INDU471/4X- Stochastic Models in Industrial Engineering

Brief Solutions to Assignment Questions (Assignments #1-#5)
Assignment #1
Exercises 1

Problem 6,
An example partition will be A={(a),(b,c),(d,e)}

Problem 14

(1) (@) [5, 100]; (b) [10,50]; (c) [0,25); (d) [10,100]; (e) empty; (f) [5,10); (g) [10,100]
(h) [0,100], (i) empty, (j) {[5,10),(90,100]}

(11) One solution could be {(0, 0.5], (0.5, 0.75), [0.75, 1)}

Exercises 2

Problem 14

Let R and N represent regular and two-headed pennies, respectively. Let T and H represent tail and head,
respectively. We have:

PINAH] _PrIN] 1/3 1

PrIN|H]=

Pr[H]  Pr[H] 2/3 2
Problem 16

Use Bayes’ formula to determine that

Pr[B| A]Pr[A]

PriAlB]= Pr[B| AJPI[A]+ Pr[B| A]PI[A]

Pr[A|B]=1-Pr[A|B]=0.01

PI{A|B] = Pr(B | A]Pr[A] _
Pr[B | A]Pr[A]+Pr[B | A]PI[A]

Pr[A|B]=1-Pr[A|B]=0.99
Problem 17

~ 0.01p 571 0.01(1-p)
@ Pririo]= 0.01p+0.99(1-q) Gy PriTiol1= 0.01(1-p)+0.99q

(c) Pr[T n0]=0.01p, (d) Pr[T nO]=0.01(1— p)

We want



PI[T |O] = 0.01p >0.99, thatis: ——P—>0.99 or
0.01p +0.99(1— q) 0+99(1—q)
p>(99)°(1-q). Since 1> p >(99)*(1-q), we need: 1> (99)*(1—q) or q>1— 9
We also want
1-p

—————<0.02 or 1- p<0.02—-0.02p +1.98q or p>-1.02q this is always the case.
1-p+99q

In the end, we need: p >(99)*(1—q) or 1— (gg)z <g<lfor0<p<i1

Assignment #2
Exercises 3

Problem 2,

(@) Pr[X >1]=1-Pr[X <1]=¢™*
(b) Pr2< X <3]=e* -

(c) same as in (b)

(d) Pr[X >y]l=e?,y>0

Problem 3

Since CInx =1 at x=2, C=1.44.

LimF(x) =0, LimF(x) =1

X—>—0w0

F(X) is non-decreasing.
Problem 4

(a) Pr[X <30]=1-¢%=0.8647
(b) Pr[X <30]=1-e°%=0.1813
(c) Pr[3< X <30]=0.6834

(d) same as (a).

Problem 12

@ Pr[X >1]=1-Pr[X =0]=1—¢
(b) Pr[X <2]=Pr[X =0]+Pr[X =1]=e"* + 1"
/'lze—/l 2{3e—/1 /149_/1
+ +
2! 3 41

(©) Prl2< X <4]=



Assignment #3
Exercises 4, Problem 25

(@) »2 =Zr:ZC:RU —174.9 - Using the table with DOF=6 and 95% level of significance, the two variables are not

i=1 j=1

independent.
(b) Pr[X =1]= 86.1 ——=0.305,Pr[X =2]=—— 158.1 =0.560,Pr[X =3]=0.135
282.4 282.4

(©) PITY =1] = %_ 0.236  Pr[Y = 2] = 0.266  Pr[Y = 3] = 0.069, Pr[Y = 4] = 0.429
(d) Let p; =Pr[Y = j| X =i],

34.6
P, = Y 0.402, p,, =0.063, p,, =0.002, p,, =0.533

29.0

Pio = ep ¢ = 0183, =0.397  pg, =0.007, p,, =0.412

Py, = % =0.081, p,, =0.181, p,, =0.476, p,, = 0.262

Exercises 7, Problem 18
() Using Poisson approximation

Pr[X <3]= ZPr[X—l] z

i=0
The exact probability from blnomlal distribution is 0.8552.

—2 i
2 =0.1353+0.2707 +0.2707 + 0.1804 = 0.8571

(b) Using normal approximation:

Pr[X <30]~ Pr(z 30 ;5] =0.876

Exercises 7, Problem 21
We can find the mean for each of the random variable X;,i =1,...,12 to be

X, = 1+2+ 324 +5+6 =3.5,i =1,...,12. Similarly, we can calculate the variance for each of these variables:
n n 2
ny x? —[Z Xij GZI —(Z j
g2 =1t =1 = =17 = 105 =35
' n(n-1) 6(5) 30

For Y = X, + X, +...+ X,,, we have

E[Y]=E[X,]+E[X,]+...+ E[X,,]=12x3.5=42

VIY]I=V[X]+V[X,]+..+V[X,]1=12x35=42, s, =V (Y) =/42 = 6.48
25— 42 4042

Pr[25< X <40]» Pr( <Z< = Pr(-2.62<Z <-0.31)=0.9956 — 0.6217 = 0.3739
6.48 6.48

Assignment #4



Exercises 9
Problems 1, 2, 7 Plots
Problem 8

Since Pr[z,=1]|Z,=0,Z,=1]=Pr[X,=1| X, =1, X, =1]=0 and
Pr(z,=1|Z,=0,Z,=-1]=Pr[X, =1| X, =1, X, =-1]=05
The process is hot Markov.

Problem 11
(@
S, ={10,-1010,-1,...}

S,={-1010,-101...}
(b) It’s not Markov.

Assignment #5

Exercises 10

Problem 1.

It is Markov since each toss is independent. The P matrix is 6 by 6 with each entry being 1/6.

Problem 2.

@ Pr{X,=2|X,=1]=Pr[X,=2]=1/6

(b) PrIX, =2,X,=3,X,=6]X,=1=Pr[X, =2,X, =3 X, =6]=(1/6)°
(©) Pr{X,s =5| X, =1]=Pr[X,, =5]=1/6

(d) 1/6, (e) 1/6

Problem 3.

It is a Markov process. The transition probabilities are:

|16, for i+1<j<i+6
Py = 0, otherwise

Problem 6.

P(0L1) =Pr[X, =1 X, =1, X, =1]=Pr[X, =1| X, =1 X, = 0]x Pr[X, =1 X, = 0]

a
@ _ PrX, =1| X, =1]x Pr[X, =1| X, = 0] x Pr[X, = 0] =1/16

Pr{X, =1 X,=1X,=0] _ Pr[X,=1X,=1X,=0] Pr[X, =1, X, =0]

PriX,=1X,=1|X,=0]=

(b) PriX, =0] PriX,=1X,=0] Pr[X, =0]
=Pr[X,=1| X, =0,X, =1]xPr[X, =1| X, =0]=Pr[X, =1| X, =1]xPr[X, =1| X, =0] = py; Po;
2 13 31 1
() - =" 4+>240-=7/16
(©) Por épok Py1 44" 43 4



Problem 10.
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Problem 11.
3 6
(@) Pr[“Rest of the week is dry”| “Monday is dry”’]= (Zj

(b) Pr[“Tuesday, Thursday, Saturday wet, Wednesday, Friday, Sunday dry”| “Sunday dry”]
111111 (1)3

=X XXX —Xx—= —

4 2 4 2 4 2

8

Problem 12.
1 1 11
(2) Pr{“Wet tomorrow”| “Wet yesterday”]= 2 x - + 2 x> = 0.375

Assignment #6
Exercises 10
Problems 15, 16, 17, 19, 20 (a), 21 (a)
Problem 15
p® =(p.0,q,r,0),p® = (pa+ p+rp,0,0*,2ar,r’),
p® =(pg+p+rp+ag’p+2par+rip,ri,q,rg® +2rg?,2qr? + r’g)

Problem 16

+1 1 ) ( }
;L& 49 1? 18’ JLe
(B 3 7 _)_
b (54 45" g4
(3) _ (1253 men)
P =\ 2302 2300

=

152 ' 1592

Problem 17

o _ 3/4 1/4 c) _ 1/12 3/16
U 1/3 2/3[ " 2/9 1/12]

Problem 19



fz(ol) =P, fz(oz) = pg+ pr, f2(03) _ pqz + pgr + pr21 f2(04) _ pq3 +2pq2r+ pqrz’
f0=0 fP=0 £9=r® £ =3qr°

Problem 20 (a)
States 0 and 3 are clearly absorbing states, since once they are entered they are never left. States 1 and 2 are
transient, since they may be left and never revisited.

Problem 21 (a)
The closed communicating classes are {0, 1} and {4}; the transient class is {2, 3}.

Assignment #7
Exercises 10
Problem 25.

(a) State 3 is an absorbing state and is a closed communicating class. All others are transient.
(b) (2,4) I sa closed communicating class.

Problem 26. v, =1 and all other probabilities are 0.

Problem 28
030403 0 0 O O
030403 0 0 O O
0 030403 0 0 O
P= 0 0 03 04 03 0 O
0 0 0 03 04 03 O
0O 0 0 O 0304 03
100 0 0 0 0307 |
Solving

(0304 03 0 0 O
0304 03 0 0 O
03 04 03 0 O
0 0304 03 O

0
0
0 0
[Vo’Vl’V2’V3'V4'V5'Ve]:[Vo’VlvV21V31V4vV51Ve] 0 0
0 0 0 03 0403 O
0
0

0O 0 O 0304 03
0O 0 0 0 0307

giVES: [VO’V17V27V31V4’V5’V6] = [2%)’%1%’%1%1%1%]

Problem 35. The particular state may be visited at any time period. As it communicates with all other states, then
none of the other states can be periodic. So the chain is aperiodic.

Problem 38. The particular state does not communicate with other states then by definition it is a closed
communicating class with one state.
Optional Problems



Exercises 1

Problem 11
Similar to that shown in Figure 2.3, Page 31.

Problem 12
E, : at least one is not working

E, : both are working
E,= El

Exercises 2

Problem 18

Pr{A|H,IPr[H,] 75% .4

Pr[H, | A] = =
(. 1A] Pr[A|H,]Pr[H,]+ Pr[A| H,]Pr[H,]+ Pr[A|H,JPr[H,] .75x.4+.80x.5+.85x.1

=0.382

Pr[H, | A]=.509 Pr[H,|A]=.108

Exercises 3
Problem 6
(a) 0.2894, (b) 0, (c) 0.3589, (d) 0.2894, (e) 0.6483, (f) 0.0087

Problem 15
0 x<1

X2/2-x 1<x<?2
3x—x%/2 2<x<3
1 X>3

co (bij (a) 0.5, (b) 0.5556, () 0.2222 , (d) F(x) =

Exercises 4

Problem 1



() 1/6

(b)
X Fy (X)
2/3
1 1
y F (y)
0 1/6
1 7112
2 1
(c) 1/6
(d) 1/3
Problem 2
(a)
y
A
1
1
0, x<0 0, y<o0
() Fy(x)=<x, O<x<1lF/(y)=1y, O<y<1
1, x2>1 1, y=>1
(d)

(i) Pr[X >0.5 and Y >0.5]= F(L1) - F(0.51) - F(10.5) + F(0.50.5) =1-0.5— 0.5+ 0.25=0.25
(ii) Pr[X >0.5 and Y <2]=Pr[X >0.5]=1-F,(0.5)=0.5
(i) Pr[[X =0.5 and Y =0.5]=0

Problem 22
P(1,1)=0.388, P(2,2)=0.051, P(3,3)=0.156
P(2,1)=0.388, P(2,2)=0.018, P(3,3)=0.024
P(3,1)=0.388, P(2,2)=0.023, P(3,3)=0.135
Problem 23

7* =43.098. It does not support that the variables are independent.

Exercises 7

Problem 19
With p=0.081, the required probability is 0.7788



Problem 20
With mean = 81, s.d.=8.83, the required probability is 0.1011.

Exercises 9
Problem 9

(a) Markovian

PrIX,, =j|X, =i]=41

0, otherwise

Pr[X,,=0]X, =0]=1

(b) Pr[X,, =47| X, =18]=48/91
(€) Pr[X, =4 X,y =48]=0

(d) shown in (a)

(e) No.

Problem 10
(@) Yes.
(b) Pr[X,, =47| X, =18]=48/200

(c) Pr{X,, = 4| X,y =48] =

(d)
i .. ) 1
— =i-1i>0, Pr[X_,=0|X.=0]==
100 >0, Pr{X,,=0]X, =0]=7
. . 1 .. } 1
PriX, ., =J| X, =i]= > j=i >0, Pr[XM:()|)(n:0]:E
&, j=i+1i>0
200

for other i, j,Pr[X,,,=j| X,=i]=0

(e) Yes, it is stationary.

Exercises 10



7. @ Pe(X,20,%21, Xaz11= Prix =11 X,=20]: PrIX,ual X, 20, X, 211 PrI¥,20)
SPelXy =1, 517 Pr[X=1lX, =0T - PrlX 20T = - -0
(%)
by Pe[X,z01=a , PelX,=17zb

Pelx, 207 : Fas st PrIX, =112 ga+ g
Prtxa‘-' 0‘]":_;'0 + %‘_B Pel%X,=1] = %a -l-%l:
PriX,=0]:$2as By PrlX=1]:2ard2y

Frow cay M P'_[x“_o Xnsr 21, x.,...;-l] (.—')Pr[x..=°]
nst: Belzo, %01, X300 : (7)(3as48) = Jar gt
nza: PriX,zo X320, X,=0]: (—)( "_I:) wsq ?3-

s * z : ! 2\ feS a3
ne3: PrIXy20,X 20, Xs21] ® ()(wg b) 6" -
ed PelX 20, %02 17 2 PriXazo, Xas 3 9, Xose s I] ¢ ?r[x..-o,xw-i,xuuﬂ]

s -;- P,.[x“=o] + "';" P-LX,20]
* % PelX.z0]

Fravn (L), we have Pr[X.z=0l.

net ¢ PrlX, 20, x3*|]= %(;’q&i‘t)
z2 Pf[xa_zo, x4=l] : %(T'!s—a-t-'?'ib)
. - : = S 43
Pr[X =0, X,-l] %(mﬂ f;-i-l,)
«d) Pu-[x,,u 21] = PeIX =0, X, 211 ¢ PrlX, =1, Xo =0

=_lz;p,.[x,-.u3+£ Pe[Xn=1]
s 43 29
2 ReIX =17 ot * +53b
=2=Pa.1'x*u] 253 4 4 133,

648 432

:33 P’- Ixszl] = 'gs's'ﬁ ,‘, ‘33? 5
2898 259

@ PelXosazi] Xuz0]z PriXanazl, Xuzedl - pory.: 0l30)
Pr-[Xn=°]

From 223, PriXa =1, X 20] ¢ .-7; PrlX, =0]

-b Pf[x“q.z:'lx“"'O] = ;_’é'

(-DOM.(? (a) amd (€) do awst Wmh;mom de.

10



g' Fm Tﬂd%-& 9-1- MA 913‘
tay PriXz1]: PeiX,z1iX,=1] = 065 (aimer PelX,z13z1)

Thae as R M Hot th St fallea min.urle...iq

by PelX,21] X 21] = 0.602
Thia 1 Hhe Fw@d&i] ot the atcend Aiduns ma:anmrknnl
?v'u-w 3 Al-n,h-'-a-&.&u ma&o.im«rh!.
ey PrUX,21] = PelXymt] ), 217 = 0602
Thie s the Iwhu.x, that i arcond failin m;..ur.u..:.
(dy PeDXyzv, Xo2u X, =0) s PeDXgzn ) X,20] Pe[X 200X, 217
2 (0.65)° : 0.427S
Thin o e L that e Rt o fibonse Moas im aualen |
?Grmﬂu.aho&a'j A mdumurl-mi
(e) Pr':x;‘-'" X3:I,X,=|J XO::I]: Pr[x3=||3f,:l] z 0.6%
Thia 20 ihe L M%M%m&wr%l
%ﬁv'h PY 1 B \ foituraa wire alao am A-uro-l-uu R
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