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Deflections

Q1. For the beam and loading shown in Figure 1, compute (a) the slope of the beam at C and (b) the
deflection of the beam at C. Assume a constant value of El = 560x106 N-mm? for the beam.
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Solution
Support reactions: A FBD of the beam is shown to the right. 1400 N
> M, = (210N - m)(1,000mm/m) — (1400N )(450mm) 210 Nem
§ ~ Y
+ Ey(700mm) =0 @ — —x
-.E, =600N o Rpp e o TE
“ 200 mm 150 mm | 100 250 mm

SF, = A, +E, —1400N =0 " | | I,

- A, =800N

Load function w(x):
W(x) = 800N (x — Omm) ™" —210,000N - mm(x — 200mm)* —~1400N (x — 450mm) " + 600N (x — 700mm) "

Shear-force function V(x) and bending-moment function M(x):
V (x) =800N(x — Omm)° — 210,000N - mm(x — 200mm) " —1,400N (x — 450mm)” + 600N (x — 700mm)"

M (x) =800N(x — Omm)" — 210,000N - mm(x — 200mm)° —1,400N (x — 450mm)" + 600N (x — 700mm)’

Equations for beam slope and beam deflection:
From Eg. (10.1), we can write:

2
£19°Y _ M (x) = 800N (x — Omm)" — 210,000N - mm({x — 200mm)° —1400N (  450mm)’

d?

+ 600N (x —700mm)’
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Integrate the moment function to obtain an expression for the beam slope:
El % :@@ — omm)”? - 210,000N - mm(x — 200mm)" — 249N 1 _ 450mm)?
X
+ 600N <x—700mm>2 +C, (a)

Integrate again to obtain the beam deflection function:

_ 800N s 210000N -mm 1y o0

Elv T(x—Omm) 2 _1400N

<x - 450mm>3

600N
+

(x—700mm)” +C,x+C, (b)

Evaluate constants using boundary conditions: Boundary conditions are specific values of deflection v
or slope dv/dx that are known at particular locations along the beam span. For this beam, the deflection v is
known at the pin support (x = 0 mm) and at the roller support (x = 700 mm). Substitute the boundary
condition v =0 at x =0 mm into Eq. (b) to obtain:

C,=0
Next, substitute the boundary condition v = 0 at x = 700 mm into Eqg. (b) to obtain:

0= —80(6)'\' (700mm)° — Z1O000N MM g2 —1'4%0'\' (250mm)* +C, (700mm)

:.C, =—22,625,000N - mm?®
The beam slope and elastic curve equations are now complete:

El % _ 800N (x— 0mm>2 —210,000N - mm(x —200mm)" — 1’420'\' (x— 450mm>2
X
+ @(x —700mm)°  22,625,000N - mm?
Ety=20N 1y omm)? - 220000 MM 1, H00mm)? — L4ON 1y 450mm)?

2

O0ON 1, 700mm)® - (22,625,000N - mm?)x

(a) Beam slope at C: The beam slope at C is:

El % _ 800N (350mm)? — 210,000N - mm(L50mm) — 22,625,000N - mm®
Xlc
6 2
S _5d% “2 N mmz - -0.009152rad = —0.00915rad
dx|c 560 x10° N - mm

(b) Beam deflection at C: The beam deflection at C is:

Elve =@(350mm)3 —(210,000N - mm)(150mm)? —(22,625,000N - mm?)(350mm)

= -4.564583x10°N - mm?®
_ —4.564583x10°N - mm®

W = - —— =-8.1510mm =8.15mm |
560x10° N - mm
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Q2. The cantilever beam shown in Figure 2 consists of a W530 x 74 structural steel wide-flange shape
[E = 200 GPa; | = 410 x 106 mm®*]. Compute the deflection of the beam at C for the loading shown.
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Figure 2

Solution Support reactions: A FBD of the beam is

shown to the right.
30 kN/m

SF, = A, — (30kN /m)(3m) — 40kN =0 My TR T \
- A, =130kN C : s
S M, = —(30kN /m)(3m)(L.5m) — (40kN)(5m) — M , =0 r . ’ - ‘
*'M , =—335kN - m i '

Load function w(x):
W(x) =130kN(x —0m) ™" —335kN - m(x —0m)~* —30kN /m(x —0m)" + 30kN(x — 3m)"
— 40kN(x —5m)

Shear-force function V(x) and bending-moment function M(x):
V (x) =130kN (x — 0m)” —335kN - m(x —0m) " —30kN /m(x — Om)" + 30kN(x — 3m)’
— 40kN(x - 5m)”

o 30kN/m

M (x) =130kN(x — Om)" —335kN - m(x — 0m)" — (x—0m)® + 30kN (x—3m)?

— 40kN(x —5m)’

Equations for beam slope and beam deflection:
From Eq. (10.1), we can write:

d?v o 30kN/m

El =M (0 =130kN(x —0m)" —335kN - m(x - 0m)” — (x—0m)®
X

30kN /m

x —3m)° — 40kN(x — 5m)*
2

+
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Integrate the moment function to obtain an expression for the beam slope:
dv  130kN

El == (- 0m)” ~335KN -m(x - om)’ _ SOKNTM 1y om)?
. 30kN /m <X _3m>3 _ 40kN <X _5m>2 +C, ()
Integrate again to obtain the beam deflection function:
Elv— 130kN <X B Om>3 _ 335kN -m <X B 0m>2 _ 30kN /m <X B 0m>4
6 2 24
# S - am)' -2 (x—sm)* + ey, (b)

Evaluate constants using boundary conditions: Boundary conditions are specific values of deflection v
or slope dv/dx that are known at particular locations along the beam span. For this beam, both the slope
dv/dx and the deflection v are known at the fixed support (x = 0 m). Substitute the boundary condition dv/dx
=0atx=0m into Eq. (a) to obtain:

C,=0
Next, substitute the boundary condition v =0 at x = 0 m into Eq. (b) to obtain:

C,=0

The beam slope and elastic curve equations are now complete:

1 £ = 200 om)” - g3kt - m{x—om)* - XL (. om)’
X 30k|; I 0N e

EIv=%<x—0m>3 _ 335N -m (x—0m)? —W(x—Om)ﬂ'
X 30k2I\il/m e BN

Beam deflection at C: For the W530 x 74 structural steel wide-flange shape, EI = 82,000 kN-m2. At the
tip of the overhang where x = 5 m, the beam deflection is:
Elv, = 130kN (5m)° - 335kN -m (5m)? 30kN /m 5m)" + 30kN /m
6 2 24 24
=-2,240.416667kN - m*
_2,240.416667kN - m®

82,000kN - m?

(2m)*

=-0.027322m = 27.3mm {

Ve
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Q3. The simply supported beam shown in Figure 3 consists of a W200 x 59 structural steel wide-

flange shape [E = 200 GPa; | = 60.8 x 106 mm”]. For the loading shown, compute (a) the deflection of
the beam at C and (b) the deflection of the beam at F.

20 kN 10 kN
8 kN/m
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Figure 3
Solution Support reactions: A FBD of the beam is 20 kN 0N
shown to the right. v X
> M, =—(20kN / m)(2m) — (8kN / m)(6m)(7m) 8 kN/m
— (L0kN)(22m) + D, (8m) =0 B V__LITIIIIIIIIT V{ i
D, =62kN A= B c D ?— E F
SF, =A, +D, — 20kN — (8kN / m)(6m) —10kN =0 I P
A D
A, =16kN y

Load function w(x):
W(x) =16KN(x — Om) ™ — 20kN(x — 2m) ™ —~8KN /m(x —4m)° + 62kN(x —8m) "
+8kN(x —10m)° —10kN(x —12m)™

Shear-force function V(x) and bending-moment function M(x):
V (x) =16kN{x —Om)° — 20kN - m(x — 2m)" —~8KkN /m(x — 4m)" + 62kN(x — 8m)"
+8kN(x —10m)" —10kN(x —12m)’

M (x) =16kN(x —0m)" — 20kN(x — 2m)" — Ssz/ T (x —4m)® + 62kN (x —8m)*

+ 8kTN(x 10m)” —10kN(x —12m)"
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Equations for beam slope and beam deflection:
From Eg. (10.1), we can write:
2
E197Y _ M () = 16kN (x — Om)* — 20kN (x — 2m)* — Sk

e

(x—4m)* + 62kN(x —8m)’"

8kN /m
+

(x —1Om>2 —10kN(x —12m>1

Integrate the moment function to obtain an expression for the beam slope:

dx 2 2 6
BN om)? ——10:'\' (x—12m)® +C,
Integrate again to obtain the beam deflection function:
Elve 162N (x—om)’ - 20:N (x—2m)’ - 8KkN /m (x—am)* + 62(I5<N (x—8m)°
LBNTM e gom)t 1Ny 1omi v eyxsc,

Evaluate constants using boundary conditions: Boundary conditions are specific values of deflection v
or slope dv/dx that are known at particular locations along the beam span. For this beam, the deflection v is
known at the pin support (x = 0 m) and at the roller support (x = 8 m). Substitute the boundary condition v =
0 atx =0 minto Eg. (b) to obtain:
C,=0

Next, substitute the boundary condition v = 0 at x = 8 m into Eq. (b) to obtain:
16kN 3 20kN 3 B8KN/m 4

5 (8m) 5 (6m) 24 (4m)”" +C,(8m)
-.C, =—TO0kN -m?

0:

The beam slope and elastic curve equations are now complete:

El %:@@‘Omy -0 am)? - BT gy 2N (x _gm)*
BN oy 1N o 70k

El :@@(_Omf —M<x—2m>3 _8kN/m (x—4m)* +@<x—8m>3
BNy _10'6:'“ (x—12m)° - (70kN - m?)x

(a) Beam deflection at C: For the W200 x 59 structural steel wide-flange shape, EI = 12,160 KN-m2. At C
where x = 4 m, the beam deflection is:

Elve =@(4m)3 —@(me — (70kN - m?)(4m) = —136kN - m®

—136kN - m?®

. -m

Ve
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(b) Beam deflection at F: At F where x = 12 m, the beam deflection is:
Elv, = 16kN (12m)° — 20kN (om)°® — 8kN /m 8m)* + 62kN 62N 4y & 8kN /m BKN/M o) — (70kN - m?)(a2m)

= —264kN .m?3
— 264kN - m?

=-0.021711m=21.7mm

Vg =

12,160kN - m?
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