The Calculus II Review
Integration by parts
Improper integrals
Area between curves
Volumes 
Arc Length

Average
	
Applications to physics and engineering 
· Hydrostatic force and pressure
· Work (spring, lifting a cable, pumping water)
· 
· Centre of mass
Differential Equations
Euler’s Method
· Approximate values for the solution of the initial-value problem y’=F(x,y), y(x0)=y0, with step size h, at xn = xn-1 + h, are



Exponential Growth and Decay



Newton’s Law of Cooling
· Newton’s Law of Cooling states that the rate of cooling of an object is proportional to the temperature difference between the object and its surroundings, provided that this difference is not too large. If we let T(t) be the temperature of the object at time t and Ts be the temperature of the surroundings, then we can formulate Newton’s Law of cooling as a differential equation
· [bookmark: _GoBack] (where k is a constant)
· The equation becomes 
· We can then use 2 to find an expression for y from which we can find T

Series: Geometric and telescopic

· Geometric series
· Convergent if |r| < 1
· Sum = 
· A= first term
· R = common ratio 
Theorem 
· If the series  is convergent, 
· If  does not exist or doesn’t = 0, divergent
Series: integral test, comparison test, alternating series test
The integral test
· For a continuous, positive, decreasing function on [1, 
· is convergent,  is convergent 
· is divergent,  is divergent 
The p-series test 
· The p-series  is convergent if p>1, and divergent if p <=1 
The comparison test 
·  are series with positive terms 
·  is convergent ; an <= bn; therefore  is convergent
·  is divergent ; an >= bn; therefore  is divergent
· In using the comparison test we ust have some known series  for the purpose of comparison. Most of the time use
· A p-series (converges if p>1)
· A geometric series [converges if |r|<1]
The limit comparison test 
· Suppose that  and  are series with positive terms. 
· If 
· Where c is a finite number and c>0, then either both series converge or both series diverge
Estimating the sum of series 
· We now want to find approximation to the sum, s of the series
· Estimate the size of the remainder
· Rn = s-sn = an+1 + an+2 + an+3 + … 
· Remainder 
· Error made when sum of the 1st n terms is used as an approximation
Remainder estimate for the Integral Test 
· If Rn = s-sn (and f is continuous, +’ve, decreasing_
· 
The Alternating Series Test 
· If the Alternating series  satisfies
· Bn+1 <= bn for all  n
· 
· Then the series is convergent and |Rn| = |s-sn| <= bn+1
Power Series 
· 
· Cn’s are coefficients 
· Sum is a function
· F(x) = co + c1x + c1x2 + … + cnxn 
· F resembles a polynomial with infinite terms 
· 
· Power series about a 
Theorem: for a given power series there are only three possibilities
· The series converges only when x=a
· The series converges for all x
· There is positive number r such that the series converges if |x-a| < R and diverges if |x-a|>R 

Series: interval of convergence, derivative and integral of series
· If the power series  has radius of convergence R>0 then the function f defined by 
F(x)=co + c1(x-a) + c2(x-a)2+ … = 
· F’(x)=c1 + 2c2(x-a) + 3c3(x-a)2 + … = 
·  =C + 
Taylor Series and Binomial series 
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Graphs, partial derivatives, tangent planes
	Surface
	Equation
	Surface
	Equation

	Ellipsoid
	
All traces are ellipses
If a=b=c, the ellipsoid is a sphere
	Cone
	
Horizontal traces are ellipses.
Vertical traces in the planes x=k and y=k are hyperbolas if k doesn’t = 0 but are pairs of lines if k=0.

	Elliptic Paraboloid
	
Horizontal traces are ellipses.
Vertical traces are parabolas.
The variable raised to the first power indicates the axis of the paraboloid
	Hyperboloid of One Sheet
	
Horizontal traces are ellipses.
Vertical traces are hyperbolas.
The axis of symmetry corresponds to the variable whose coefficient is negative

	Hyperbolic Paraboloid
	
Horizontal traces are hyperbolas.
Vertical traces are parabolas.

	Hyperboloid of Two Sheets
	
Horizontal traces in z=k are ellipses if k>c or k<-c.
Vertical traces are hyperbolas
The two minus signs indicate two sheets. 


Hyperbola =difference of squares. Asymptotes are when function would be zero
Parabola – only one variable is squared
Ellipse – both positive and squared 
The level curves of a function f of two variables are the curves with equations f(x,y)=k, where  is a constant (in the range of f). 
La(x,y) at (a,b) = f(a,b) + fx(a,b)(x-a) + fy(a,b)(y-b) 
Chain Rule and Directional Derivatives
Chain Rule Case 1
Suppose that z = f(x,y) is a differentiable function of x and y, where x=g(t) and y = h(t) are both differentiable functions of t. Then z is a differentiable function of t and 

Chain Rule Case 2
Suppose that z=f(x,y) is a differentiable function of x and y, where x =g(s,t) and y = h(s,t) are differentiable functions of s and t. Then


Implicit Differentiation
Suppose that an equation of the form F(x,y)=0 defines y implicitly as a differentiable function of x, that is, y=f(x), where F(x,f(x))=0 for all x in the domain of f. If F is differentiable, we can apply Case 1 of the Chain rule to differentiate both sides of the equation F(x,y)=0 with respect to x. Since both x and y are functions of x, we obtain

We assumed that F(x,y) = 0 defines y implicitly as a function of x. 
If, we solve for  and obtain 



The Gradient Vector
If f is a function of two variables x and y, then the gradient of  is the vector function  defined by

Directional derivative of a differentiable function

This expresses the directional derivative in the direction of u as the scalar projection of the gradient vector onto u. (u=v/|v|) 
