,, so these four sequences form a basis for the solution
space for x,,.

The sequence has length 2 and associated polynomial 22 + 1. The roots are nonreal: \; = i
and Ay = —i. Hence, by Remark 2,

[i" + (—i)") = [2,0,—2,0,2,0,—2,0,...) and [i(i" — (—i)")) = [0,—2,0,2,0,-2,0,2,...)

are solutions. They are independent as is easily verified, so they are a basis for the space of
solutions.
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Chapter 8 Orthogonality

Exercises 8.1 Orthogonal Complements and Projections
1(b) Write x; = (2,1) and x2 = (1,2). The Gram-Schmidt algorithm gives
e =X1 = (2, 1)
X0 @ €]
ETE e

=(1,2) — 3(2,1)

=5{(5,10) = (8,4)}
=3(-1,2).

In hand calculations, {(2,1),(—1,2)} may be a more convenient orthogonal basis.

(d) If x; =(0,1,1), xo = (1,1,1), x3 = (1, —2,2) then
e = X1 = (0, 1, 1)

ey =Xg — ﬁel — (1,1,1) = 2(0,1,1) = (1,0,0)
(S5

e3=x3— 2o le) X822 (1,-2,2) — 9(0,1,1) — 2(1,0,0) = (0,2, 2).
lleq]] [le2]]

2(b) Write e; = (3,—1,2) and ez = (2,0, —3). Then {e;, ez} is orthogonal and so is an orthogonal
basis of U = span{ej,es}. Now x = (2,1, 6) so take
. xee xee
X; = projy(x) = 21e1 + ;eg
e lle2]|
= 17(3,-1,2) — 13(2,0,-3)
= 15 (271, —221,1030).
Then x9 =x —x1 = T%Q(Q?), 402,62). As a check: x5 is orthogonal to both e; and e (and so
is in UL).
(d) Ife; =(1,1,1,1), e = (1,1,-1,—-1), e3 = (1,—1,1,—1) and x = (2,0, 1,6), then {e1,es,e3}
is orthogonal so take

ol ( ) XOele X.e2e xoege
X1 = Projy{x) = 1 2 3
e ez les]|?
=9(1,1,1,1) = 3(1,1,-1,-1) — 2(1,-1,1,-1)
= 1(1,7,11,17).

Then, xo = x — X1 = %(7, —7,-7,7) = 71(1, —1,—1,1). Check: x3 is orthogonal to each e;,
hence xo is in U+.
(f) If e =(1,—-1,2,0) and es = (—1,1,1,1) then (as x = (a, b, ¢, d))

x1 = projy(x) = &b (1, —1,2,0) + =etbbetd (7 1.1 1)

— (5a—5b+c—3d —5a+4-5b—c4+3d a—b+11lc4+3d —3a+3b+30+3d)
- 12 ) 12 ’ 12 ) 12

_ __ (T7a+5b—c+3d b5a+T7b+c—3d —a+b+c—3d 3a—3b—3c+9d
x2 =x — X1 = ( 12 ) 2 ’ 2 ’ 2 ).
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3(a) Write e1 = (2,1,3,—4) and e3 = (1,2,0, 1), so {e1, e2} is orthogonal.
As x=(1,-2,1,6)
xee Xee
proj(x) = ;el + 2
lleall 2]

= —21(2,1,3,-4) + 2(1,2,0,1) = (-3,1,-7,11).

(C) pI‘OjU(X) = 12(1 0 2 3) ( 7a 1a2) = %(73’ s 7 11)
4(b) U = span{(1,—1,0),(—1,0,1)} but this basis is not orthogonal. By Gram-Schmidt:

e = (17_170)
(*1,0,1) hd (L*LO) 1
e =(—1,0,1) — (1,-1,0) = —5(1,1,-2).
(1, ~1,0)|> ?
So we use U = span{(1,—1,0),(1,1,—2)}. Then the vector x; in U closest to x= (2, 1,0) is
2—1+40 24140

X1 = prOJU( ) (L *LO) + T(la 1a *2) = (Loa *1)

2

(d) The given basis of U is not orthogonal. The Gram-Schmidt algorithm gives

(1,—1,0,1)
(1,1,0,0) = (1 1,0,0) — 3e; = (1,1,0,0)
(1,1,0,1) — 4(1,-1,0,1) — 2(1,1,0,0) = (~1,1,0,2).

€1

Given x= (2,0, 3,1), we get (using €4 = (—1,1,0,2) for convenience)
proju(x) = 3(1,-1,0,1) + 5(1,1,0,0) + §(—1,1,0, (2,0,0,1).

2) =
5(b) HereA:[1 b2 1]—>[1 2 1}%[1 o 1].Henee,AxT:0has
1 0 -1 1 0 1 -3 0 01 -3 0
solution x = (s —t,3s,s,t) = s(1,3,1,0) + ¢(—1,0,0,1).
Thus U+ = span{(1,3,1,0),(—1,0,0,1)}.
8. If x= projy(x) then x is in U by Theorem 3. Conversely, if x is in U, let {fi,--- ,f,,} be an
orthogonal basis of U. Then the expansion theorem (applied to the space U) gives

x=3; H’;’ﬁgf = projy(x) by the definition of the projection.

10. Let {f;,...,f,,} be an orthonormal basis of U. If X is in U then, since ||f;|| = 1 for each ¢, so
x=(xeof))f; + -+ (xof,)f,, = proju(x) by the expansion theorem (applied to the space

U).
yi
14. If {y1, - ,ym} is a basis of UL, take A = T . Then Ax = 0 if and only if y/ x = 0 for
Y
0

each #; if and only if y; e x = 0 for each #; if and only if xis in (U+)+ = U+ = U. This shows
that U = {x in R" | Ax = 0}.



Section 8.2: Orthogonal Diagonalization

17(d) If AAT is invertible and E= AT (AAT)~1 A, then
E? = AT(AAT) 'A 0 AT(AATY 1A = ATI(AATY 1A=E
ET — [AT(AAT)AA}T AT [(AAT)A]T (AT)T
= AT [(AATYT] A= AT [(AT)TAT] ' A
— AT [AAT) T A=E.
Thus, E? = E = ET.

Exercises 8.2 Orthogonal Diagonalization

~

il enleo
e cn|‘

1(b) Since 32 + 42 = 52, each row has length 5. So [ .

] :% [ 3 _34 } is orthogonal.

Q

(d) Each row has length v/a? + b2 # 0, so \/ﬁ [ o b ] is orthogonal.

(f) The rows have length v/6, v/3, v/2 respectively, so

I A .

1 1 1 —

Vi TV | TR VR V2o Vve
1 1

0 K & 0 V3 V3

is orthogonal.
(h) Each row has length /4 4+ 36 +9 = /49 = 7. Hence

2 s 2] T2 6 s
IR
88 REE

is orthogonal.

133

. Let P be orthogonal, so P~! = PT. If P is upper triangular, so also is P~!, so P~! = PT is

both upper triangular (P~!) and lower triangular PT). Hence, P~ = PT is diagonal, whence
P = (P~!)~! is diagonal. In particular, P is symmetric so P~! = PT = P. Thus P? = I.
Since P is diagonal, this implies that all diagonal entries are +1.

z—1 1

1 'zm(m—?).

1 T —

Hence the eigenvalues are Ay =0, A2 = 2.

eu[2 ][ 2o ([ 1]}

R R ()}

Note that these eigenvectors are orthogonal (as Theorem 4 asserts). Normalizing them gives
an orthogonal matrix
e V2 |11

Then P~ = PT and PTAP = [ g

v o ko
Si
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r—3 0 -7
(d) ca(z) =] o 2-5 0o |=(x—5)(2%—6x—40) = (x —5)(z + 4)(z — 10). Hence the
-7 0 x-3
eigenvalues are A\1 = 5, Ao = 10, A\3 = —4.
[ 2 0 -7 1 0 0 0
A=5:] 0 0o o |—]0 o0 1|;FE5A) =span 1
| -7 0 2 000 0
70 -7 10 -1
Ao =10 0 5 0 | — |01 0 [;FEp(A)=span 0
-7 0 7 00 0
-7 0 -7 1 0 1 1
Ad=—4:] 0 -9 o [—]o0o 1 o |;E_4(A) =span 0
-7 0 -7 0 0 0 -1

Note that the three eigenvectors are pairwise orthogonal (as Theorem 4 asserts). Normalizing
them gives an orthogonal matrix

0 5 5 X 0 1 1
P=1]1 o 0 =7 v2 0 0
0 % - 0 1 -1
[5 0 o
Then P! = PT and PTAP = | 0 10 o0
i 0 —4
z—5 2 4 z—9 0 99—z z—9 0 0
calz) = -8 2 |= -8 2 |= r—8 4
2 r—5 2 z—5 2 z—1
r—8 4 2 2 :
=(x—-9) s o1 |7 (x —9)(z* — 92) = z(x — 9)*. The eigenvalues are \; = 0,
A2=9
-5 2 1 -4 1 -4 1 1 0 -
A=0 2 8 2 | — |0 -18 9 [ — Ll =101 -1];
4 2 -5 0 18 -9 0 0 00 0
2
Ep(A) = span 1
{E
4 2 4 1 -1 -1
d=9:]12 1 2| —=|0 0 o0];FE9(A)=span o |,
4 2 4 0 0 0 1
-1
However, these are not orthogonal and the Gram-Schmidt algorithm replaces 2 with
0
1 3 = 9 22 -3 1
Zy=| -4 | .HenceP=| 3 0o =% |= 3—\1/5 v2Z 0 -4 | isorthogonal and satisfies
1 3 5 s 2v2 3 1

v
S
N
v
I
o o o
o © o
© o o
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-2 1
We note in passing that 2 and 2 ] are another orthogonal basis of F9(A), so
-2

2 -2 1 0 0 0
Q= % 1 2 2 also satisfies QTAQ = | 0o 9 o
2 -2 0 0 9

(h) To evaluate c4(z), we begin adding rows 2, 3 and 4 to row 1.

z—3 -5 1 -1 r—8 xz—8 x—8 -8
calz) = -5 x-3 -1 1 | -5 z-3 -1 1
4 1 -1 z-3 -5 1 -1 z-3 -5
-1 1 -5 z-3 -1 1 -5 z-3
r—8 0
s ) r4+2 4 6
5 a—
= =(x—8)| 2 z-4 -6
1 -2 z-4 —6
2 —4 T —2
-1 2 )
c+2 4 6 r—2 4 6
= (fL‘ — 8) x x 0 (:L‘ — 8) = 0 T 0
2 -4 z-2
6 —4 -2
T —2 6 2 2
=z(z —8) . ) =z(z —8)(x* —4x — 32) = z(x + 4)(z — 8)
o —
1 -1 -3 -5
-3 -5 1 -1 -3 -5 1 -1
5 -3 -1 1 8 -8 0 0 0 -8 -8 -16
)\]_ - O . — N
1 -1 -3 -5 1 -1 -3 -5 0 —16 —24 —40
-1 1 -5 -3 0 0 -8 -8
0 0 1 1
1 0 -2 -3 1 0 0 -1 1
01 1 2 01 0 1 -1
— — Ey(A) = span
00 1 1 o0 1 1 |’ o(4) P -1
00 1 1 000 O 1
-7 -5 1 -1 1 -1 -7 -5 1 0 -3 -2
-5 -7 -1 1 0 —12 —48 —36 01 4 3
)\2 = _4 . — —
1 -1 -7 -5 0 —12 -36 -—24 00 -1 -1
-1 1 -5 -7 0 0 -12 -12 00 1 1
1 00 1 -1
01 0 -1 1
— E_4(A) = span
001 1 |’ 4(4) = sp -
000 0 1
5 -5 1 -1 1 -1 5 -5 1 -1 0 0
-5 5 -1 1 0 —24 24 0 0 1 -1
A3 =8: — — ;
1 -1 5 -5 0 24 —24 0 0 0
-1 1 -5 5 0 0 0 0 0
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10.

11.

1 0
1 0
Eg(A) = span ,
0 1
0 1
11
2 2 2
1 1 L
Hence, P = 22 v
-1 _1 9
2 2
1 1
3 3 0
T —a 0
CA(LE) = | —a T —c | =T
0 —c T

Hence ca(x) = z(x — k)(z + k), where k? = a® + ¢?, so the eigenvalues are \; = 0, \y = k,
A3 = —k. They are all distinct (k # 0, and a # 0 or ¢ # 0) so the eigenspaces are all one

N
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1 -1 /2 0

-1 1 V2 o0

-1 -1 0 2

1 1 0 V2
e 0= z(x? —c
—C xr

gives PTAP =

o O o o

2) — a’x = x(2? — k?).

S o O O

L O O O

dimensional. ~ _
0 —a 0 c c
A1=0 —a 0 —c o | =10 |; Ey(A) =span 0
0 —c 0 | —a —a |
k —a 0 ][a 0 -
a
Ay =k —a k —c E|=1|0];EkA) =spanq | &
0 —c k || c 0 ‘
-k —a 17T a 0 a
A3 =—k —a -k —c —k | =] o0 |; E_x(A) = span —k ,
0 —c -k 1L ¢ 0 c
These eigenvalues are orthogonal and have length, k, v/2k, v/2k respectively. Hence, P =
2 a a 0 O 0
ﬁ 0 k —k | is orthogonal and PTAP= | 0 &k o
—av2 ¢ c 0 0 -k

-3 and )\2 =

-1
[2}andx2—

a1 -1 2. Tip_ | =3 0
\/5[2 1]1sorthogonalamdP AP—[0 2}Let

1 _ _ pTy 1
B

Then g = —3y? + 2y3 is diagonalized by these variables.

Similar to Example 6, ¢ has matrix A = [ ; 22 ] with eigenvalues \; =

. . 2 .
2 and corresponding eigenvectors x; = [ . } respectively. Hence P =

—x1 + 272

221 4 s }780 yl—\/g( x1 + 229) and ¥ \/5(21'14-1'2).

(c)=(a). By Theorem 1 let P"'AP = D = diag(\y, - -- , \,) where the ); are the eigenvalues
of A. By (c) we have A\; = 1 for each 4. It follows that
D? = diag(A\2,--- ,\2) = diag(1,--- ,1) = I.

Since A = PDP~!, we obtain A2 = (PDP~1)? = PD?P~! = PIP~! = [. Since A is
symmetric, this proves (a).
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13(b) Let A and B be orthogonally similar, say B = PTAP where P = P~!. Then
B? = PTAPPTAP = PTAIAP = PT A2P. Hence A? and B? are orthogonally similar.

15. Assume that (Ax) ey = x e Ay for all columns x and y; we must show that AT = A. We
have (Ax) ey = x” ATy and x e Ay = x” Ay, so the given condition asserts that
TAT

xT ATy =xT Ay for all columns x and y. ((*)

But if E; denotes column j of the identity matrix, then writing A = [a;;] we have
el Aej = a;; for all 7 and j.

Since (*) shows that AT and A have the same (i, j)-entry for each i and j. In other words,
AT = A,

Note that the same argument shows that if A and B are matrices with the property that
xI' By = xT Ay for all columns x and y, then B = A.

cos 0 sin 0 cos 0 sin 0

and Q =

—sinf cos@ sinf@ —cosf

18(b) If P =

det P =1 and det @ = —1. (We note that every 2 x 2 orthogonal matrix has the form of P
or @ for some 6.)

then P and @ are orthogonal matrices,

(d) Since P is orthogonal, P = P~1. Hence
Pfq-pPy=PT —PTP=PT - 1=—(1-PY=—-(1-P)".
Since P is n X n, taking determinants gives
det PT det(I — P) = (—=1)"det[(I — P)T] = (=1)"det(I — P).

Hence, if I — P is invertible, then det(I — P) # 0 so this gives det PT = (—1)"; that is
det P = (—1)", contrary to assumption.

21. By the definition of matrix multiplication, the [i,j]-entry of AAT is r; e r;. This is zero if

i # 7, and equals ||r;||® if i = j. Hence, AAT = D = diag(||r1)?, ||lr2|/?, ..., ||tn]®). Since D
is invertible (||r;||* # 0 for each i), it follows that A is invertible and, since row i of A7 is
[CLM’ ag; e aji e am-]
: : 2 (1) 0
AT = ATD = | o a O Ter 0
= = i e gio e ni .
0 0

_1 _
el

Thus, the (i, j)-entry of A=! is ﬁ
rj

23(b) Observe first that I — A and I+ A commute, whence I — A and (I + A)~! commute. Moreover,
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(T4 A)™] (I + A)T] (IT + AT)=! = (I — A)~'. Hence,
PPT = (I — AT +A) I -A)T+4)
= (I -AI+ AT+ 1-47
I-AI+A)I-A)TIT+A
(I+A) M I-A)I-A) ' I+A4)
= (I+ A7+ A)
=1.
Fxercises 8.3 Positive Definite Matrices
i N )
1) | 2 1]H[2 f}ThenA:UTUwhereU:[ﬁ ﬁ]:@[z 1]
11 o 1 o % 0 1
[ 20 4 5 20 4 5 20 4 5 % %k 3= 60v5 12V5 155
d |4 23]—|0o & 2|—=|0 & 2 |.Hemee,U=| 0 & J& |=5| 0 6/30 1030
| 5 3 5 0o 2 L 0 0 5 o0 = 0 0 5V15
and A=U"U.

2. (b) If A\¥ is positive and k is odd, then ) is positive.

4. Assume x # 0 is a column. If A and B are positive definite then x” Ax > 0 and x’ Bx > 0
S0

xT(A+B)x=x"Ax+x"Bx>0+0=0

Thus A + B is positive definite. Now suppose 7 > 0. Then x” (rA4)x = r(x’ Ax) > 0, proving
that rA is positive definite.

6. Given x in R", xT(UTAU)x = (Ux)TA(Ux) > 0 provided Ux # 0 (because A is positive
definite). Write U = [c; -+ ¢;,] where ¢; in R™ is column j of U. If 0 # x = [z ... 27,
then Ux = ) xjc; # 0 because the c; are independent [rank of U is m)].

10. Since A is symmetric, the principal axis theorem asserts that an orthogonal matrix P exists
such that PTAP = D = diag()\1, A2, ..., \,) where the ); are the eigenvalues of A. Since
each \; > 0, v/)\; is real and positive, so define B = diag(\/)\_, Vg, .. \/_) Then B? = D.
As A= PDPT take C = PBPT. Then

c? = pPBPTPBPT = PB?PT = PDPT = A.

Finally, C' is symmetric because B is symmetric (C’T = pITRTpT — pppPT = C') and C' has
eigenvalues v/\; > 0 (C is similar to B). Hence C is positive definite.

12(b) Suppose that A is positive definite so A = U Uy where Uy is upper triangular with positive

diagonal entries dj,ds,...,d,. Put Dy = diag(d;,ds,...,d,). Then L = UgDal is lower
triangular with 1’s on the diagonal, U = Dy, LUs is upper triangular with 1’s on the diagonal,
and A = LD3U. Take D = D%.
Conversely, if A = LDU asin (a), then AT = UT DLT. Hence, AT = A implies that UT DLT =
LDU, so UT = L and LT = U by (a). Hence, A = UTDU. If D = diag(dy, ds,...,d,), let
Dy = diag(v/d1,v/da,...,\/dy) . Then D = D} so A =UTD3U = (D,U)"(D,U). Hence, A
is positive definite.
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Exercises 8.4 QR-Factorization

1(b) The columns of A are ¢; = [ i } and cp = [ i ] . First apply the Gram-Schmidt algorithm

2
e[

coefy 1
fQZCQ——flz[ :|—
I !

Now normalize to obtain

1 2
s
PR T VA

1 -1

s3]
V2T VB 2

= ] is an orthogonal matrix. We obtain R from equation (*)

=[]

(d) The columns of Aarec; =[1 —1 0 1]7,co=[1 0 1 —1%andes=1[0 1 1 0.
Apply the Gram-Schmidt algorithm

S
ot
1

Hence Q = [q1 Q2] =

preceding Theorem 1:

I = £l c2oar | _ V5
0 [I1£2l 0

Sl Gl

Then A = QR.

fi=c;=[1 -1 0 17

f
&:crﬁﬁ:[l 01 —1T-9R =01 01 —1
1
£ c C30f1 C3.f2
3 — 63— 1— 2
I ]2 I
=0 11 0"-=1 -1 0 yY-Ip o1 —1f
2 T
=20 1 1 1",
Normalize
1
lemﬂ:%[l -1 0 1)*
1
QQ:HfTHfF%“ 01 —1"
1
Q3:Hf—3Hf3:%[0 11 1%,
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1 1 0
1l -1 0 1 .
Hence Q@ =[q1 q2 q3] = Al o 1 has orthonormal columns. We obtain R from
1 -1 1
equation (*) preceding Theorem 1:
lfil c2eaqr czeq: V3 % :/—% . 3 0 —1
R= 0 &) eseae | = | 0 V3 =503 1
2
0 0 [I£3]] o 0 0 0 2

Then A = QR.

If A = QR is a QR-factorization of A, then R has independent columns (it is invertible)
as does @ (its columns are orthonormal). Hence A has independent columns by (a). The
converse is by Theorem 1.

Exercises 8.5 Computing Eigenvalues
1b) A=| ° > |.Theneca(z)=|""" 2 |=@+1)(@—4), 50\ =-1, =4
=1 5 5| en ca(xr) = 5 oo =(x z y SO A1 = y A2 = &
If)\1:—1:[6 2}%[3 1}:eigenvector:[l}
301 0 0 3
If=4: [ o ] — [ b2 ] ; dominant eigenvector = [ 2 } .
36 0 0 ~1
Starting with x¢ = 1 , the power method gives x; = Axq, xo = Ax1,...:

X_7 < — 25 X_103 < — 409
1 -5 |’ 2 —11 |’ 3 -53 |’ 4 —203 |

21 } . The Rayleigh

These are approaching (scalar multiples of) the dominant eigenvector [

quotients are rp =

rz—3 -1
—1 T
Ao =1(3— v/13). Thus the dominant eigenvalue is \; = 3(3+ V/13). Since A Ay = —1 and

A1+ Ao = 3, we get
[,\1—3 —1] [1 —,\1}
—
1 N 0 o0

. . A . 1
so a dominant eigenvector is 11 . We start with xg = [ ) ] .

= 22 — 3z — 1, so the eigenvalues are \; = %(3 +/13),

Then x;1 = Axg, k=0,1,... gives
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. . . . A 3.302776
These are approaching scalar multiples of the dominant eigenvector [ 11 } = [ ) ] .
X X
The Rayleigh quotients are r, = kHin;l :
Xk

ro =25, r1 =329, ro=3.30270, r3=3.30278.

These are rapidly approaching the dominant eigenvalue A; = 3.302776.

= *7% TH =22 =30 -3, A = 4 [3+ /18] = 3.302776 and

—1 T

Ao = % [3 — \/ﬁ] = —0.302776. The @ R-algorithm proceeds as follows:

31 3 1 10 3
A = = @Q1R; where Q; = —— Ry =+~ .
! 10 @il @ VIO |1 3 [P VIO 0 1
_ T R T o 33 1 o 109 3
AZ = RlQl — 10 |: 1 —3 :| - Q2R2 where Q2 — /1090 |: 1 -33 ’R2 T 4/1090 0 10 |’
1| 360 1 3.302752  0.009174
1 —33 0.009174 —0.302752

The diagonal entries already approximate A\; and A to 4 decimal places.

4. We prove that AL = A, for each k by induction in k. If k = 1, then A; = A is symmetric by
hypothesis, so assume AL = A, for some k > 1. We have A, = Qi Ry, so Ry, = Q;lAk = Q%Ak
because @ is orthogonal. Hence

Apy1 = RpQr = QF ArQx

SO
Al = (QFAQr)" = QLALQLT = QL ArQy = Apqa.

The eigenvalues of A are all real as A is symmetric, so the Q) R-algorithm asserts that the A
converge to an upper triangular matrix 7. But 7' is symmetric (it is the limit of symmetric
matrices), so it is diagonal.

Exercises 8.6 Complex Matrices

1(b) \/\1*il2+ll+i\2+l2+(—1)2=\/(1+1)+(1+1)+1+1:\/6

RV T Y S ) e S R RV
2(b) Not orthogonal: ((i,—i,2 + 1), (¢,7,2 — 1)) = i(—1) + (—i) (=) + (2+14)(2+i) =3+ 44

(d) Orthogonal: (4 + 44,2 +1,2i), (—1+14,2,3 —2i)) = (4 +44)(—1 — 1) + (2+ )2 + (20)(3 + 2i)
=(—8i)+ (4+2i)+ (-4 +6i) = 0.

3(b) Not a subspace. For example, i(0,0,1) = (0,0,4) is not in U.
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(d) If v=(v+w,v—2w,v) and w = (v +w',v" —2w',v') are in U then

v+w=((v+v)+ w+u),(v+0)=2w+w),(v+0))isin U
2v = (zv + zw, zv — 2zw, zv) is in U
0= (0+0,0—20,0) is in U.

Hence U is a subspace.

4(b) Here U = {(iv + w,0,2v —w) | v,w € C} = {v(7,0,2) + w(1,0,—-1) | v,w € C}
= span{(,0,2), (1,0,—1)}.
If 2(4,0,2) + ¢(1,0,—1) = (0,0,0) with z,¢t € C, then iz +t = 0, 2z — t = 0. Adding gives
(24 14)z=0,s0 z =0; and so t = —iz = 0. Thus {(¢,0,2),(1,0,—1)} is independent over C,
and so is a basis of U. Hence dimc U = 2.

(d) U ={(u,v,w) | 2u+ (1 +1i)v —iw = 0;u,v,w € C)}. The condition is w = —2iu + (1 — i)v,
SO
U ={(u,v,—2iu+ (1 —i)v) | u,v € C} = span{(1,0,—2i),(0,1,1 —4)}.

If (1,0, —2¢) + t(0,1,5 — 1) = (0,0,0) then components 1 and 2 give z =0 and ¢t = 0. Thus
{(1,0,—24),(0,1,1 —4)} is independent over C, and so is a basis of U. Hence dimc U = 2.

5(b)A:[2 3},AH:AT:[2 3],441:1—13[2 3}Henee,Aisnothermitian
-3 2 3 2 3 2

(A # AM) and not unitary (A~! # Af). However, AA” =131 = A A, so A is normal.
r ‘ . 1T .
d A=|" :i ] , AL = (AT = [ j jl } = [ ! :i } = A. Thus A is hermitian and so is

normal. But, AA" = A% = 21 so A is not unitary.

(f) A= 1: L ] .Here A= AT s0o AH = A= [ 13 1:2‘ ] # A (thus A is not hermitian).
Next, AAT = [ 2i‘ 2_3% } # I so A is not unitary. Finally, AHA = 2_32 22% #*

AAH  so A is not normal.

z -z

\/5\2’| z —z o \/5‘2| zZ —z

if and only if z = Z; that is Ais hermitian if and only if z is real. We have AAT =

2
L [ 2l 0 ] = I, and similarly, A7 A = I. Thus it is unitary (and hence normal).

(h)A:ﬂlZ'{Z Z}HereA: ! [z Z:|SOAH— ! [z “|. Thus A = A"

2|z[? 0 2|z|2

8(b)A:[ ! “],cA(x):[z“ 3”]::5253;6:(:”1)(:56).

3+i 1 —3—i x-1
. -5 341 3+i 2 . . -2
Eigenvectors for A\ = —1: — ; an eigenvector is x; = .
—3—i 1 0 0 3+i
. 2 —3+i 2 341 . . 3—i
Eigenvectors for Ay = 6 : [ 4 . } — [ 0 0 ] ; an eigenvector is xg = [ ) } .
—Oo —1

1 -2 3-i

As x; and xg are orthogonal and ||x1||= ||x2|| = V14, U = wr i TV ] is unitary and

viay =| ' °
0 6 |
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(d)A:[ 2, 1+i];cA(m): =22 -5z +4=(z—1)(x—4).

1—1 3 —1+¢ x-—3
. -1 —-1—1 1 1+ . . 1+
Eigenvectors for Ay = 1: A — ; an eigenvector is x; = .
1437 =2 0 0 -1
. 2 —1—i —1+4+i 1 . . 1
Eigenvectors for Ao =4 : A — ; an eigenvector 1s xp = -
—1+41 1 0 0 1—1

1| 1+d 1

Since x1 and x3 are orthogonal and ||x1|| = ||x2| = v/3, U = 7 L1 } is unitary and
— —1

UHAU:[I 0].

0 4
1 0 0
) A=]o0o 1 14i |;
0 1—i 2
z—1 0 0
calz)=| 0o 2-1 -1-i|=(z—-1)(2%-32)=(z— Dz(z - 3).
0 —1+i z-2
0 0 0 [0 1 0 1
Eigenvectors for Ay =1: | o 0 -1-4 | — [ 0 0 1 |;aneigenvectorisx; = | 0
0 —1+i -1 [ 00 0 0
-1 0 0 10 0 | 0
If Ao =0: 0 -1 —-1—i | — [ 0 1 1+4i |;an eigenvector is xo = | 1+
0 —1+i —i 00 0 | -1
2 0 0 1 0 o
Eigenvectors for A3 =3: | o 2 —-1-i | — | 0 —144 1 |; an eigenvector is
0 —1+i 1 Lo 0o o0
0 V3 0
X3 = 1 .Since{xl,xQ,X3}isorthogonalandHXQH:||X3||:\/§,U=% 0 1+4i
1—i 0 -1 1-i
1 0 0
is orthogonal and U*AU = | 0 0 o0
0 0 3

10(b) (1) If z = (21,20, ...,2,) then ||z|® = |21]* + |22)* + - -+ + |2n|?. Thus ||z = 0 if and only if
|z1| = -+ = |z| =0, if and only if z = (0,0,...,0).

(2) By Theorem 1, we have (A\Z, W) = X\(Z, W) and (Z, \W) = \(Z, W). Hence
INZI? = (AZ,0Z) = X(Z,7Z) = \MN(Z,Z) = [\* |1 2]
Taking positive square roots gives ||[AZ] = |A| ||Z]| .

11(b) If A is hermitian then A = AT If A = [a;;], the (k, k)-entry of A is G, and the (k, k)-entry
of AT is agj. Thus, A = AT implies that G, = axi for each k; that is agy is real.

14(b) Let B be skew-hermitian, that is B = —B. Then Theorem 3 gives

'

=
=
[

(B")? = (~B)? = B?, so B? is hermitian
(—i)B = (—i)(=B) = iB, so iB is hermitian.

EI;
B
I
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(d) If Z= A+ B where A” = A and B = —B, then Z# = A" + BH =V — B. Solving gives
Z+7ZH =2V and Z—Z% =2B,so V = 3(Z+Z") and S = 1(Z + Z*). Hence the matrices
A and B are uniquely determined by the conditions Z = A+ B, A" = A, B! = — B, provided
such A and B exist. But always,

Z=33z2+2z"+3(z-2z")

and the matrices A = 1(Z + Z") and B = 1(Z — Z") are hermitian and skew-hermitian
respectively:
A =
B =

(Z" +ZzPy = L(Z" + Z) = A
(z" —z1y = L(z" - Z) = -B.

[N [ N 2

16(b) If U is unitary, then U~! = U . We must show that U ! is unitary, that is (U~1)~! = (U~H#,
But
(Ufl)fl —U = (UH)H — (Ufl)H.

1 1

then V is hermitian because V =

—1 A

not hermitian (it has a nonreal entry on the main diagonal).

18(b) If V = Ozl:VT,butiV:[i Ol}is

21(b) Given A = [ 01 (1] ] ,let U = [ ¢ Z ] be invertible and real, and assume that U~'AU =

C

3 ”}Thus,AU:U[g u:|SO

c d . a\ ap+ by
—a b | cA  cu+dv ’
Equating first column entries gives ¢ = a)\ and —a = cA. Thus, —a = (aA\)A = a)? so

1+ M?)a = 0. Now X is real (a and ¢ are not both zero so either A = € or A = —%), so
a C

1+ A2 #0. Thus @ = 0 (because (1 + A?)a = 0) whence ¢ = a)\ = 0. This contradicts the
assumption that A is invertible.

Exercises 8.7 An Application to Linear Codes over Finite Fields

1(b) The elements with inverses are 1,3,7,9: 1 and 9 are self-inverse; 3 and 7 are inverses of each
other.

As for therest, 2-5=4-5=6-5=8-5=01n Zjg so 2,5,4,6 and 8 do not have inverses
in ZlO-

(d) The powers of 2 computed in Zjg are: 2, 4, 8, 16 = 6, 32 = 2,--- ,s0 the sequence repeats: 2,
4,8,16,2, 4,8, 16, - .

2(b) If 2a = 0 in Zjo then 2a = 10k for some integer k. Thus a = 5k so a = 0 or a = 5 in Zjg.
Conversely, it is clear that 2a = 0 in Z1p if a =0 or a = 5.
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3(b)

10(b)
11(b)

12(b)

We want a number a in Zjg such that 11a = 1. We could try all 19 elements in Zyg, the one
that works is @ = 7. However the euclidean algorithm is a systematic method for finding a.
As in Example 2, first divide 19 by 11 to get

19=1-11+8.
Then divide 11 by 8 to get
11=1-8+43.
Now divide 8 by 3 to get
8=2-3+2.
Finally divide 3 by 2 to get
3=1-2+1.

The process stops here since a remainder of 1 has been reached. Now eliminate remainders
from the bottom up:
1=3-1-2=3-(8-2-3)=3-3-38
=3(11-1-8)—8=3-11-4-8
=3-11-4(19-1-11)=7-11—-4-19.

Hence 1=7-11-4-19=7-11 in Z19 because 19 = 0 in Zqg.
Working in Z7, we have det A =15—-24=1+4=15#0, so A~! exists. Since 57! = 3 in Z,

A—1=3[34 56]:3{3 ;]:[z ?]'

Gaussian elimination works over any field F' in the same way that we have been using it over
R. In this case we have F' = Z7, and we reduce the augmented matrix of the system as follows.
We have 5 -3 =1 in Z7 so the first step in the reduction is to multiply row 1 by 5 in Z7 :

3 1 4 3 1 5 6 1 1 5 6 1 1 5 6 1 1 0 5 3
— — — — .
4 3 1 1 4 3 1 1 0 4 5 4 0 1 3 1 01 3 1
Hence x and y are the leading variables, and the non-leading variable z is assigned as a

parameter, say z = t. Then, exactly as in the real case, we obtain x = 3 + 2t, y = 1 + 4¢,
z =t where t is arbitrary in Z7.

If the inverse is a + bt then 1 = (1 +t)(a + bt) = (a — b) + (a + b)t.This certainly holds if
a —b = land a + b = 0.Adding gives 2a = 1,that is —a = 1inZ3,that is a = —1 = 2.Hence
a+b=0gives b = —a = 1,50 a + bt = 2 + t;that is (1 +¢)~! = 2 + ¢.Of course it is easily
checked directly that (1+1¢)(241¢) = 1.

The minimum weight of C is 5, so it detects 4 errors and corrects 2 errors by Theorem 5.

The linear (5,2)-code {00000,01110,10011,11101} has minimum weight 3 so it corrects 1
error by Theorem 5.

The code is {0000000000, 1001111000, 0101100110, 0011010111,
1100011110, 1010101111, 0110110001, 1111001001}.

This has minimum distance 5 and so corrects 2 errors.
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13(b) C = {00000, 10110,01101,11011} is a linear (5,2)-code of minimal weight 3, so it corrects
single errors.

14(b) G = [ 1 u } where u is any nonzero vector in the code. H = [ " ] .

Infl

Exercises 8.8 An Application to Quadratic Forms
1(b) A— 1 11-1) 10
| L1+ 2 o o2
[ 12+4) L(-1+5) 13 2
(d) A= | 1@a+2 1 io0-2 | =13 1 -1
| 36-1) 3(-2+40) 3 -1 3
i ca(z) = z_;l :21 =22 -2z -3=(x+1)(z—3)

1 . . 1
0 ] ; so an eigenvector is X; = [ ) } .

—2 -2 11 ) . 1
A =—1: — ] ; so an eigenvector is Xo = ] .

-2 -2 00 -1
Hence, P = % [ bl is orthogonal and PTAP = 5 9| As in Theorem 1, take
2 1 -1 0 -1
T _ 1 1 1 x1 _ 1 xr1 + T2
Y PX—\/E[l_1_[@]—\@[1’1_“}Then

Y = %(ch +SL‘2) and Y2 = %(m‘l - 1‘2)‘

Finally, ¢ = 3y? — 43, the index of ¢ is 1 (the number of positive eigenvalues) and the rank of
q is 2 (the number of nonzero eigenvalues).

7T 4 4
(d) g=XTAX where A= | 4 1 —s |.To find ca(z), subtract row 2 from row 3 :
4 -8 1
-7 -4 -4 c—7 -4 —4
calz)=| -4 =z-1 8 |=| -4 z-1 38
—4 8 z—1 0 —x+9 -9
-7 -8 -4
=| 4 z+7 8 |=(@-92%xz+9)
0 0 -9
2 -4 -4 1 -2 -2 2
A1=9 -4 8 8 | — | 0 0 o0 |[;orthogonal eigenvectors | 2 [, [ -1
-4 8 8 0 0 0 ~1 2
-6 -4 -4 4 1 4 0 2 -1
A2 =-9 -4 -10 8 — -9 9 | — | 0o 1 -1 |;eigenvector | 2 | .These
-4 8 10 9 -9 00 0
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eigenvectors are orthogonal and each has length 3.

9 0 0
and PTAP= 1|0 9 o |.Thus
0 0 -9
Y=pP'X=1
-1 2
SO
Y1 =
Yo =
Y3z =

will give ¢ = 9y§ + 9y3 — 933
5
g=XTAX where A= | -2
—4
ca(z) =
[4 2 4 2
A=9 2 1 2| —=1o
4 2 4 0
[ 5 2 4
A =0: 2 -8 2 —
i 2 -5

then

[2301 + 29 — 1'3]
[2{E1 — T2 + 21’3]
[—z1 + 222 + 23]

Wl Wl W

Hence, P =

W=

2x1 + 2x2 — 13
2x1 — x2 + 213
—x1 + 272 + 223

The index of ¢ is 2 and the rank of ¢ is 3.

147

is orthogonal

-2 -4
8 -2 | . To find ca(z), subtract row 3 from row 1:
-2 5
T —5 2 4 z—9 0 —x+9
2 Tz —8 2 = z—8 2
4 2 z-5 4 2 x—5
-9 0 0
s-8 4 |=x(z—9)?
2 z—1
1 2 -2 1
0 0 | ;orthogonal eigenvectors are | 2 | and | 2
0 0 1 -2
1 -4 1 10 -1 2
0 —18 9 — | 0 2 -1 |;an eigenvector is | 1
0 18 -9 00 0 2
-2 1
Hence P = % 2 2

Y1 =
Yo =
Y3z =

(1'1 + 2x9 — 21’3)
(2{E1 + x2 + 2.1'3)

W= Wl W~

(—2x1 + 2x9 + x3)
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gives ¢ = 9y? + 9y3. The rank and index of ¢ are both 2.

1 —1 0
(h) g=XTAX where A= | -1 0o 1 |.Tofind ca(z), add row 3 to row 1:
0 1 1
z—1 1 0 z—1 0 z-1
calz)=| 1 2 -1 |= z -1
0 -1 a-1 0 -1 a-1

1

0 -1 x—1
1 0 1 0 10 1 -1
AL =2 1 2 -1 |— 1 -1 |— |0 1 -1 |;an eigenvector is
0 -1 1 -1 1 00 0
0 1 o0 11 -1 (1 0 -1 1]
Ao =1; 1 1| —>1]0 1 o — | 0 1 0 | ;an eigenvectoris | 0
0 -1 0 00 0 00 0 1
2 1 0 1 -1 -1 | 0 1 i
A3 =—1 1 -1 -1 | — -1 -2 | = 1 2 | ; an eigenvector is
0 -1 -2 -1 -2 0 0
Hence,
1 1 1
Vi Vi Ve N
_ 1 2 _
P = 7 0 7= =7 V2 0 2
L 1 _
A VA V2 V3ol
2 0 0
is orthogonal and PTAP= |0 1 o If
0 0 -1
V2 V2 V2 )
—pTy — L
Y=P'X 7 V3 0 V3 T2
1 2 -1 3
then
1
y1 = 5(—21+ 32 + 23)
— 1
Yo = \/5(551 +3)
1

Y3 = %(301 + 2x9 — x3)

gives ¢ = 2y3 + y3 — y3. Here ¢ has index 2 and rank 3.

3(b) ¢ = 322—4xy = XTAX where X = [ ) ] A= | % 72 } cea(t) =
)

)\1:4:[1 2]—>[1 2];aneigenvectoris[_21].

2 4 0 0
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)\2:1:[4 2 ]ﬂ[2 1};aneigenvectoris[l].
2 -1 0 0 2

0 1

V5

1

Hence,P:i[f1 ;]givesPTAP:[é ].IfY:PTX:[ },then

= %(Zx—y) and y; = %(m—i—Zy). The equation ¢ = 2 becomes 423 —y? = 2, a hyperbola.

(d) q:2$2+4my+5y2:XTAthereX:[x],A:[z 2}
y

t—2 -2
-2 t-=5

A =6: [ 4 2]%[2 01];aneigenvectoris [;}

In this case ca(t) = =(t—1)(t—6).

-1 -2 12 . . 2
Ay =1: [ — [ ] ; an eigenvector is [ } .
4 0 0 -1

1

ot

Y1

Hence,P:T[l 2]givesPTAP:[60].IfY:PTX:[
2 -1 0 1
1

} , then ;1 =
\/g(l‘ +2y), y1 = %(21‘ —y) and ¢ = 1 becomes 622 + y? = 1. This is an ellipse.

4. After the rotation, the new variables X; = [ o ] are related to X = [ * } by X = AX,
Y1 y

6 —sinf .. . .
where A = Cése Sm@ } (this is equation (**) preceding Theorem 2, or see Theorem 4
sin COSs

§2.6). Thus x = x1cosf — y;sinf and y = x1sin @ + y; cos . If these are substituted in the
equation ax? + bxy + cy? = d, the coefficient of 1% is

—2asin 6 cos § + b(cos? @ — sin? @) + 2csinf cosf = beos 20 — (a — ¢) sin 26.

This is zero if 0 is chosen so that

cosQGzL and sin20:+.
b2+ (a—c)? b’ + (a—c)?

2 2
. a—c b _
Such an angle 26 exists because [—b2+(ac)2] + [ 0 )2] 1.

a—cCc
1 1 2 =2
7(b) The equationis X7 AX+BX =7where X = | 2o | ,A=| 2 3 o |,B=[F 0 —6].
T3 -2
t—1 —2 2 t—1 —2 2 t—1 —4
calz)=| -2 ¢t-3 0o |=| -2 t-3 o0 |=| -2 t-3
2 0 t—3 0 t—3 t—3 0 0 t—3

2 -2 2 1 0 0 0
A =3 -2 0 0| —1]0 1 -1 ];aneigenvectoris | 1
2 0 0 00 0 1
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4 -2 2 -2 2 0 1 0 1 1
A2 =5 -2 2 0|—=| o0 2 2| —=1]0 1 1|;aneigenvectoris | 1
[ 2 0 2 ] [ 0 2 2 ] [ 0 0 0 ] |: -1 |
—2 -2 2 11 -1 10 -2 2 ]
A3 =—1 -2 -4 0 | —|0o —2 —2|— |0 1 1 |;aneigenvectoris [ —1
|: 2 0 -4 |:0 -2 2] [0 0 1]
0 & & 0 V2 30 0 |
Hence, P= | & -5 - | = % V3 V2 satisfies PTAP= |0 5 o |.If

V3(z2 + 73)
:PTX:\}E V2(z1 + 22 — T3)
2r1 — T2 + 73

then

(w2 + x3)

<
=
I

(ml + 19 — 1'3)

(21’1 — I+ mg).

I
S sk gl

As P71 = PT we have X = PY so substitution in X7AX + BX = 7 gives
YT(PTAP)Y + (BP)Y =T.

As BP = [-6V3 11v2 4] = |-3v2 LB 20| thisis

3u7 4+ 593 — v — 3V2)y1 + (B V3)y2 + (3V6)ys = 7.

9(b) We have A = UTU where U is upper triangular with positive diagonal entries. Hence
g(x) =x"U"Ux = (Ux)" (Ux) = |Ux|*

So take y = Ux as the new column of variables.

Exercises 8.9 An Application to Constrained Optimization

Exercises 8.10 An Application to Statistical Principal
Component Analysis
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Chapter 9: Change of Basis

Exercises 9.1 The Matrix of a Linear Transformation

1(b) Cp(v) = [21)0] because v = ax? + bz + ¢ = az? + (2b — ¢)(z + 1) + (c — b)(z + 2).
c—b

a—b>
(d) Cp(v) =13 a+b because
—a+3b+2c

v=(a,b,c) =3[(a—b)(1,-1,2) + (a+b)(1,1,—1) + (—a + 3b + 2¢)(0,0, 1)]

2(b) Mpp(T) = [Cp[T(1)] Cp[T(z)] CplT(z?)]] = [ _21 (1] _32 ] . Comparing columns gives

Hence
T(1) =2(1,1) — (0,1) = (2,1)
T(z) =1(1,1) +0(0,1) = (1,1)
T(x?) =3(1,1) — 2(0,1) = (3,1).
Thus
T(a+ bz + cx?®) = aT (1) + 0T () + cT'(z?)
=a(2,1) +b(1,1) +¢(3,1)
= (2a+b+3c,a+b+c).

w ) = [eafe [ 2]} ofe 23]} eof[t 2} enfr[: ]}
- Ci{; p eflta ) edls o) et
R

0 1 0 O
_0 0 0 1_

(d) Mpp(T) = [_CD[T(D] Cp[T(x)] Cp[T(z?)]] = [Cp(1) Cp(z+1) Cp(a®+2z+1)]

_ [ ]
_0 0 1
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1 2
A(b) Mpp(T) = [Cp[T(1,1)] Cp[T(1,0)] = [Cp(1,5,4,1) Cp(2,3,0,1)] = i z
1 1
We have v = (a,b) = b(1,1) + (a — b)(1,0) so Cp(v) = [ afb } . Hence,
1 2 2a — b
CD[T(V)] = MDB(T)CB(V) = Z 3 |: aib ] _ 3a:l—)2b
1 1 a

Finally, we recover the action of 1"

T(v) = (2a — b)(1,0,0,0) + (3a + 2b)(0, 1,0,0) + 4b(0,0,1,0) + a(0,0,0, 1)
= (2a — b,3a + 2b,4b, a).

(d) Mpp(T) = [Cp[T(1)] Cp[T(x)] Cp[T(z?)]]
= [Cp(1,0) Cp(1,0) Cp(0,1)]

11 1
— 2 2 2
— | :r o1 o1
2 2 2
gl o4
20111
a
We have v =a + bz + cx? so Cg(v) = | b | . Hence

Cp[T(v)] = Mpp(T)Cp(v) =

N[

| —|
=
=
_
—

| IS

1
IS

|
N|=
| —|
Q@ Qg
+ +
SIS
+
Qo o
| IS

Finally, we recover the action of 1"

T(v)=3(a+b—c)(1,—1)+2(a+b+c)(1,1) = (a+b,c).

0 wour) = Jeoyr |y o) eoyrloo ) eor D) e )]

Il
I 1
o o O =
oS = = O
o = = O
(R 1

WehaveV:[ab 0]+b[01]+c[00]+d[00],

c d 0 1 0 0 1
a 1 0 0 O a a

so Cp(v) = | * | . Hence Cp[T(v)] = Mpp(T)Cr(v)=| > * 2 21| P ="
c 0 1 1 0 c b+c
d 0 0 0 1 d d
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Finally, we recover the action of T

R I e B R ] B R e S IR

0 0 b+c d

5(b) Have R3 L R 5 R2. Let B, D, E be the standard bases. Then

| Cgl[S(0,1,0,0)] Cg[S(0,0,1,0)] CgS(0,0,0,1)]]
1,0) Cg(0,1) Cg(0,—1)]

Mpp(T) = [CplT'(1,0,0)] Cp[T(0,1,0)] Cp[T(0,0,1)]]
=[Cp(1,0,1,-1) Cp(1,1,0,1) Cp(0,1,1,0)]

1 1 0
I
Tl 1 o0 1
1 1 0

We have ST(a,b,c) = S(a+b,c+b,a+c,b—a)=(a+2b+c,2a — b+ c). Hence

Mgp(ST) =[Cg[ST(1,0,0)] Cg[ST(0,1,0)] Cg[ST(0,0,1)]]
=[CEe(1,2)] Cg(2,-1) Cg(1,1)

b
o2
T2 -1 o1 |

With this we confirm Theorem 3 as follows:

MED(S)MDB(T>:[1 1o o] 0

0 0 1 -1

_
H O =
O = = O

(d) Have R3 L p, 5, R? with bases B = {(1,0,0),(0,1,0),(0,0,1)}, D = {1, 2%},
E={(1,0),(0,1)}.

Mpp(S) = [CplS()] Cp[S(2)] CrlS@E?)]]
= [Cp(1,0) Cp(~1,0) Cg(0,1)]

Mpp(T) = [Cp[T(1,0,0)] Cp[T(0,1,0)] Cp[T(0,0,1)]]
= [Cp(1—z) Cp(-1 + 2?) Cp(z)]
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7(b)

(d)

Section 9.1: The Matrix of a Linear Transformation

The action of ST is ST(a,b,c) = S [(a — b) + (¢ — a)z + bz?] = (2a — b — ¢,b). Hence,
MEgp(ST) = [CE[ST(L 0, 0)] Cg [ST(Oa L, 0)] Cg [ST(Ov 0, 1)“
= [Cg(2,0) C'J_g(—l, 1) Cg(-1,0)]

Hence, we verify Theorem 3 as follows:

0 0 1

Mgp(S)Mpp(T) = [ A ] _ jl _01 (1)] = [(2] N _01 } = Mgp(ST).

MDB(T) = [CD [T(17 07 0)] C’D [T(07 17 0)] C’D [T(07 07 1)]]
= [Cp(0,1,1) Cp(1,0,1) C(1,1,0)]

0 1 1
1 0 1
1 1 0

If T-(a,b,c) = (z,9,2) then (a,b,c) = T(z,y,2) = (y + 2, + 2,2 + y). Hence, y + z = a,
x + 2z =b, x +y = c. The solution is

T a,b,c) = (z,y,2) = 3(b+c—a,a+c—ba+b—c).

Hence,

This matrix is Mppg(T)~' as Theorem 4 asserts.

Mpp(T) = [CplT(1)] Cp[T(z)] C[T(z?)]]
= [Cp(1,0,0) Cp(1,1,0) Cp(1,1,1)]

1 1 1
0 1 1
0 0 1

If T"Y(a,b,c) = r + sx + ta?, then (a,b,c) = T(r + sz + tz?) = (r +s+t,s +t,t). Hence,
r+s+t=a,s+t=0>bt=c;the solutionist=c, s=b—c, r =a—b. Thus,

T Ya,b,¢) =7+ sz +tz> = (a—b) + (b— c)x + ca®.
Hence,
(Cp [T71(1,0,0)] Cp[T7%(0,1,0)] Cp[T7'(0,0,1)]]
=[CB(1) Cp(-1+2) Cp(—z+2?)]

|

This matrix is Mpp(T)~" as Theorem 4 asserts.
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10| 01 0 0 0 0
s < [l 1) o3 2]} enfe[22) eofol2 )
= [CD(laana 0) CD(l,l,0,0) CD(LLLO) CD(()’O’ 0, 1)]
111 0 |
o110
oo 1o
00 0 1|
This is invertible and the matrix inversion algorithm (and Theorem 4) gives
1 -1 0 0
—1y -1 _ o 1 -1 0
Mpp(T™) =[Mpp(D)] "= | ., |
0 0 1
If v=(a,b,c,d) then
1 -1 0 O a a—b
C [T ()] = Mos(T )Cpv)= | o o=
0 0 1 d d
Hence, we get a formula for the action of T
1 -1 - . 1 0 o 0 0 0 0
T *(a,b,c,d) =T (v) = (a b)[o 0]+(b c)[ }+c[1 0}+d[0 1}
_ a—b b—c
o c d
12. Since D = {T'(e1),...,T(en)}, we have Cp [T'(e;)] = C;j = column j of I,,. Hence,
Mpp(T) = [Cp[T(e1)] Cp[T(e2)] Cp [T(en)]]
=[C1 Oy Cy] = I.
16(b) Define T : P, — R"™! by T[p(z)] = (p(ao),p(a1),...,p(an)), where ag,...,a, are fixed

distinct real numbers. If B = {1,x,...,2"} and D C R™"! is the standard basis,

Mpp(T)( = [Cp [T(1)]

== [CD(l, 1,. ooy 1) CD(CL(),al, cee

2
1 a0 aj

Cp[T(w)] Cp [T(*)]
n)

Cho(

Cp [T(a")]
a,a?, ... a2)
0s %1 » Y

Cho(

n n

g, a1,y ...

r'n

Since the a; are distinct, this matrix has nonzero determinant by Theorem 7, §3.2. Hence, T’
is an isomorphism by Theorem 4.

)]



156

20(d)

21(b)

22(b)

24(b)

25(b)

Section 9.1: The Matrix of a Linear Transformation

Assume that V 5 W 57 U. Recall that the sum S+ 71 : W — U of two operators is defined
T

by (S+T)(w)=S(w)+ T(w) for all w in W. Hence, for v in V :

Since this holds for all v in V| it shows that (S+T)R = SR+ TR.

If P and @) are subspaces of a vector space W, recall that P+ Q ={p+q|pin P, ¢ in Q} is
a subspace of W (Exercise 25, §6.4). Now let w be any vector in im(S + 7") . Then
w=(S+T)(v)=S5(v)+T(v) for some v in V, whence w is in im S+ im 7. Thus,
im(S+7)Cim S +im7.

If Tis in X9, then T(v) =0 for all v in X;. As X C X, this implies that 7'(v) = 0 for all v
in X; that is T is in X°. Hence, X? C XV,

We have R : V — L(R, V) defined by R(v) = Sy. Here Sy : R — V is defined by Sy(r) = rv.

R is a linear transformation: The requirements that R(v + w) = R(v) + R(w) and
R(av) = aR(v) translate to Sy4+w = Sy + Sw and S,y = aSy. If r is arbitrary in R:

(v+w)=rv+rw=5,(r)+ Sw(r) = (Sy + Sw)(r)
(av) = a(rv) = a[Sv(r)] = (aSy)(r).

Hence, Syiw = Sy + Sw and S;y = aSy so R is linear.

R is one-to-one: If R(v) = 0 then Sy = 0 is the zero transformation R — V. Hence we have
0 = Sy(r) = rv for all r; taking r = 1 gives v = 0. Thus ker R = 0.

R is onto: Given T" in L(R, V'), we must find v in V such that T" = R(v); that is T' = S;.
Now T : R — V is a linear transformation and we take v = T'(1). Then, for r in R:

Sy(r)y=rv=rT(1)=T(r-1)=T(r).
Hence, Sy =T as required.

Given the linear transformation 7' : R — V and an ordered basis B = {bi,ba,..., by}
of V, write T(1) = a1b; + agbs + - - + a,b, where the a; are in R. We must show that
T = a151 + a2S2 + +a, S, where S;(r) = rb; for all r in R. We have

(@151 4+ a2S2 + -+ + apSy)(r) = a151(r) + az2S2(r) + - - - + apSp(r)
= al(rbl) + az(rbg) 4o+ an(Tbn)
=rT(1)
= 7()

for all r in R. Hence a151 + a2So + -+ ap S, =T.
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27(b) Given v in V, write v = riby +roby +--- +r,b,, r; in R. We must show that r; = E;(v) for
each j. To see this, apply the linear transformation F:

E]‘(V) ZEJ‘(’Flbl+T2b2+"'+7“jbj+"'+7“nbn)
=T1Ej(b1)+’I“2Ej(b2)+"'+TjEj(bj)+"'+TnEj(bn)
:7«1.()_|_7«2.()_|_..._|_7«j.1_|_..._|_7nn.0

using the definition of Ej.

Exercises 9.2 Operators and Similarity
_% -1 % -3 -2 1

1(b) Pp_p = [Cp(z) Cp(l+z) Cp(a?)] = { 1 1 0 ] =1 [ 2 2 0] because
0 0 1 0 0 2

r=-3.241(z+3)+0(2*-1)
l4z=(-1)-2+1(z+3)+0(z* - 1)
?=1-240(z+3)+1(z® - 1).

Given v =1 + z + 22, we have

(SIS

1
1

0
Cp(v) = |: 1 ] and Cp(v)=

1

because v=0-z+1(1+z)+1-2> and v=—3-241-(z+3) 4+ 1(z* — 1). Hence
-3 -2 1 0 —1
Pp_pCp(v)=3%1] 2 2 o 1| =31 2 | =Cp(v)

0 0 2 1

as expected.

1 0 1
1 1 1
Ppp=[Cp(1) Cp(z) Cp(*)]=g| 1 -2 1| because
-1 -1 2
1=1[1+2+2*) +(1—2)— (-1+27)]
z=3[(1+z+2%) —2(1—2) - (-1 +42?)]
?=1[(l+z+2%)+(1—2)+2(-1+27)].
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The fact that Pp. g = (Pg._p)~! is verified by multiplying these matrices. Next:

1 0 1
Pg.p= [CE(l +SL‘+SL‘2) CE(lfl‘) CE(*1+$2)] = [1 -1 0 ]

|

where we note the order of the vectors in E = {22 z,1}. Finally, matrix multiplication
verifies that PE<—DPD<—B = PE<—B-

= o O
o = O
[ R R

Ppp=[Cp(l) Cpl) 0E<x2>}[

5(b) Let B = {(1,2,-1),(2,3,0),(1,0,2)} be the basis formed by the transposes of the columns
of A. Since D is the standard basis:

6 —4 -3
At = (Pp_p) ' = Pg_p =[Cp(1,0,0) Cz(0,1,0) CB(O,O,l)][4 3 2]

oS W N
N O =
I
=

1
PD<—B = [CD(laZa 71) CD(2a3a0) CD(laOaZ)] = |: 2
-1

Hence Theorem 2 gives

because
(1,0,0) =6(1,2,—1) — 4(2,3,0) + 3(1,0,2)

(0,1,0) = —4(1,2, —1) + 3(2,3,0) — 2(1,0, 2)
(0,0,1) = —3(1,2, —1) + 2(2,3,0) — 1(1,0, 2).

7(b) Since By = {1,x,x2} , we have

1
PZPB()(_B = [030(1—1'2) C’Bo(l—i-x) C’BO(2m+x2)] = [ 0
-1

[ R e

= N O
|

= [Cp, [T(1)] Cg, [T(x)] Cp, [T(z*)]]
) Cpy(1+z) Cpgy(z+12?)]

Finally

Mp(T) = [Cp [T(1—2*)] Cg[T(1+2)] Cp[T(2z+2%)]]
= [CB(1—2x) Cp(2+z + %) C’B(2+3x+sc2)]

-2 -3 -1

3 5 3

-2 =2 0
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because
1—2=-2(1-2%+3(1+2)— 22z +2?)
2+ x4+ 2% =-3(1—2%) +5(1 + 1) — 22z + 2?)
2+ 3z 422 = —1(1 — 2%) + 3(1 + 2) + 02z + 2?).

The verification that P~1Mp,(T)P = Mp(T) is equivalent to checking that
Mp,(T)P = PMp(T), and so can be seen by matrix multiplication.

O Il | el | B S B | e S
3

Let B = E 2 } } consist of the columns of P. These are eigenvectors of A correspond-

ing to the eigenvalues 1, —1 respectively. Hence,
st = (s (2 [ 7]) en(na]3])] =[es 3] e[ Z]]-[5 5]
9(b) Choose a basis of R2, say B = {(1,0), (0,1)}, and compute
Mp(T) = [Cp [T(1,0)]  Cp[T(0,1)]] = [C5(3,2) Cy(5,3)] = [3 5].
P

—2 r —3
because B is the standard basis, but any basis could be used.

Hence, cr(z) = cpry ) (7) = = 22 — 62 — 1. Note that the calculation is easy

(d) Use the basis B = {1,x,x2} of Po and compute
Mp(T) = [Cp[T(1)] Cp[T(x)] Cp[T(z)]]
= [Ce(1+ 2z — 222) Cp(l—2z+2%) Cp(—2+ )]

Hence,
rt—1 -1 2 r—1 -1 2
CT(m)—CMB(T)(m) -1 z+2 -1 |= -1 r+2 -1
2 -1 T —x+3 0 r—2
=2’ + 2> 8z —3
() UseB:{[1 [0 1],[0 0],[0 0]}andcompute
0 0 0 10 0 1

o]y etren ]y e[ e[t
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12.

16(b)

Section 9.3: Invariant Subspaces and Direct Sums

Hence,

r—1 0 1 0
0 z—1 0 1
CT(SE):CMB(T)(SC): -1 0 Tz+1 0
0 -1 0 z41

t—1 0 1 0 z-1 1

=(x—-1)] o z+1 o0 |[+|-1 0 0o | =at
-1 0 z+1 0 -1 z+41

Assume that A and B are both n x n and that null A = null B. Define T4 : R® — R" by
Ty(x) = Ax for all x in R"; similarly for Tg. Then let T'= T4 and S = Tz. Then ker S =
null B and ker 7" = null A so, by Exercise 28, §7.3 there is an isomorphism R : R" — R”
such that T'= RS. If By is the standard basis of R", we have

A= MBO(T) = MBO(RS) = MBO(R)MBO(S) =UB

where U = Mp,(R). This is what we wanted because U is invertible by Theorem 4, §9.1.

Conversely, assume that A = UB with U invertible. If x is in null A then Ax = 0, so
UBx = 0, whence Bx = 0 (because U is invertible), that is x is in null B. In other words null
A Cnull B. But B=U"'A4so null B C null A by the same argument. Hence null A =null
B.

We verify first that S is linear. Showing S(w + v) = S(w) + S(v) means showing that
MB(Tw-i-v) = MB(Tw) + MB(TU). If B= {bl, bg} then column j of MB(Tw-i-v) is

CB[Tw+v(bj)] = CB[(QU + ’U)bj] = C’B(wbj + ’Ubj) = C’B(wbj) + CB(Q)bj)

because Cp is linear. This is column j of Mp(T,) + Mp(T,), which shows that S(w + v) =
S(w)+ S(v). A similar argument shows that Mp(Tyw) = a Mp(Ty), so S(aw) = a S(w), and
hence that S is linear.

To see that S is one-to-one, let S(w) = 0; by Theorem 2 §7.2 we must show that w = 0. We
have Mp(T,,) = S(w) = 0 so, comparing jth columns, we see that Cg[T,(b;)] = Cplwb;] =0
for j = 1,2. As Cp is an isomorphism, this means that wb; = 0 for each j. But B is
a basis of C and 1 is in C, so there exist » and s in R such that 1 = rb; + sby. Hence
w = w1 = rwb; + swby = 0, as required.

Finally, to show that S(wv) = S(w)S(v) we first show that T,,T;, = T\y. Indeed, given z
in C, we have
(TWTy)(2) = Tw(Ty(2)) = w(vz) = (wWv)z = Tyy(2).

Since this holds for all z in C, it shows that T.,T;, = Ty,,. But then Theorem 1 shows that
S(wv) = Mp(TyTy) = Mp(Tw)Mp(T,) = S(w)S(v).

This is what we wanted.

Exercises 9.3 Invariant Subspaces and Direct Sums
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2(b)

3(b)

Let v € T(U), say v = T'(u) where u € U. Then T'(v) = T[T (u)] € T(U) because T'(u) € U.
This shows that T'(U) is T-invariant.

Given v in S(U), we must show that T'(v) is also in S(U). We have v = S(u) for some u in
U. As ST =TS, we compute:

T(v) =T[S(w] = (T5)(u) = (ST)(u) = S[T(w)].

As T'(u) is in U (because U is T-invariant), this shows that T'(v) = S[T(u)] is in S(U).

. Suppose that a subspace U of V is T-invariant for every linear operator T : V' — V; we must

show that either U = 0 or U = V. Assume that U # 0; we must show that U = V. Choose
u # 0in U, and (by Theorem 1, §6.4) extend {u} to a basis {u,es,...,e,} of V. Now let v be
any vector in V. Then (by Theorem 3, §7.1) there is a linear transformation 7': V' — V such
that T'(u) = v and T'(e;) = 0 for each i. Then v = T'(u) lies in U because U is T-invariant.
As v was an arbitrary vector in V, it follows that V = U.

[Remark: The only place we used the hypothesis that V' is finite dimensional is in extending
{u} to a basis of V. In fact, this is true for any vector space, even of infinite dimension.|

We have U = span{l — 222, x+ :r2} . To show that U is T-invariant, it suffices (by Example
3) to show that T(1 — 222) and T'(z + 22) both lie in U. We have

T(1 —22%) =3+ 3z — 322 = 3(1 — 222) + 3(z + 2?)

T(x+2%) = —1+ 222 = —(1 — 222) (*)

So both T'(1 — 22?) and T(z + x2), so U is T-invariant. To get a block triangular matrix for
T extend the basis {1 — 222,z + scz} of U to a basis B of V in any way at all, say

B = {1—2x2,x+$2,x2}.

Then, using (*), we have
3
Mp(T) = [Cp [T(1-22%)] Cp[T(x+2%)] Cp[TE*]]=|3 o 1
where the last column is because T'(2?) = 1+ + 222 = (1 — 222) + (z + 22) + 3(2?). Finally,

A (z —3)(z* — 3z + 3).

Algebraic Solution. If U is Ta-invariant and U # {0}, U # R2, then dimU = 1. Thus
U = Ru where u # 0. Thus T'4(u) is in Ru (because U is T-invariant), say T4(u) = ru, that
is Au = ru, whence (r/ — A)u = 0. But

r — cosf —sinf

det(rl — A) = = (r—cosf)? +sin®0 #0assinf #0 (0< 6 < 7).

sin 6 r — cosf

Hence, (rI — A)u = 0 implies u = 0, a contradiction. So U = 0 or U = R2,
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10(b)

14.

17

18(b)

Section 9.3: Invariant Subspaces and Direct Sums

Geometric Solution. If we view R? as the euclidean plane, and U # 0, R?, is a Ts-invariant
subspace, then U must have dimension 1 and so be a line through the origin (Example 13
§5.2). But T4 is rotation through 6 counterclockwise about the origin (Theorem 4 §2.6), so
it will move the line U unless # = 0 or 6 = 7, contrary to our assumption that 0 < 6 < 7. So
no such line U can exist.

If visin UNW, then v = (a,a,b,b) = (¢,d,c, —d) for some a,b,c,d. Hence a = ¢, a = d,
b=cand b= —d. It follows that d = —d so a = b=c=d = 0; that is U N W = {0}. To see
that R* = U + W, we have (after solving systems of equations)

(1,0,0,0) = (1,1,~1,— 1)+§(1,f1,1,1) is in U + W
(0,1,0,0) = (1,1, 1,1) + 1(=1,1,-1,~1) is in U + W
(0,0,1,0) = 3(—1 1,1,1)+§(1,1,1,f1) isin U+ W
(0,0,0,1) = 1 (1,1,1,1) L(=1,-1,-1,1) is in U + W,

Hence, R* = U + W. A simpler argument is as follows. As dim U = 2 = dim W, the subspace
U @ W has dimension 2 + 2 = 4 by Theorem 6. Hence U & W = R* because dimR* = 4.

If Aisin UNW, then A = ZZ = f Z}forsomea,b,c,d,Whencea:b:c:d:O.

Thus, U N W = {0}. Thus, by Theorem 7
dim(Ue W) =dimU +dimW =2+2 =4.
Since dim My = 4, we have U @ W = Mbaa. Again, as in (b), we could show directly that
achof |00 L0 L] e S [emew
First U is a subspace because 0OF = 0, and AE = A and A1 E = A; implies that
(A+ANE=AE+ A E=A+A; and (rA)E =r(AE) =rA for all r € R.

Similarly, W is a subspace because 0OF = 0, and BE = 0 = B1FE implies that we have
(B+B1)E=BE+ B E=0+0=0and (rB)E =r(BE) =r0=0 for all r € R.

These calculations hold for any matrix E; but if E? = E we get Moy = U @ W. First
UNW = {0} because X in U NW implies X = X E because X is in U and X F = 0 because
X isin W, s0 X = XFE = 0. To prove that U +W = Mas let X be any matrix in Mas. Then:

XEisin U because (XE)E=XE?=XE
X - XFEisin W because (X — XE)E=XE—-XE?=XE—-XE =0.

Hence X = XE+ (X — XFE) where XF isin U and (X — XF) is in W; that is X is in U + W.
Thus Moy =U + W.

By Theorem 5 §6.4, we have dim(UNW)+ dim(U + W) = dim U+ dim W = n by hypothesis.
So if U+ W =V then dim(U + W) = n, whence dim (U N W) = 0. This means that
UNW = {0} so, since U + W =V, we have proved that V. =U & W.

First, ker Ty is T'a-invariant by Exercise 2. Now suppose that U is any T4-invariant subspace,
U#0,U #R2? Then dimU =1, say U = Rp, p # 0. Thus p is in U so Ap = T4(p) is in U,
say Ap = Ap where )\ is a real number. Applying A again, we get A’p = AAp = A\?p. But
A? =0, so this gives 0 = A?p. Thus A\? = 0, whence A = 0 and Ap = A\p = 0. Hence p is in
ker T4, whence U C ker T4. But dimU =1 = dim(ker T4), so U = ker T4.
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20.

22(b)

22(d)

Let B; be a basis of U and extend it (using Theorem 1 §6.4) to a basis B of V. Then

Mp, (T

U, Mp,(T) = Mp, (T1). Hence,

Y . o L
4 } by Theorem 1. Since we are writing 77 for the restriction of T to

xl — Mg, (T) —x
zl —Z

=det [xI — Mp,(Th)]det[z] — Z] = ep,(z) - q(x)

cr(z) = detlxl — Mp(T)] = det

where ¢(z) = det[zI — Z].

We have T : P3 — Pj3 given by T'[p(z)] = p(—=) for all p(x) in P3. We leave it to the reader
to verify that T is a linear operator. We have

T?[p(2)] = T {Tlp(x)]} = Tlp(~2)] = p(~(~2)) = p(z) = 1p,(p(2))-

Hence, T? = 1p,. As in Example 10, let

Ur = {p(z) | Tp(x)] = p(z)} = {p(z) | p(—2) = p(x)}
Uz = {p(z) | Tp(x)] = —p(z)} = {p(z) | p(=2) = —p(z)} .

These are the subspaces of even and odd polynomials in Pg, respectively, and have bases
By = {1,2%} and By = {z,23}. Hence, use the ordered basis B = {1, 2% x, 23} of P3. Then

| My, 0 [ = oo
Mp(T) = 0 Mg, (T) ] o [ 0 —I ]

as in Example 10. More explicitly,

Mp(T) = [Cp[t(1)] Cp[T(+*)] Cs[T(z)] Ca[T(z*)]]
=[Cp(1) Cp(a®) Cp(-z) Cp(—2z%)
10 0 0
o1 0 o
oo -1 o0
00 0 -1
Ip)
-5 L
Here T2%(a,b,¢) = [—(—a +2b+c) + 2((b+¢) + (—=¢), (b+¢c)—c), —(=¢c)] = (a,b,c), so
T? = 2ps.

Note that T(1,1,0) = (1,1,0), while 7(1,0,0) = —(1,0,0) and T(0,1,~2) = —(0,1, —2).
Hence, in the notation of Theorem 10, let B; = {(1,1,0)} and B2 = {(1,0,0), (0,—1,2)}.
These are bases of U; = R(1,1,0) and Us = R(1,0,0) + R(0, 1, —2), respectively. So if we

take B = {(1,1,0); (1,0,0), (0, —1,2)} then Mg, (T) = [1] and Mp,(T) = [ ‘01 01 } . Hence

Mg, (T) 0 bod
B1
Mp(T) = . (D) ] = E -1 _01 .
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23(b)

25(b)

29(b)

30(b)
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Given v, T[v — T(v)] = T(v) = T*(v) = T(v) = T(v) = 0, so v — T(v) lies in ker T. Hence
v=(v—-TW)+T(v)isin ker T+ im T for all v, that is V = ker T+ im T. If v lies
in ker 7 Nim T, write v = T(w), w in V. Then 0 = T(v) = T?(w) = T(w) = v, so
ker T'Nim T = 0.

We first verify that T2 = T. Given (a, b, c) in R3?, we have

T%(a,b,¢) = T(a+ 2b,0,4b + ¢) = (a + 2b,0,4b + ¢) = T(a, b, )
Hence T2 = T. As in the preceding exercise, write

Up={v|T(v)=v} and Uy ={v|T(v) =0} = ker(T).

Then we claim that R? = U; @ Us. To show R? = Uy + Ua, observe that v = T/(v) +[v —T(v)]
for each v in R3, and T'(v) is in Uy [because T[T(v)] = T?(v) = T(v)] while v — T(v) is in
Us [because T[v — T'(v)] = T(v) — T?(v) = 0]. Finally we show that U; N Us = {0}. For if v
is in Uy N Uy then T'(v) = v and T'(v) = 0 so certainly v = 0.

Next, we show that U; and U, are T-invariant. If v is in U; then T'(v) is also in U
because T[T'(v)] = T?(v) = T(v). Similarly Us is T-invariant because, if v is in Us, that is
T(v) = 0), then T[T(v)] = T?(v) = R(v) = 0; that is T(v) is also in Us.

It is clear that T'(a,b,c) = (a,b, ¢) if and only if b = 0; that is Uy = {(a,0,¢) | b, ¢ in R},
so B1 = {(1,0,0),(0,0,1)} is a basis of U;. Since T'(v) = v for all v in U; the restriction of T’
to U; is the identity transformation on Uy, and so has matrix Is.

Similarly, T'(a,b,c) = (0,0,0) holds if and only if a = —2b and ¢ = —4b for some b, so
Up =R(2,—1,4) and By = {(2,—1,4)} is a basis of Us. Clearly the restriction of T to Us is
the zero transformation, and so has matrix 02 —a 1 X 1 matrix.

Finally then, B = By U By = {(1,0,0),(0,0,1); (2,—1,4)} is a basis of R3 (since we have

shown that R® = Uy @ Uy), so T has matrix [ M, () 0 } - [ L0 } .
0 MB2(T) 0 01

We have Tf27z[v] = T12T52(V)] = Ta[f(v)z] = f[f(v)z]z = f(v)f(z)z. This expression
equals Tt ,(v) = f(v)z for all v if and only if

fv)(z— f(z)z) =0
for all v. Since f # 0, f(v) # 0 for some v, so this holds if and only if
z = f(z)z.
As z # 0, this holds if and only if f(z) = 1.
Let A be an eigenvalue of T'. If A is in E(T') then T'(A) = A\A; that is UA = AA. If we write

A=[p1 p2 ... DP»]in terms of its columns p1,pa, ..., Pn, then UA = AA becomes
Upit P2 -~ Pa=AP1 P2... Py
[Up1 Up2 ... Upn]=[AP1 Ap2 ... Apn].

Comparing columns gives Up; = Ap; for each ¢; that is p; is in E)(U) for each i. Conversely,
if p1,pP2,...,Pn are all in Ey(U) then Up; = Ap; for each 7, so T(A) = UA = A\A as above.
Thus A is in E)\(T).
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Chapter 10: Inner Product Spaces

Exercises 10.1 Inner Products and Norms

1(b) P5 fails: {(0,1,0),(0,1,0)) = —
The other axioms hold. Write x = (x1,x2,23), y = (y1,¥2,¥3) and z = (21, 29, 23).
P1 holds: (x,y) = x1y1 — z2y2 + z3ys is real for all z,y in R™.
P2 holds: (x,y) = m1y1 — T2y + ¥3Y3 = Y171 — Y222 + Y323 = (¥, X).
P3holds: (x+y,z) = (v1+y1)z1 — (T2 +y2)22 + (v3 +y3)23
= (w121 — 2220 + 2323) + (Y121 — Y222 + Y323) = (X,2) + (¥, 2).
P4 holds: (rx,y) = (rz1)y1 — (rz2)yz + (ras)ys = r(z1y1 — x2y2 + x3y3) = 7(X,y).

(d) P5fails: (z—1,z—1)=0-0=0
P1 holds: (p(x),q(x)) = p(1)q(1) is re
P2 holds: (p(z),q(z)) = p(1)q(1) =
P3 holds: (p(z) +r(x),q(x)) =

P4 holds: (rp(z), q

~—
H
~—
~
=
/‘\
\_/
—
=
—
—_

(f) Pb5 fails: Here (f, f) = 2f(0)f(1) for any f, so if f(z) =z — & then (f, f) = —3
P1 holds: (f,g) = f(1)g(0) + f(0)g(1) is real
P2 holds: (f,g) = f(1)g(0) + f(0)g(1) = g(1)£(0) + g(0)f(1) = (g, f)
P3holds: (f+h,g) = (f+h)(1)g(0)+ (f +h)(0)g(1

= [F(Dg(0) + F(0)g(D)] + [A(1)g(0) + ~(0)g (V)] = (f,9) + (h, 9)
P4 holds: (rf,h) = (rf)(1)g(0) + (rf)(0)g(1) = [r- F(D)]g(0) + [rf(0)]g(1)
= rlf(Dg(0) + F(0)g(V)] = r{f,9)

2. If (, ) denotes the inner product on V| then (uj,us) is a real number for all u; and ug in
U. Moreover, the axioms P1 — P5 hold for the space U because they hold for V and U is a
subset of V. So (, ) is an inner product for the vector space U.

3(b) ||| = = [T cos?xdr = [T 21 + cos(22)] dz = 4 [z + %sin(?m)]:r = 7. Hence f = ﬁf is a
unit vector.

d) |[v]? = (v,v) = VT[_ll 21]v:[3 —1v][_11 21“—31]:17'

3 . . . .
Hence v = - is a unit vector in this space.
vl V17 1 P

4(b) d(ua V) = Hu - VH = H(1a2a*1a2) - (2a L, —1,3)” = H(*la L0, 71)” = \/g

d) [If =g’ = [ (1 —cosw)?dr = [T_[3 —2cosa + 3 cos(2x)] dz because we have cos?(z) =
(1 + cos(2z)]. Hence || f — gl = (32 — 2sin(z) + §sin(22)]” = 3[r — (—m)] = 37. Hence

A(f.g) = v/3m. ’
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8. The space D,, uses pointwise addition and scalar multiplication:

(f+9)(k)=f(k)+g(k) and (rf)(k)=rf(k)
forallk=1,2,...,n

P (f.9) = F(1)g(1) + F(2)9(2) + - + F(n)g(n) is real
P2.(f,9) = F()g(1) + f(2)9(2) +--- + f(n)g(n)) = g(D)F (1) + 9(2)f(2) + - + g(n) f(n)

= (g, f)-
P3.
(f+hg) = (f+R)D)g(D)+(f+h)(2)g2)+ -+ (f +h)(n)g(n)
= [f(O)+hrM)]g(1) +[F(2) + ~(2)]g(2) + - - + [f(n) + h(n)]g(n)
= [f(Wg() + f(2)g(2) + -+ f(n)g(n)] + [n(1)g(1) + h(2)g(2) + - - - + h(n)g(n)]
= (f,9)+(h,g)
Pa. (rf,g) = (r)(Dg() + (rf)(2)g(2) + -+ (rf)(n)g(n)
= [rfMWlg) +[rf2)g(2) + -+ [rf(n)]g(n)
= rlf(Mg()+ F2)g(2) +--- + f(n)g(n)] = r{f,9)
P5. (f, f)=f(1)2+ f(2)2+ -+ f(n)? > 0 for all f. If (f, f) =0 then
f(1)y=f(2) = (n) =0 (as the f(k) are real numbers) so f = 0.

12(b) We need only verify P5. [P1 — P4 hold for any symmetric matrix A by (the discussion
preceding) Theorem 2.] If v = [ o } :
v

5 — 6viv + 21)2
=95 [vl - %Ulvz + 295113] — —112 + 203
5( - gvz) + lvg
% [ 5v1 — 3vg) —i-vQ} .
Thus, (v,v) > 0 for all v; and (v,v) = 0 if and only if 5v; — 3ve = 0 = vg; that is if and only
if vy = vy =0 (v =0). So P5 holds.

(d) As in (b), consider v = [ o ] .

U2

=t [2 2] [ 7]

= 3% + 8111112 + 603

=3(v? + ’1)1’1)2 + Ev%) — Ev% + 603
=3 (1)1 + 3’1)2) + %Q}g

- % [(31}1 + 41)2)2 + 21}%} )

Thus, (v,v) > 0 for all v; and (v,v) = 0 if and only if 3v; + 4v2 = 0 = vg; that is if and only
if v. = 0. Hence P5 holds. The other axioms hold because A is symmetric.
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13(b) If A= [ e ] , then a;; is the coefficient of v;w; in (v, w). Here a11 =1, a12 = —1 = agy,
a1 a22

1

and age = 2. Thus, A = [ _21 ] . Note that a12 = as1, so A is symmetric.

1 0 -2
(d) Asin(b): A=1| o 2 o
-2 0 5

14. As in the hint, write (x,y) = x’ Ay. Since A is symmetric, this satisfies axioms P1, P2, P3
and P4 for an inner product on R"—(and only P2 requires that A be symmetric). Then it
follows that

0=(x+y,x+y)=(xx) + Xy +{yx +{y) =2xy) foralx,yinR"

Hence (x,y) = 0 for all x and y in R™. But if e; denotes column j of I,, then
(ei,e;) = el Ae; is the (i, j)-entry of A. It follows that A = 0.
16(b) (u—2v—-—w,3w—v) = 3(u,w)—6(v,w) —3(w,w) — (u,Vv) + 2(v,v) + (w, V)
= 3(u,w) = 5(v,w) = 3[lw[* - (u,v) +2|v|”
= 3.0-5-3-3-3—(-1)+2-4

= 15
20. (1) (u,v+w) Z (v+w,uw 2 (v,u)+ (w,u) 2 u,v) + (u,w)
2) (v,rw) Z (rw, v) 2 r(w,v) Eriv,w)
(3) B ( ): (v,0) = (v,0+0) ¥ (v,0) + (v,0). Hence (v,0) = 0. Now (0, v) = 0 by P2.
( ) If v = 0 then (v,v) = (0,0) =0 by (3). If (v,v) =0 then it is impossible that v # 0 by

P5,s0v=0.

22(b) (Bu—4v,5u+v) = 15(u,u)+ 3(u,v) — 20(v,u) — 4(v,v)
15 [ul|® = 17(u,v) — 4 |]v|*.

22(d) [[u+v|?P=u+v,ut+v) = (wu)+u,v)+(v,u)+4v,v)
[ull? + 2(u, v) + [[v]*.

26(b) Here

W={w|winR®and v-w =0}
={(z,y,2) [z —y+22=0}
={(s,s +2t,t)| s,t in R}
= span B

where B = {(1,1,0),(0,2,1)} . Then B is the desired basis because B is independent
[In fact, if s(1,1,0) +¢(0,2,1) = (s, s + 2t,t) = (0,0,0) then s =t = 0].

28. Write u = v — w; we show that u = 0. We are given that

(u,v;) = (v—w,v;) = (v,v;) — (w,v;) =0
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for each 7. As V' = span{vy,..., vy}, write u = r;vy + -+ 4+ r, vy, r; in R. Then

Jul? = (u,u) = (0, rivy+ -+ 7, Vy)
=ri(u,vy)+ -+ rp(u,vy)
= 0.

Thus, ||ul| =0, so u=0.

29(b) If u = (cos @, sin #) in R? (with the dot product), then ||u| = 1. If v = (x,y) the Schwarz
inequality (Theorem 4 §10.1) gives

(0, v)? < ul?[lv[* < 1+ Iv]* = Iv]*.

This is what we wanted.

Exercises 10.2 Orthogonal Sets of Vectors

1
1(b) B is an orthogonal set because (writing f; = [ 1 ] , B =

0 1 -1 -1
(er,e2) =1 1 1] |0 1 o0 o |=B 1 3| o |=0
10 2| [ 1 | 1
200 1] [ 1] [ 1]
(fi,fs5) =1 1 1]o0o 1 o -6 | =[3 1 3| -6|=0
10 2| [ 1 | 1
2 0 1 1 1
(fa,f5) =[—-1 0 1] o 1 o -6 | =[-1 0 1] | -6 | =0.
1 0 2 1 1

Thus, B is an orthogonal basis of V' and the expansion theorem gives

_ <V,f1>f i <V, f2>f 4 <V,f3>f

= 1 2 3

[k £/ €3]]
_3a+b+3ce Jrc—ae 3a—6b+3ce
B 7 LT ™ 42 3

= L{(6a + 2b + 6c)e; + (Tc — Ta)es + (a — 2b+ c)ez).

(d) Observe first that [a b a ¥

A P = aa’ +bb' +cc +dd'. Now write B = {f1, fo, f3, 1}

Wherefl:[1 0},&:[1 01],f3:[0 1],f4:[ 0 ;}ThenBisorthogonal

0 1 0 1 0 -1

because
(fi,£6)=1404+0-1=0 (fo,f3) =04+0+0+0=0
(f1,f3) =04+04+0+0=0 (fo,f4) =04+0+0+0=0

(f1,£) =04+0+040=0 (f3,£) =0+1+0+—-1=0.
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The expansion theorem gives

f f. f f
_ <V, 1>f <V7 22> f2 + <V7 32> 3 <V7 42> .
(| £2]] [£5]] || £4]]

a+d a—d b+c b—c
—< 5 >f1+< 5 >f2+< 5 )f3+< 5 >f4.
2(b) Write by = (1,1,1), by = (1,—1,1), bg = (1,1,0). Note that in the Gram-Schmidt algorithm

we may multiply each e; by a nonzero constant and not change the subsequent e;. This avoids
fractions.

fl :bl = (1>1a1)

<b2791>f

fo = by — 1

lex]|?
= (1a 71, 1) - %(1’ 1a 1)

= %(1, —5,1); use es = (1,—5,1) with no loss of generality
(b3, f1) (bs, fa)

f3 = bs — 3 f; — 3
lexl] ez

= (1,1,0) — §(1,1,1) - % +(1,-5,1)

So the orthogonal basis is {(1,1,1), (1,—5,1), (3,0, —2)}.

/

3(b) Note that <[ ¢ Z ] , [ ¢ 4 ]> = aa' + bb' + ¢ + dd'. For convenience write

c c d

1 1 1 0 1 0 1 0
b1—|:0 1:|,b2—|:1 1:|,b3—|:0 1:|,b4—|:0 O}Then.

flzblz[; 1]

<b2af1>
ez b
£

St

For the rest of the algorithm, use f; = [ ; 12 } , the result is the same.

fo =by —

(b3, f1) (b3, f2)
- P} fl - 5 12
1]l (| f2]]

eI 1

f3 = bs

I

atf—=
| s T e S
o=
e |

[\
1 W
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' :2 ] , the results are unchanged.

Now use 4 = [

by, f by, £ by, f:
£, =by — < 4, ;>f1 - < 4, §> £y — < 4, §>> £
1] [1£2]] [1£s]]

“Los] )l el

W=

Use f; = [ (1] 01 ] for convenience. Hence, finally, the Gram-Schmidt algorithm gives the

orthogonalbasis{[l 1],[1 2}’[ 1 2}’[1 0 ]}

Ab) fi =1
x, T
(22, £1) (22, f5) 8/3 4/3
ST TR f=a? =3 1-gf (x—1) =2~ 20 +3.

6(b) [+ y =z w)isin U" if and only if
z+y=[r y z w-[1 1 0 0=0.
Thus y = —x and

Ut={z -z 2z w]|z,zwinR}
—span{[l —1 0 0,00 0 1 0,0 0 0 1]}.

Hence dimU+ =3 and U = 1.

(d) If p(z) = a+ bz + ca?, p is in UL if and only if
1
0:<Pv1’>=/ (a+bz+ca®)rdr =%+ 2+ <.
0

Thus a = 2s +t, b = —3s, ¢ = —2t where s and ¢t are in R, so p(z) = (2s + t) — 3sz — 2tz?.
Hence, U+ = span{2 — 3z,1 — 22%} and dimU' =2, dimU = 1.

a b .
() is in U if and ony if
c d
0:< S Y >:a+b
| ¢ d_ 0 0_
_a b— 1 1
0—<_c R _>—a+c
0:< o b , to >=a+c—|—d.
| ¢ d_ 1 1_
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a in ]R} = span{[]} . Thus dim U+ =

TheSOlutiOnd:O,b:CZa’SOUJ_:{[(l 0a:|
1 and dimU = 3.

7(b) Write by = (1) ‘1) by = 1 jl , and by = é é].Then {by, by, b3} is independent
but not orthogonal. The Gram-Schmidt algorithm gives
fi=b; =]
B (bo,f1), [1 1 ol 1 o] |1 1
f=by - I1£1]% fi = 1 -1 2 o 1| |1 -1
Y — by — <b3,f1>f1 7 <b3,f2>f2
I 16|

D=
NN

S ERIRH ER Y

0
1 0 1
T2 -1 0 |

If £} = [ _0 (1) } then {E,, Es, E4} is an orthogonal basis of U. If A = [ 2 ; ] then
: <Aa E1> <Aa E2> <Aa EZ,S> /
proj;(A) = —5-E E, E;
1B 1E2* Ay
1 0 41 1 o 0 1
ol e

0
3 0
2 1

8(b) We are given U = span{1,1 + 22}, and applying the Gram-Schmidt algorithm gives an
orthogonal basis consisting of 1 and

|

is the vector in U closest to A.

1+22,1 1401+ (1 +1D1+ (14291
T gy LN AT N Q4PN 5 o

1+1+1

We use U = span{1, 5 — 3z%}. Then Theorem 8 asserts that the closest vector in U to z is

) z, 1 x, 5— 322 -
projy (z) = < 2> 1 < 2 2> (5-32%) = § + 2(5 - 32%) = {5(1 +227).
1] 15 — 322||
Here, for example (z, 5 —3z%) = 0(5) + 1(2) + 2(—7) = —12, and the other calculations are
similar.

9(b) {1,2z — 1} is an orthogonal basis of U because (1,2zx — 1) = fol(Zm —1)dx = 0. Thus
2 2 _

(x —i—12,1>1 (x +1,2m21>(2$71)
1] 122 — 1]

=314+ (22 - 1)

prOjU(SL‘2 +1)=

:m—i—%.
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11(b)

14(b)

18(b)

19(b)
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Hence, 22 + 1 = (z + 2) + (2% — z + %) is the required decomposition. Check: 2? — z + % is
in UL because

(2?2 —z+2,1) = /Ol(sc2sc+%)d:r:0

1
<x2—x+%,2x—1>:/0 (2 —z+ %) (22 — 1)dz = 0.

We have (v 4+ w,v —w) = (v,v) — (v,w) + (w,v) — (u,u) = ||v|® — |w|*. But this means
that (v +w,v —u) =0 if and only if ||v|| = ||w]|. This is what we wanted.
If v is in U+ then (v,u) = 0 for all u in U. In particular, (v,u;) =0 for 1 <4 < n, so v is in

{uy,... ,um}L. This shows that U+ C {uy, ... ,um}L. Conversely, if v is in {uy,.. .,um}J‘
then (v, u;) = 0 for each 7. If u is in U, write u = ryuy + - - + 7y, 7 in R. Then

<V’ u> = <Va riug + - +Tmum>
=ri(v,uy) + -+ rp(v,uy)

As u was arbitrary in U, this shows that v is in U~L; that is {uy,... ,um}J‘ C U+t

Write e; = (3,—2,5) and ex = (—1,1,1), write B = {e1,e2}, and write U = span B. Then
B is orthogonal and so is an orthogonal basis of U. Thus if v = (—5,4, —3) then

. v-e
Projy(v) = ——te; + —2e
H 1l lea?*

= _3_:;8(37 _275) §(_17171)
5,4, -3)

(

Thus, v is in U. However, if v = (—1,0, 2) then
el V- e
|| 2| ez
= (3,-2,5) + 2(-1,1,1)
= % (—17,24,73).

projy (V1) =

As vy # projy(vi), vi is not in U by (a).

The plane is U = {x | x en = 0}, so span{n X W, W— (I‘I‘.H‘;’> n} C U. Since
n
new
2
two vectors are orthogonal (because (n x w) en =0 = (n X w) e w). Hence B is orthogonal

(and so independent) provided eash of the vectors is nonzero. But: n x w # 0 because n
new

||

dim U = 2, it suffices to show that B = {n X W, W— < ) n} is independent. These

and w are not parallel, and w — n is nonzero because w and n are not parallel, and

new

™ =0

ne(w—
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20(b) Cg(b;) is column i of P. Since Cg(b;) @ Cr(b;) = (b;, b;) by (a), the result follows.

23(b) Let V' be an inner product space, and let U be a subspace of V. If U = span{fy, ..., f,,}, then
projy(v) = Z <|I;’ H2> f; by Theorem 7 so |projy (v)||* = Z% by Pythagoras’ theorem.
i=1 117 i=1 It

So it suffices to show that ||projy (v)||? < [|v]*.

Given v in V, write v = u+w where u = proj;;(v) is in U and w is in U*. Since u and
w are orthogonal, Pythagoras’ theorem (again) gives

IVIZ =l + [[wl® = [Jul]* = [[projy (v)|I*.

This is what we wanted.

Exercises 10.3 Orthogonal Diagonalization

1(b) IfB:{El,Eg,Eg,E4}WhereE1:[(1) E}EQ:[S ;]E?,:[? g}

and By = [ 8 (1] ] , then B is an orthonormal basis for Msy and

T(El):-_ll g}:—ElJrEg
T(Eg):-g ‘11}:—E2+E4
T(Es) = | g}:El—i-ZEg
T(E) = | ”:E2+2E4.

Hence,

1 0 1 0
o -1 01
T l1 o0 2 0

0 1 0 2

As Mp(T) is symmetric, T' is a symmetric operator.
4(b) If T is symmetric then (v,T'(w)) = (T'(v),w) holds for all v and w in V. Given r in R:
(v, (1) (w)) = (v,rT(w)) = r(v,T(w)) = r(T(v), w) = (rT(v),w) = ((rT)(v), w)
for all v and w in V. This shows that 1" is symmetric.
(d) Given v and w, write T71(v) = v; and T~!(w) = wy. Then
(T7H(v),w) = (vi, T(w1)) = (T(v1), w1) = (v, T~ (w)).

This shows that 7! is a symmetric operator.
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5(b) If E = {e; = (1,0,0),e; = (0,1,0),e3 = (0,0,1)} is the standard basis of R3 :

Mg(T) = [Cg[T(e1)] Cg[T(e2)] Cg[T(es)]]
= [C’E(7, -1,0) Cg(-1,7,0) Cg(0,0, 2)]

7 -1 0
= -1 7 0
0 0 2
e—-7 1 0
Thus, cp(z) = 1 z-7 0 | = (x—6)(zr—8)(x—2) so the eigenvalues are \; = 6,
0 0 T—2
A2 =8, and A3 = 2, (real as Mp,(T) is symmetric). Corresponding (orthogonal) eigenvectors
1 1 0|
arex; = | 1 |,Xx9=| -1 |,andxg=| 0 |, so
0 0 1]
1 [ 1
1 1)
alhpve|
0 | o

is an orthonormal basis of eigenvectors of Mpg(T") These vectors are equal to Cg [% (1,1, 0)] ,

Cg {%(1, —1,0)] , and Cg[(0,0, 1)] respectively, so

{%(L 1a 0)’ %(L 71, 0)& (Oa Oa 1)}
is an orthonormal basis of eigenvectors of T'.
(d) If By = {1,z,2?} then

MBO(T) = [CBO [T(l)] CBO [T(SL‘)] CBO [T($2)H
= [CBO(_l +$2) 030(31') CBo(l — $2)]

-1 0 1
=] 0 3 0
1 0 -1
z+1 0 —1
Hence, cp(z) =| o 2-3 0o |=2x(x—3)(x+ 2) so the (real) eigenvalues are \; = 3,
—1 0 z+1
0
Ao = 0, A3 = —2. Corresponding (orthogonal) eigenvectors are X1 = | 1 |, Xo = | 0 |,
0
0
X3 = 0o |,so 1 ,% 0 ,% 0 is an orthonormal basis of eigenvectors of
—1 0 1 -1

Mp,(T'). These have the form Cp,(z), Cp, [%(1 + :rQ)} , and Cp, [%(1 - :rQ)} , respectively,
SO

{o, O +aY), H1-a)}

is an orthonormal basis of eigenvectors of T'.
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o =
| I
N——
Q
sy
VR
~
| — |
o O
[
—_ 1
N——
| S

L)) e rln)) el

Hence,

cT(LL’):det[:rIMB(T)]:det{[“ 0 ][A 0 H

0 I 0 A

= det [ “0‘ 4 II”_ .\ } = det(z] — A) - det(a] — A) = [ca(2)]>.

12(2) We prove that (1)=(2). If B = {fi,--- ,f,} is an orthonormal basis of V, then Mp(T') = [ai;]
where a;; = (£;,T(f;)) by Theorem 2. If (1) holds then aj; = (f;,7(f;)) = — (T'(f;),£;) =
— (£, T(£;)) = —ai;. Hence [My/(T)]" = —My/(T), proving (2).

14(c) We have
Mp(T') = [C[T"(f1)] C[T'(f2)] - CplT"(f:)]]-
Hence, column j of Mp(T") is
(&, T(f1))
£, T(f
eurg) = |
(£, T(fn))

by the definition of 7”. Hence the (4, j)-entry of Mp(T”) is (f;, T'(f;)). But this is the (j, ¢)-entry
of Mp(T) by Theorem 2. Thus, Mp(T") is the transpose of Mp(T).

Exercises 10.4 Isometries

2(b) We have T’ H Z} = ] = [ 0 ] [Z} so T has matrix [ _01 01 ] , which is orthog-

—b 0 -1 =
onal. Hence T is an isometry, and det T' = 1 so T is a rotation by Theorem 4. In fact, T’
. . . . . s —sin 0
is counterclockwise rotation through 7. (Rotation through 6 has matrix o o qme ] by
S COS

Theorem 4 §2.6; see also the discussion following Theorem 3). This can also be seen directly
from the diagram.
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(d) We have T'| © | = =] “ | so T has matrix | ° ' |. This is orthog-
b —a -1 0 b | -1 0

onal, so T is an isometry. Moreover, det T = —1 so T is a reflection by Theorem 4. In fact,

T is reflection in the line y = —x by Theorem 5 §2.6. This can also be seen directly from the

diagram.

v

Hence, det T' = 1 so T is a rotation. Indeed, (the discussion following) Theorem 3 shows that
T is a rotation through an angle # where cosf = %, sinf = %; that is 0 = 7.
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12 (b)

a 3c—a -1 0 V3 a -1 0 V3
T|bv | =35 \/§a+c]% V3 0 1 [b ,soThasmatrix% v3 0o 1 |.Thus,
¢ 2b 0 2 0 ¢ 0 2 0
e+l 0 -8 c+i 0 -8 PR
cr(@)=| £ « 4 |=| L o 2-4|=|"2 20 =(z—1) (2 + 32 +1).
0o -1 = 0o -1 T 2 2

Hence, we are in (1) of Table 8.1 so T' is a rotation about the line Re with direction vector
1

e= | 3 |, where e is an eigenvector corresponding to the eigenvalue 1.
V3
a a 1 0 0 a 1 0 0
T|bo|=]-b|=|0 -1 o0 b | ,s0T has matrix | 0 -1 o | . Thisis orthog-
c —c 0o 0 -1 c 0o 0 -1

onal, so T is an isometry. Since cr(z) = (z — 1)(z + 1)2, we are in case (4) of Table 1. Then
1

e= | 0 | is an eigenvector corresponding to 1, so T is a rotation of m about the line Re with
0

direction vector e, that is the z-axis.

a a+c 0 1 a 0 1
- 1L | _ — L _ ix L _
T v = V/2b 7| 0 V2 0 b ,soThr:Lsmatmx\/5 0 V2 0
c c—a -1 0 1 c -1 0 1
Hence,
1 1
v=y 0 V2 P U )
er(x) = 0 z+1 0 =(z+1) V2 2 I =(z+1)(2® —V2z +1).
S 0 oz -L it
V2 V2
0
Thus we are in case (2) of Table 1. Now e = | 1 | is an eigenvector corresponding to the
0

eigenvalue —1, so T is rotation (of %’r) about the line Re (the y-axis) followed by a reflection
in the plane (Re)™ — the z-z plane.

. Let T be an arbitrary isometry, and let a be a real number. If a7 is an isometry then Theorem

2 gives
Ivll = [[(aT) (V)] = [la(T (V)] = la[ T (v)]| = lalllv]| holds for all v.

Thus |a| = 1 so, since a is real, a = £1. Conversely, if a = £1 then |a|] = 1 so we have
[(@T)Y(V)| = |a| |T(v)]| = 1||T(v)|| = ||v|| for all v. Hence aT is an isometry by Theorem 2.

Assume that S = Sy o T where u is in V and T is an isometry of V. Since T' is onto (by
Theorem 2), let u = T'(w) where w € V. Then for any v € V, we have (T o Syw)(v) =

T(w+v)=T(w)+T(v) = Srw)(T(v)) = (Srw) 0 T)(V)-

Since this holds for all v € V; it follows that T'o Sw = Sp(w) o T
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Exercises 10.5 An Application to Fourier Approximation

The integrations involved in the computation of the Fourier coefficients are omitted in 1(b), 1(d),
and 2(b).

1(b) f5=%—%(cosx+m§%+m5s#)

(d) f5 — % 4 (Sinl’ o sin22x 4 silg?)x o sin44a: + sin55z) o % (COS{E + 00523:1: + 00552527)

2 8 [ cos2zx cos4x cos 6z
2(b) 7 —= (2271 T T 6271)

4. We use the formula that cos (6 &+ ¢) = cos 0 cos ¢ F sin 6 sing, so that
2 cos 0 cos ¢ = cos (0 — ¢)cos (0 + ¢). Hence:

/7r cos(kx) cos(lx)dx = %/W {cos[(k — 0)x] + cos[(k + £)x]} dx
0

’ . [sin[(k +0a]  sin|(k - 0)2]]"

2 k+¢ (k—10)

— itk AL

0
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Chapter 11: Canonical Forms

Exercises 11.1 Block Triangular Form
z+5 -3 -1 z+1 —z—1 0 z+1 0 0
Ib) ca(x)=| 4 a2-2 -1|=| 4 2-2 -1|=| 4 a2+2 -1 |=(z+1)>%
4 -3 T 4 -3 T 4 1 T
Hence, \; = —1 and we are in case k = 1 of the triangulation algorithm.
4 1 0
—I-A= |4 ;oPpu=|1], P2=|1
4 1 -3

Hence, {p11, p12} is a basis of null(—I — A). We now expand this to a basis of null[(—1 — A)?] .
However, (—I — A)? =0 so null[( I— A) ?] = R3. Hence, in this case, we expand {p11, p12}
0
to any basis {p11, P12, P13} of R3, say by taking Pi3 = | o | . Hence
1

1 0 0 -1 0 1
P = [pll P12 p13] = 1 1 0 satisfies P_lAP = 0o -1 0
1 -3 1 0 0 -1
as may be verified.
z+3 1 0 z+3 1 0
(d) ca(xr)=| -4 =z+1 -3 |=| -4 z+1 -3
—4 2 z—4 0 —z+1 x—-1
z+3 1 0
=| -4 2-2 -3 |=(x—1)%z+2).
0 0 r—1
Hence A\ =1, A3 = —2, and we are in case k = 2 of the triangulation algorithm.
4 1 0 4 1 0 -1
I—-A=| -4 2 3| —>|0 3 =3|; p11= 4
-4 2 -3 00 0

Thus, null(/ — A) = span{p11}. We enlarge {p11} to a basis of null[(I — A)?]

12 6 -3 42 -1 1 0
(I-A2=|-12 % 3| =00 0o|; pu=| 4|, p=|1
~12 -6 3 00 0 4 2

Thus, null[( — A)?] = span{pi1, p12} . As dim[G), (A)] = 2 in this case (by Lemma 1), we
have Gy, (A) = span{pi11, p12} . However, it is instructive to continue the process:

4 2 -1
(I-A?=3| -1 —2 1
4 -2 1
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whence
4 2 -1
(I—AP=9| -4 —2 1 | =3(I-A)>~%
—4 -2 1
This continues to give (I — A)* = 32(I — A)Q, ce

k > 2. Thus null{([ A) } = null[ ] for all £ > 2, so

G, (4) = null (1= 4)°] = span {pu1, Pz}

as we expected. Turning to Ao = —2:
1 1 0 11 0 11 0
2l -A=| 4 1 3|—=]o0 3| =101 -1
-4 2 -6 —6 00 0

and in general (I — A)F = 38=2(1 — A)? for

Hence, null[—-27 — A] = span{pa1}. We need go no further with this as {p11,pi2,p21} is a

basis of R3. Hence

-1 0 -1 1 1 0
P=[p11 pi2 pa]j=| 4 1 1 satisfies P"'AP=10 1 o
4 2 1 0 0 -2
as may be verified.
To evaluate c4(x), we begin by adding column 4 to column 1:
r+3 -6 -3 -2 z+1 -6 —3 -2 r+1 -6 -3 -2
2 -3 -2 -2 0 -3 -2 -2 0 -3 -2 -2
1 -3 z -1 0 -3 z -1 -3 ¢ -1
1 —1 -2 x x+1 —1 —2 T 5 1 T+ 2
z—3 -2 -2 z—3 -2 0 z—3 -2 0
=(x+1)| 3 2 -1 |=(@@+1)| 3 & -a-1 (z+1)] 2 z+1 o0
5 1 T+ 2 5 1 r+1 5 1 z+1
1| z—3 —2 2 2
=(x+1 =(x+1)(x—1)".
@+t 70 =@
Hence, A1 = —1, Ay = 1 and we are in case k = 2 of the triangulation algorithm. We omit
the details of the row reductions:
[ 2 6 -3 —2 1 0 0 -1 1
7 2 -4 -2 -2 01 0 0 0
— ] — — — =
1 -3 -1 -1 0o 0o 1 o |’ PH 0
1 -1 -2 -1 0 0 0 O 1
[ —13 23 13 13 1 0 -1 -1 1 1
-8 12 8 8 01 0 0 0 0
—I—A? = — =
( ) 6 10 6 6 0 0 ;o P o | P12 i
-3 5 3 3 0 0 1 0
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We have dim [GA1(A4)] = 2 as A\; = —1 has multiplicity 2 in c4(x), so Gy, (A) = span{ P11, P12} .
Turning to Ao = 1:

4 —6 -3 -2 1 0 0 -5 5
2 —2 -2 -2 01 0 -2 2
1 -3 1 -1 o0 1 -2 |’ b21 2
1 -1 -2 1 00 0 0 1
[ 1 1 5 110 0] [ 5] 1
0 0 0 0 00 1 0 2 -1
I —_ A 2 = —_— N = =
( ) s o g 0 o0 o |3 P2 , | P2
1 1 -5 3 00 0 0 1
Hence, Gy, (A) = span{pa1, p22} using Lemma 1. Finally, then
1 1 5 1 -1 1 0 0
00 2 -1 } 1 0 1 0 0
P = = ives P AP =
[p11,P12,P21,P22] 01 2 0 g 1 _o
1 01 0 0 1

as may be verified.

4. Let B be any basis of V' and write A = Mp(T). Then cp(x) = ca(z) and this is a polynomial:
cr(z) = agp + a1z + -+ + apa™ for some a; in R. Now recall that Mp : L(V,V) — My,
is an isomorphism of vector spaces (Exercise 26, §9.1) with the additional property that
Mp(T*) = Mp(T)* for k > 1 (Theorem 1 §9.2). With this we get

Mg [er(T)] = Mp lagly + a1 T + -+ - + a, T"]
=aoMp(ly)+a1Mp(T) + -+ a, Mp(T)"
—aol + a1 A+ -+ a, A"
= ca(A)
=0

by the Cayley-Hamilton theorem. Hence cp(T") = 0 because Mp is one-to-one.

Exercises 11.2 Jordan Canonical Form
a 1 0 0 1 O 0 1 O b 0 O 0 1 O
2 0 a O 00 1f=1]0 01 0 a 1 |,and | 0 o0 1 | isinvertible.
0O 0 b 1 0 O 1 0 O 0 0 a 1 0 O



182 Section 11.2: Jordan Canonical Form



Appendix A: Complex Numbers 183

APPENDICES

Exercises A Complex Numbers

1(b) 124 5i = (2 + xi)(3 — 2i) = (6 + 2x) + (—4 4 3z)i. Equating real and imaginary parts gives
64+2x=12, -4+ 3z =5,s0x = 3.

(d) 5= (2+zi)(2 — xi) = (4 + 22) + 0i. Hence 4 + 22 =5, so v = *1.
2(b) (3—2i)(1414)+ |3 +4i| = (5 +1) + I+ 16 = 10 + 4.

@ 32 3T (o200 BT+
1—4 2-3i ) 5(1—1—_21)(12;_—1)51 (2—30)(2+ 31)
141 449

= 5+ a0
f) 2-i))=02-9)2?2-i)=B—4i)(2—14)=2—11i
(h) (1—4)2(2+1)? = (—2i)(3 + 4i) =8 — 6i
3(b) iz+1=1i+2z—6i+3iz = —5i + (1 + 3i)z. Hence 1 + 5i = (1 + 2i)z, so

o 1+5i (1+5i)(1—2i)  11+3i
C1+20 (14+20)(1—2)  1+4

_u
z =% +

Tl

1.

(d) 2% = 3 —4i. If 2 = a + bi the condition is (a? — b?) + (2ab)i = 3 — 4i, whence a® — b* = 3
and ab = —2. Thus b = %2, so a? — a% = 3. Hence a* — 3a®> — 4 = 0. This factors as
(a? —4)(a® +1) =0, so a = 2, whence b = F1. Finally, 2 = a + bi = £(2 — ).

(f) Write z = a + bi. Then the condition reads

(a+bi)2—1i)=(a—bi+1)(1+1)
2a+b)+2b—a)i=(a+1+4+b)+ (a+1-0b)i.

Thus 2a+b=a+1+band 26 —a=a+1—b; whencea=1,b=1,s0 z =1+1.
4(b) =1 [7(71)1\/(71)274} — 1[1+iV3]

(d) x:%[—(—5)i\/(—5)2—4-2-2} =1[5+0] =21

5(b) If z = re? then 23 = —8 becomes r3¢3? = 8¢™. Thus 3 = 8 (whence r = 2) and 30 = 7+2k.
Hence 0 = § + k- %’T, k =0,1,2. The roots are

263 =1+3i (k=0)
2e™ = 2 (k=1)
2e°™/3 =1 —\/3i (k=2).
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(d) If z = re~% then z* = 64 becomes r%e*? = 64¢*0. Hence r* = 64 (whence 7 = 2v/2) and
40 = 0+ 2km; 0 = k5, k= 0,1,2,3. The roots are
2V/2e% =22 (k=0)
227/ = 221 (k=1)
2™ = 22 (k=2)
2v2e3m2 = _9\/2i  (k=3).

6(b) The quadratic is (v — u)(x — ) = 2? — (u + @)z + u@ = x> — 4z + 13. The other root is
u =2+ 3i.

(d) The quadratic is (z — u)(z — @) = 2? — (u + @)z + u@ = 2% — 6z + 25. The other root is
u =3+ 4i.

8. If u =2 — i, then u is a root of (x — u)(zx — ) = 22 — (u + @)r +ut = 2% — 42 + 5.
If v = 3 — 24, then v is a root of (x —v)(x —v) = 22 — (v+0)z +v0 = 2% — 62 + 13.
Hence u and v are roots of

(2% — 4z 4 5)(2? — 62 + 13) = 2* — 1023 4 4222 — 82z + 65.

10(b) Taking © = u = —2: 2? + iz — (4 — 2i) = 4 — 2i — 4 + 2i = 0. If v is the other root then
u+v = —i (i is the coefficient of z) so v =—u—i=2—1.
(d) Taking z =u=—-2+i: (=2+1)% +3(1—i)(-2+14)—5i
=3 —ri)+3(—1+3i) —5i

=0.
If v is the other root then u +v = —-3(1 —i),so v =—-3(1 — i) —u = —1+ 2i.

11(b) x2—$+(1—i):0givessc:%[1i 174(171)} 2 [1+£ /=3 +4i] . Write w = /=3 + 4
so w? = —3 + 4. Ifw—a+bz' then w? = (a? — b?) + (2ab)i, so a®> — b> = —3, 2ab = 4. Thus
b=2a>-%=-3,a"+3a>—-4=0, (a®>+4)(a®—1) =0, a = +1, b=£2, w = £(1 + 2i).
Finally the roots are 3 [1 £w] =1+ 1, —i.

~—

(d) 22 — 3(1 — i)z — 5i = 0 gives z = 1 [3(1—i)i 9(1—2’)2—1—2021 = L1[3(1—i)+2i]. If
w = /2i then w? = 2i. Write w = a + bi so (a® — b?) + 2abi = 2i. Hence a? = b? and ab = 1;
the solution is @ = b = £1 so w = £(1 4 7). Thus the roots are z = (3(1 —4) t w) = 2 — 1,
1— 2.

12(b) |z — 1| = 2 means that the distance from z to 1 is 2. Thus the graph is the circle, radius 2
center at 1.

(d) If z =z + yi, then z = —z becomes = + yi = —zx + yi. This holds if and only if z = 0; that is
if and only if z = yi. Hence the graph is the imaginary axis.

(f) If 2 = x + yi, then im z = m- re z becomes y = ma. This is the line through the origin with
slope m.

18(b) —4i = 4¢3/,
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—4 + 1| = +o =38 and cosp = 3 = 3. us ¢ = 7, SO0 ¢ = 5. and we have
4+4V3i| = 4/1+3 = 8 and 2 =141 Th Z,s0 0 = 2. and we h
—4 + 4V/3i = 8e/3.

—6+ 60 +1 and cosp = —#= —=. us ¢ =  so ¢ = <, whence
f) |-6+6i] = 6y/T+1 = 6v2 and 55 = o5 Th Z s0 0 = 3; wh
—6 4 6i = 61/2e3m/4,

19(b) eTmt/3 = o(m/3+2m)i — (mi/3 — cos§ +ising = % + @2
(d) V2e T4 = /2 (cos (_Tﬂ) + ¢sin (_T”)) =2 <% — %2) =1—3.
() 2v/3e 2716 = 2/3 (cos () +isin (7)) = 2v/3 (3 — i) = V3 - 30

20(b) (143i)™% = (2e7/3)~4 = 24 4mi/3

= = [cos(—47/3) + isin(—47/3)]
(e
= %+ ¥

d) (1-i)0 = [ﬁe—m‘/ﬂ 10 _ (\/5)106—5m‘/2 _ (ﬁ)loe(—w/z—zw)z‘
= (V2)0e /2 = 25 [cos () +isin (FF)]
= 32(0 —1) = —32i.

(f) (\/3_1)9(2_21)5 — {2677&/6]9 [2\/567“/4]5]
— 99p—3mi/2 2\/’ 5,—b5mi/4
- PanE ()
= 216i(—1+i)
= =211 +9).

23(b) Write z = re’”. Then 2* = 2(v/3i — 1) becomes r*e*? = 4¢27/3_ Hence r* = 4, so r = /2, and
46 = 2 + 27k; that is

6=T+Tk k=0,1,2,3.

The roots are

Ve = /3 (Y 1 4i) = 4 (VB +1)
VAT = VB (~ -+ 30) = 3 (14 V)
V2 7wi/6:\/§<_73_%¢> =2 <1+\/§i)
/3 1om/6:\/§<%f§1):f§< 1+\/§z‘)
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/6

(d) Write z = re'®. Then 26 = —64 becomes 7¢5¢ = 64e™. Hence r® = 64, so r = 2, and
60 = m + 27k; that is = § + §k where £ =0, 1,2, 3,4,5. The roots are thus z = 2™/ 6+m/3k
for these values of k. In cartesian form they are

k 0 1 2 3 4 5
z | V3+i 2 —3+4+i —V3—i -2 3—i

26(b) Each point on the unit circle has polar form e for some angle 6. As the n points are equally
spaced, the angle between consecutive points is 27“ Suppose the first point into the first
quadrant is zg = e®. Write w = 2™/ If the points are labeled z1, 29, 23, . . ., 2, around the
unit circle, they have polar form

at

Z1 — €

29 = e(a+27r/n)i _ eai627ri/n = zw
23 = e[a+2(27r/n)}i _ eaie47ri/n _ le2
24 = e[a+3(27r/n)}i _ eaie(im/n _ le3

e[a+(n—1)(27r/n)}i ai 2(n—1)mwi/n 1

Zn = =% =2 w" .
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<s
2/ n
2w/n
2
2w ln
[04
Hence the sum of the roots is
a+zatotm=al+wt--+w' ). (*)

Now w" = (62’”'/")71 =e2™ =1 so
0=1-w"=1-w)(l+w+w?+ - +w" ).
As w # 1, this gives 1 +w + - -- + w™ ™! = 0. Hence (*) gives

21+zo++ 2, =21-0=0.

Exercises B Proofs

1(b) (1). We are to prove that if the statement “m is even and n is odd” is true then the statement
“m 4+ mn is odd” is also true.

If m is even and n is odd, they have the form m = 2p and n = 2¢q + 1, where p and ¢ are
integers. But then m +n =2(p+ q) + 1 is odd, as required.

(2). The converse is false. It states that if m + n is odd then m is even and n is odd; and a
counterexample is m =1, n = 2.

(d) (1). We are to prove that if the statement “z? —5x+6 = 0” is true then the statement “z = 2
or x = 3" is also true.
Observe first that 22 — 52 +6 = (x —2)(z — 3). So if = is a number satisfying 22 —52+6 = 0
then (z —2)(z — 3) — 0 so either x = 2 or z = 3. [Note that we are using an important fact
about real numbers: If the product of two real numbers is zero then one of them is zero.]

(2). The converse is true. It states that if z = 2 or x = 3 then z satisfies the equation
22 — 52 + 6 = 0. This is indeed the case as both z = 2 or o = 3 satisfy this equation.
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2(b) The implication here is p = g where p is the statement “n is any odd integer”, and ¢ is the
statement “n? = 8k + 1 for some integer k”. We are asked to either prove this implication or
give a counterexample.

This implication is true. If p is true then n is odd, say n = 2t + 1 for some integer ¢t. Then
n? = (2t)? +2(2t) + 1 = 4¢t(t + 1) + 1. But t(t + 1) is even (because t is either even or odd),
say t(t + 1) = 2k where k is an integer. Hence n? = 4t(t + 1) + 1 = 4(2k) + 1, as required.

3(b) The implication here is p = ¢ where p is the statement “n + m = 25, where n and m are
integers”, and q is the statement “one of m and n is greater than 12” is also true. We are asked
to either prove this implication by the method of contradiction, or give a counterexample.

The implication is true. To prove it by contradiction, we assume that the conclusion ¢
is false, and look for a contradiction. In this case assuming that ¢ is false means both n < 12
and m < 12. But then n + m < 24, contradicting the hypothesis that n + m = 25. So the
statement is true by the method of proof by contradiction.

The converse is false. It states that ¢ = p, that is if one of m and n is greater than 12
then n +m = 25. But n = 13 and m = 13 is a counterexample.

(d) The implication here is p = ¢ where p is the statement “mn is even, where n and m are
integers”, and q is the statement “m is even or n is even”. We are asked to either prove this
implication by the method of contradiction, or give a counterexample.

This implication is true. To prove it by contradiction, we assume that the conclusion ¢
is false, and look for a contradiction. In this case assuming that ¢ is false means that m and
n are both odd. But then mn is odd (if either were even the product would be even). This
contradicts the hypothesis, so the statement is true by the method of proof by contradiction.

The converse is true. It states that if m or n is even then mn is even, and this is true (if
m or n is a multiple of 2, then mn is a multiple of 2).
4(b) The implication here is: “z is irrational and y is rational” = “x +y is irrational”.

To argue by contradiction, assume that = + y is rational. Then x = (x + y) — y is the
difference of two rational numbers, and so is rational, contrary to the hypothesis that x is
irrational.

5(b) At first glance the statement does not appear to be an implication. But another way to say
it is that if the statement “n > 2” is true then the statement “n3 > 27" is also true.

This is not true. In fact, n = 10 is a counterexample because 10% = 1000 while 20 = 1024.
It is worth noting that the statement n3 > 2" does hold for 2 < n < 9.

Exercises C Mathematical Induction

6. Write S,, for the statement

1 n 1 P 1 on (S))
1-2 2.3 nn+1) n+1 "
Then 57 is true: It reads 1—12 = Fllv which is true. Now assume S, is true for some n > 1.

We must use S, to show that S, 11 is also true. The statement S, 1 reads as follows:

LS S 1 n+1
1.2 2-3 (n+1)(n+2) n+2
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The second last term on the left side is m SO we can use Sy:

1 1 1o 1 1
LT S e DY oy Sl I R SR ey o D I PR Yy
n 1
n+1+(n+1)(n+2)
~on(n+2)+1
 (n+1)(n+2)
 (n+1)?
C (n+1)(b+2)
n+1

n+2

1
1-2

Thus Sj41 is true and the induction is complete.

14. Write S, for the statement

1 1 1
—+—=++—=<2y/n-1 S,
Then S; is true as it asserts that % < 2¢/1 — 1, which is true. Now assume that S,, is true
for some n > 1. We must use S, to show that S, is also true. The statement S, 11 reads
as follows:
! + ! + + ! = ! + ! + + L + !
VIooV2 vn+1 VIooV2 NG vn+1
1
< 2y/n—1|+
< [2v/n—1] —
_2vnf+n+1 .
B vn+1
2(n+1) B
vn+1
=2vn+1-1

where, at the second last step, we used the fact that vn? +n < (n + 1)—this follows by
showing that n? +n < (n + 1)2, and taking positive square roots. Thus S,,;1 is true and the
induction is complete.

18. Let S,, stand for the statement

n? —n is a multiple of 3.

Clearly Sy is true. If S,, is true, then n® — n = 3k for some integer k. Compute:

n+1P—(n+1)=0*+3n*+3n+1)— (n+1)
=3k +3n° +3n

which is clearly a multiple of 3. Hence S+ is true, and so S, is true for every n by induction.
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20.

22(b)

Appendix C: Mathematical Induction

Look at the first few values: By =1, By =5, B3 = 23, By = 119, --- . If these are compared
to the factorials: 1! =1, 2! =4, 31 =6, 4! = 24, 5! = 120, - - - , it is clear that B,, = (n+1)!—1
holds for n =1,2,3,4 and 5. So it seems a reasonable conjecture that

B,=Mn+1)!'—-1 for n>1. Sh

This certainly holds for n =1: B; =1 = 2! — 1. If this is true for some n > 1, then

Bpyi=[1-1!'+2-2l+---4+n-nl]+(n+1)(n+1)!
=[n+)! =1+ n+1)(n+1)!
=n+1){1+n+1)} -1
=m+DH{{n+2} -1

= (

n+2)! —1.

Hence S),+1 is true and so the induction goes through.

Note that many times mathematical theorems are discovered by “experiment", somewhat
as in this example. Several examples are worked out, a pattern is observed and formulated,
and the result is proved (often by induction).

If we know that S, = S48 then it is enough to verify that Si, Sa, S3, S4, S5, Sg, S7, and Sg
are all true. Then

Si = S = Siv = Sy =
Sy = S = Sis = S =
S3 = S11 = S = S =
Sy = Si2 = Syp = Sy =
S; = Si3 = So1 = Sy =
S¢ = Siu = S = S3 =
S; = S5 = Sez = S31 =
Ss = Sig = Su = S35 =

Clearly each S,, will appear in this array, and so will be true.



