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1.2 The Financial System

 

The basic financial flow is "intermediated" through the financial system, which comprises (1) financial intermediaries that transform the nature of the securities they issue and invest in, and (2) market intermediaries that simply make the markets work better.

 

 

Channels of Intermediation

 

Intermediation is the transfer of funds from lenders to borrowers. There are two patterns of intermediation with three basic channels. Direct intermediation is where the lender provides money directly to the ultimate borrower. This is a non-market transaction, because the exchange is negotiated directly between the borrower and lender. An example is the relative lending the full amount needed to buy a house. The second channel also represents direct intermediation between the lender and borrower, but in this case, some help is needed because no one individual can lend the full amount needed or because the borrower is not aware of the available lenders. As a result, the borrower needs help to find suitable lenders, which is what market intermediaries do. A market intermediary is simply an entity that facilitates the working of markets and helps provide direct intermediation. Indirect intermediation is when the money is borrowed from individuals who have first loaned (deposited) their savings to a financial institution, which in turn lends to the ultimate borrowers. 

 

Governments also play an important role in the central idea of intermediation. For example, the Canadian Pension Plan (CPP) and the Quebec Pension Plan (QPP) play large roles in channelling funds from lenders to borrowers. In addition, governments provide many services to Canadians, some of which are paid for out of taxes and some of which are paid for by borrowing. There are also government-owned Crown corporations which provide goods and services needed by Canadians. For example, Hydro Quebec and Ontario Power Generation Inc. are two of the largest ones.

Financial intermediaries 
Entities that invest funds on behalf of others and change the nature of the transactions

 

Market intermediary 
An entity that facilitates the working of markets and helps provide direct intermediation but does not change the nature of the transaction; also called a broker
 

Crown corporations
Government-owned companies that provide goods and services needed by Canadians

 

1.2 Financial Instruments and Markets

 

Financial instruments and institutional arrangements are used to transfer funds.

 

 

Financial Instruments

 

Financial assets are formal legal documents that set out the rights and obligations of all the parties involved. Two major categories of financial securities are

1. Debt instrument: These represent legal obligations to repay borrowed funds at a specified maturity date and provide interim interest payments as specified in the agreement. Most common examples are bank loans, commercial paper, bankers' acceptances (BAs), treasury bills (T-bills), mortgage loans, bonds, and debentures.

1. Equity instruments: These represent an ownership stake in a company. The most common form of equity is the common share. Companies may also issue preferred shares, which usually entitle the owner to fixed dividend payments that must be made before any dividends are paid to common shareholders.
Aside from the debt versus equity distinction, financial instruments can be categorized in several additional ways. One way is to distinguish between non-marketable and marketable financial assets. 
 

The most familiar forms of non-marketable financial assets are savings accounts or demand deposits with financial institutions, such as chartered banks. The funds invested here are available on demand, which guarantees the liquidity of these investments. Another widely used type of non-marketable financial asset in Canada is the Canada Savings Bond (CSB) and its provincial counterpart, which are issued by the federal or provincial governments. These bonds are non-marketable, unlike traditional bonds, because they are not tradable. However, CSBs can be cashed out by the owner at full par value plus eligible interest at any bank in Canada at any time. 

 

Marketable financial assets (securities) are those that can be traded among market participants. They are typically categorized not only according to whether they are debt or equity securities but by their "term to maturity", or time until the obligation must be repaid. Money market securities include short-term (maturities less than one year) debt instruments , such as T-bills, commercial papers, and BAs. Capital market securities include debt securities with maturities greater than one year, such as bonds, debentures, and so on. They also include equity securities, which represent ownership in a company and generally have no maturity date. 

 

Governments raise new financing via the debt markets. They issue T-bills as a source of short-term financing, and they issue traditional bonds and CSBs for long-term financing. 

 

Businesses raise short-term financing in the form of debt through loans, or by issuing commercial paper, BAs, and so on. They raise long-term financing in the form of debt (through loans, by issuing bonds, or by using other long-term instruments) or in the form of equity (issuing common shares or preferred shares).

 

Financial Markets

 

Financial markets permit the issue and trading of financial instruments. These play an important role in any open economy by facilitating the transfer of funds from lenders to borrowers. In addition, if markets are efficient, these funds will be allocated to those who have the most productive use for the funds. 

 

Primary markets involve the issue of new securities by the borrower in return for cash from investors (or lenders). For example, when governments sell new issues of T-bills or bonds, or when a company sells new common shares to the public, these are primary market transactions; new securities are created and the borrowing entity raises monies it can spend. Primary markets are the key to the wealth transfer process. However they will not work properly without well-functioning secondary markets. 

 

Secondary markets provide trading (or market) environments that permit investors to buy and sell existing securities. This service is critical to the functioning of the primary markets, because governments and companies would not be able to raise financing if investors were unable to sell their investments when necessary. There are two major types of secondary markets: (1) exchanges or auction markets; and (2) dealer or over-the-counter (OTC) markets. Exchanges have been referred to as auction markets because these involve a bidding process that takes place in a specific location. Investors (both buyers and sellers) are represented at these markets by brokers. In contrast, OTC or dealer markets do not have a physical location, but rather consist of a network of dealers who trade directly to one another. The distinction has become blurred in the recent years because trading on most of the major exchanges in the world has become fully computerized, making the physical location of the exchanges of little consequence. At the same time, OTC markets have become increasingly automated, reducing the extent of the direct haggling between dealers. 

 

Money market instruments trade in dealer markets. They tend to be very large and are typically issued in sizes of $100,000 or more. As a result money market trading is dominated by governments, financial institutions, and large corporations. Long-term debt instruments, such as bonds, are also traded primarily through dealer markets, although some are traded on exchanges.

 

Equity securities, and common shares in particular, represent the major financial asset issued by corporations, and they represent investors' proportionate ownership in a firm. The overwhelming majority of equity transactions take place on stock exchanges, although there are also OTC markets for equities. 

 

Canada had five major stock exchanges: the Toronto Stock Exchange or TSX, the Montreal Exchange (ME), the Vancouver Stock Exchange (VSE), the Winnipeg Stock Exchange (WSE), and the Alberta Stock Exchange (ASE). An overhaul of that structure occurred during 1999 and 2000, resulting in only two Canadian stock exchanges: the TSX and the newly created TSX Venture Exchange. Both these exchanges are owned by the TSX Group Inc., which became the first North American exchange to become publically listed in November 2002. Trading operations for both the TSX and the TSX venture Exchange are conducted by the TSX Markets, also a member of the TSX Group. These two securities had a total value of securities traded was approximately $1.1 trillion. The total market value of the securities composing the TSX markets (which is referred to as the market capitalization) was approximately $1.9 trillion, making it the seventh-largest exchange in the world. The TSX is the official exchange for trading Canadian senior securities, that is, big companies with solid histories of profits.

 

Since March 2000, the Bourse de Montreal has functioned as the Canadian national derivatives market, and it now carries on all trading in financial futures and options that previously occurred on the TSX, the ME, and the now-defunct Toronto Future Exchange. The only other Canadian exchange is the Winnipeg Commodity Exchange, which handles futures trading in commodities. The dealer market is also important for derivatives trading as many options trade OTC, in addition to those that are traded on the Bourse de Montreal. Forward contracts also trade in the dealer market and can be viewed as the OTC counterpart of the exchange-traded future contracts.

 

The  third market refers to the trading of securities that are listed on organized exchanges in the OTC market. Historically, this market has been particularly important for "block trades," which are extremely large transactions involving at least 10,000 shares or $100,000. Finally, the  fourth market refers to trades that are made directly between investors (usually large institutions), without the involvement of brokers or dealers. The fourth markets operates through the use of privately owned automated systems, with one of the most widely recognized system being Instinet (Institutional Network), which is owned by Reuters.

 

Debt instruments Legal obligations to repay borrowed funds at a specified maturity date and to provide interim interest payments

 

Equity instruments Ownership stakes in a company

 

Common shares An equity instrument that represents part ownership in a company and usually gives voting rights on major decisions affecting the company

 

Preferred shares Equity instruments that usually entitle the owner to fixed dividend payments that must be made before any dividends are paid to common shareholders

 

Non-marketable financial assets Invested funds that are available on demand in instruments that are not tradable

 

Marketable financial assets Those assets that can be traded among market participants

 

Money market securities Short-term debt instruments

 

Capital market securities Debt securities with maturities greater than one year, and equity securities

 

Primary markets Markets that involve the issue of new securities by the borrower in return for cash from investors (or lenders)

 

Secondary markets Trading (or market) environments that permit investors to buy and sell existing securities

 

Exchanges or auction markets secondary markets that involve a bidding process that takes place in a specific location

 

Dealer or over-the-counter (OTC) markets secondary markets that do not have a physical location and consist of a network of dealers who trade directly with one another

 

Brokers market intermediaries who facilitate the sale of financial securities and help to make the market work

 

Toronto Stock Exchange (TSX) the major stock exchange in Canada where most equity security transactions take place; it is the official exchange for trading Canadian senior securities

 

TSX Venture Exchange the stock exchange for trading the securities of emerging companies not listed on the TSX

 

TSX Group Inc. the company that owns the TSX and the TSX Venture Exchange

 

TSX Markets the group that performs trading operations for the TSX and the TSX Venture Exchange
 
Market capitalization the total market value of the securities of an entity
 
Bourse de Montreal the exchange that acts as the Canadian national derivatives market and carries on all trading in financial futures and options
 
Winnipeg Commodity Exchange the exchange that handles futures trading in commodities
Third market the trading of securities that are listed on organized exchanges in the OTC market
 
Fourth market the trading of securities directly between investors without the involvement of brokers or dealers
 
1.4 The Global Financial Community
 
In addition to the domestic financial markets, global financial markets represent important sources of funds for borrowers and provide investors with important alternatives. 
 
Global Financial Markets
 
The world's money markets and bond markets are very global in nature, with the United States markets representing the world's largest and most active debt markets in the world. As in Canada, global debt markets are primarily dealer markets. 
The United States possesses the largest equity markets in the world, which is convenient for Canadians that want to raise money or invest by using these markets. The New York Stock Exchange (NYSE) is the world's largest and most famous stock market. Its market capitalization (cap) in 2005 was US$21.2 trillion, which comprised of $13.3 trillion in domestic companies' market cap and $7.9 trillion in global listings. 
The second-largest and most important stock market in the United States is the Nasdaq Stock Market, or Nasdaq. It is the third-largest stock market in the world, based on its market cap of US$3.6 trillion. In fact, Nasdaq has more listed companies than the NYSE.
New York Stock Exchange (NYSE) the world's largest and most famous stock market.
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2.1 Types of Business Organizations
 
Businesses can be organized in different ways: the four major forms of business organizations are sole proprietorships, partnerships, trusts, and corporations.
 
Sole Proprietorships
 
A sole proprietorship is a business owned and operated by one person. The big advantage of sole proprietorship is that setting one up is easy - no paperwork is involved and the owner needs only start doing business. The business is almost inseparable from the owner. An owner can be sued for damages. If that person has other assets, he or she could lose them or, in extreme cases, be forced into bankruptcy and lose everything because of a bad decision made in that sole proprietorship. This accountability is referred to as unlimited liability, because an owner is liable not only in the extent of what is invested in the business but also for any other assets owned. 
The sources of finance available for sole proprietorships are the same ones that are available to individuals. No complicated finance options are available - owners borrow from relatives and friends, or from the bank, through either a loan or a credit card. There is no continuity in a sole proprietorship, which makes it difficult to sell and, of course, it dies with the owner. 
Because legally a sole proprietorship is inseparable from the individual, the owner has to report the income to the Canada Revenue Agency (Revenue Canada) on an annual income tax return. Sole proprietors have to keep the same accounting records as big businesses do and report the income after deducting all reasonable expenses. However, the net income is simply added to any regular salary income and taxed at ordinary tax rates. 
 
Partnerships
 
Partnerships are businesses owned and operated by two or more people. They can be formalized by having a lawyer create a partnership agreement which formalizes how decisions are made, such as how each partner can buy out the other in the event that one wants to dissolve the partnership. If the partnership grows, then the owners also need to document how new partners enter and their attendant obligations, as well as how others can cash out. The partnership agreement further stipulates how the partnership's income is allocated among the partners. Individuals have to be careful with partnerships, since a legal agreement is not required to be considered a partner. Sometimes the partnership can be implied by the actions of a group of people working together. 
 
Some very big forms traditionally operated as partnerships, most of which were in the professional services area, such as accounting firms, investment banking firms, doctors' offices, and dentists' offices. Such firms needed more than one person to deliver a full range of services, yet "society" judged it important to hold each member individually responsible for both their own actions and those of their colleagues. However, in the accounting and investment banking area, with hundreds of partners, it is difficult to justify making all the partners responsible for the actions of one rogue partner. As a result, the importance of traditional partnerships has diminished.
 
Partnerships are still important, however, for smaller firms, because they maintain the integration of partnership income with other income for each partner. Newer partnership models have emerged that maintain this tax treatment while removing the unlimited personal liability. The two main partnership forms are limited liability partnerships (LLP) and limited and general partnerships.
LLPs are the new form of organization for professional firms. Each partner has limited liability in the event of a lawsuit against the firm; however, each partner's income is still included as ordinary income and filed by using an individual tax return. 
Limited and general partnerships are generally used for tax reasons. In this case, a general partner operates the business and limited partners are passive investors. As long as the limited partners are not active in the business, they have the advantage of limited liability in that all they can lose is their initial investment. The general partner, conversely, has unlimited liability as the operator of the business. However, in practice most general partners are corporations and indirectly benefit from limited liability. Limited partnerships are often used in tax shelters and for this reason the CRA looks very carefully at them to make sure they are not a vehicle for tax avoidance.
 
Trusts
 
Trusts are used to separate ownership from control. For example, a standard part of estate planning is transferring assets in trust to children to minimize any tax burden and yet control the use of those assets until death. In this way, ownership can be transferred to one party and yet control stays with the transferring party. Traditionally open-end mutual funds have been organized as trusts. The mutual fund is owned by the unitholders, yet day-to-day control is exercised by the fund manager under the supervision of the board of directors, which appoints the manager. More importantly, as a trust, the income earned by the mutual fund passes through without any tax to the unit owners, who are then subject to taxes on the income received. However, the use of trusts has recently expanded from personal finance and mutual funds to income and royalty trusts, which have become very important in the Canadian financial system over the last decade.
 
Income and royalty trusts are set up to invest in the shares and debt obligations of a company. Because it is a trust, all the income passes through without any tax. Further, because the trust owns both the debt and the equity of the company, the use of debt can be maximized to reduce (or eliminate) any corporate income tax, provided the rust pays out most (or all) of its income to unitholders. Trusts are known to financial professionals as being "tax efficient".
 
Corporations
 
Corporations are easy to recognize since they have Inc. for incorporated, Ltd. For limited, or, in Europe, PLC for private limited corporation, after their names. In each case, the abbreviations or initials indicate that the owners have the benefit of limited liability in that the maximum they can lose is their investment - they cannot be forced to invest more in the firm to make up for any losses the firm incurs. Unlike a partnership or sole proprietorship, a business that operates as a corporation separates personal assets from any malfeasance or failure at the corporate level. 
 
How a corporation is formed depends on provincial corporate law; however, it is generally by either a certificate of incorporation or letters patent. The articles of incorporation then indicate the most basic information about the firm, such as mailing address, name, line of business, number of shares issued, and names  and addresses of the officers of the firm - the people that can legally bind the firm by signing cheques and so on. The critical feature is that the corporation is a distinct legal entity. For this reason the corporation is entitled to sign contracts in its own name, file its own tax returns, borrow money, and make investments, and sue and be sued all in its own name. 
 
As a distinct legal entity, the corporate has significant advantages over a partnership or a sole proprietorship. For one it is immortal. This indefinite life means that unlike people, corporations can borrow using debt that will be paid off in 40, and sometimes 50, years' time. It also means that transferring and selling assets is relatively easy because all the contracts go with the company and the share ownership is simply transferred. 
 
The most difficult aspects of corporations are their control and taxation. In partnerships and sole proprietorships, the owners run the business; in corporations, the owners are the shareholders. For smaller companies, this isn't a problem, but for larger companies, this becomes a serious concern: they usually have a very clear separation of ownership by the shareholders and control by management. This division is the fundamental problem of the governance structure of large companies. This governance is integral to the role of mergers and acquisitions and to understanding valuation. 
 
Every company has set bylaws that indicate how it is run. Some of the content of the bylaws is determined by corporate law, but most is discretionary and up to the company. What is not discretionary is the requirement that the company have  a board of directors (BOD) whose responsibility is to "manage or supervise the management of the business and affairs of the corporation." These directors are appointed at the annual general meeting of the company and serve at the discretion of the shareholders, which means they can be removed without cause. In theory, the BOD is elected by the shareholders and acts in their best interests. 
Sole proprietorship a business owned and operated by one person
 
Unlimited liability the liability not only for what is invested in the business but also for any other assets owned
 
Partnership a business owned and operated by two or more people
 
Limited liability the liability for only the initial investment 
 
Income and royalty trusts trusts set up to invest in the shares and debt obligations of a company
 
Corporations a business organized as a separate legal entity under corporation law, with ownership divided into transferable shares
 
2.2 The Goals of the Corporation
 
In general, a firm is essentially an input-output mechanism. It takes inputs, such as raw materials, labour, and supplies, and transforms those inputs into something more useful to society when it produces goods or services. For all firms, this activity is regulated implicit society pressures to be good and by laws passed by government to prevent firms from doing this it regards as bad. This means that firms enhance the owners' welfare and make profits
 
In finance, we extend the idea of the firm's goal being to maximize its profits, because what the firm should really do is enhance the owner's wealth. Wealth is different from profits, because it reflects the value of all profits, not just today's but also those expected in the future, where profits refer to genuine economic profits and not what accountant creates. When this definition of the firm's goal is applied to publically traded firms, the goal of the firm is to maximize its market value or, alternatively, maximize shareholder value: the firm should take resources and create products that society values more highly than it values the inputs.
 
Free goods or externalities are things that the firm doesn't pay for or charge for. As a result, the firm creates value without taking into account these other valuable resources and may make decisions that are not in the public's best interests. For example, on the input side is the use of water.
 
2.3 The Role of Management and Agency Issues
 
Managers are employees and we now think of them as agents working on behalf of the shareholders - this is referred to as an agency relationship. However, how hard managers work to serve the best interests of the shareholders depends on their personal interests and how they are compensated. This is the classic agency problem associated with the separation of ownership from management. 
 
The costs associated with the agency problem are referred to as agency costs. There are two major types of agency costs: (1) direct costs, which arise because suboptimal decisions are made by managers when they act in a manner that is not in the best interest of their company's shareholders, and (2) indirect costs, which are incurred in attempting to avoid direct agency costs. Indirect costs include those that arise because of any restrictions that are placed on the actions of management, those that are associated with monitoring the actions of managers (which include any compensation paid to the BOD), and those costs associated with management compensation schemes that will provide them with incentives to act in the shareholders' best interests. 
 
Managers don't necessarily pursue the best interests of the shareholders because their investment in the corporation goes much deeper than that of a typical shareholder: their careers are inextricably bound up with the firm. For this very reason, managers tend to be more conservative in their decisions that would seem justified by the shareholder approach.
 
Managers and shareholders also differ in their approach to risk and financing. Shareholders take a portfolio approach because they hold many securities. This allows them to diversify risk and have the firm be more aggressive, whereas managers see their careers totally tied up with the firm and act conservatively. This approach is carried over to financing, where mangers follow a "pecking order": they want to retain earnings first, rather than pay them out in dividends, then use bank debt, and finally issue new equity only as a last resort. In contrast, the shareholders want the firm to use debt, which makes the firm riskier at first, and only then shareholders' money by retaining earnings, and then lastly issue new securities.
 
There is no question that there are key differences in the goals of managers and shareholders. It is a question of providing the correct incentive to get managers to do what the shareholders want. Managers used to be mostly compensated through salary and bonuses. This has changed as BODs have become more aware of the need to make managers act like shareholders. Most of the time, the largest component by far of income for CEOs is share compensation. This comes in two forms: grants of restricted stock awarded under incentive plans, and stock options, for which if the company's stock price goes above a certain level, the executive gets the right to buy the stock at a fixed lower price. The idea behind the share incentive plans is simply to have the best interests of CEOs and senior managers coincide with those of shareholders. Often, shares are granted based on reaching certain objectives, such as revenue targets or investment returns. In such cases, the manager has an incentive to get the share price up as high as possible.
Agency relationship managers work on behalf of the shareholders
 
Agency problems problems that arise due to potential divergence of interest between managers, shareholders, and creditors
 
Agency costs the costs associated with agency problems
 
2.4 Corporate Finance
 
The framework for analyzing investment or asset decisions within an entity is called capital budgeting or capital expenditure analysis, and these decisions are some of the most important that a firm can make. The combination of real asset decision and financial asset acquisition decisions represent acquisition or investment decisions. Generally, investment decisions are known as financial management. 
Just as firms wait for others to pay them, firms are also waiting to pay others. These are liabilities such as payables, loans from banks or other financial institution, and shares of outstanding and claims, which are claims for other firms have on these firms.
Altogether, the core liability of management for corporations is known as their corporate financing decisions. Taken together, the financial management of assets and corporate financing decisions represent the area of corporate finance.
Capital budgeting or capital expenditure analysis the framework for analyzing investment or asset decisions
 
Financial management the process of managing the firm's investment decisions
 
Corporate financing the sources of money for a company, including using debt or equity, retaining earnings or issuing equity, going public, using bank debt or bonds, and using the short-term money market or borrowing from a bank
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5.1 Opportunity Cost
 
Time value of money is the idea that money invested today has more value than the same amount invested later. Money represents our ability to buy goods and services, that is, it operates as a medium of exchange and has no value in and of itself. An investor could simply store the dollar bills and spend them in the future; a dollar is always worth at least a dollar in the future. However, this option ignores the fact that the saver has other uses for that dollar, which in economics is called an "opportunity cost" or an "alternative use". This results in a time value of money.
The opportunity cost of money is the interest rate that would be earned by investing it. For this reason, we also call the interest rate the price of money. It helps us to analyze the problem of determining the value of money received at different times. For example, a person has three choices: receiving $20,000 today, $31,000 in five years, or $3,000 per year indefinitely. This choice could, for example, be for the payoff from a lottery. Making a choice among these different options requires knowing how to value the dollars received at different times. 
 
To make a decision, the person needs to know what the interest rate is. We will use k as a standard notation for the market interest rate. We will also refer to this market interest rate by several other names, such as the required rate of return or discount rate. 
Required rate of return or discount rate the market interest rate (k) or the investor's opportunity cost
 
5.2 Simple Interest
 
Simple interest is interest paid or received on only the initial investment (the principal). 
 
Example 5-1: Simple interest 1
Suppose someone invests $1,000 today for a five-year term and receives 10 percent annual simple interest on the investment. How much would the investor have after five years?
 
Solution
Annual interest = $1,000 x 0.10 = $100 per year.
 
	Year
	Beginning Amount
	Ending Amount

	1
	$1,000
	$1,100

	2
	$1,000
	$1,200

	3
	$1,000
	$1,300

	4
	$1,000
	$1,400

	5
	$1,000
	$1,500


 
The interest earned is $100 every year, regardless of ending amount, because interest is earned on only the original investment (principal). Interest is not earned on the accrued (or earned) interest.
Because the same amount of interest is earned each year, $100 in the example, we can use the following equation to find the value of the investment at any point in time:
Value (time n) = P + (n x P x k)
Where P = principal and n = number of periods. 
 
Notice that P x k = interest, so in applying this equation to Example 5-1 means P = 1,000, n = 5, and k = 0.10. the value in year 5 = 1,000 + (5 x 100) = $1,500. 
 
Example 5-2: Simple interest 2
We'll repeat the example but assume that the investment is for 50 years.
 
Solution
Annual interest is still = $1,000 x 0.10 = $100 per year.
 
Value in year 50 = 1,000 + (50 x 100) = 1,000 + 5,000 = $6,000  
 
The basic point of simple interest is that to get the future value of an investment, we calculate the annual interest, in this case $100, multiply by the number of years of the investment, and add it to the starting principal. 
Simple interest interest paid or received on only the initial investment (the principal)
 
 
5.3 Compound Interest
 
Compounding (Computing Future Values)
 
Compound interest is interest that is earned on the principal amount invested and on any accrued interest. Compound interest can result in dramatic growth in the value of an investment over time. This growth is directly related to the length of the period, as well as to the level of return earned.
 
Example 5-3: Compound Interest 1
Suppose someone invests $1,000 today for a five-year term and receives 10 percent annual compound interest. How much would the investor have after five years?
 
Solution
Annual interest is earned on the original $1,000 (principal) plus on accrued interest.
	Year
	Beginning Amount
	Interest
	Ending Amount

	1
	$1,000
	1,000 x 0.10 = 100 
	$1,100

	2
	1,100
	1,100 x 0.10 = 110 
	1,210

	3
	1,210
	1,210 x 0.10 = 121 
	1,331

	4
	1,331
	1,331 x 0.10 = 133.1 
	1,464.10

	5
	1,464.10
	1,464.10 x 0.10 = 146.41 
	1,610.51


 
Unlike for an investment earning simple interest, the amount of compound interest earned increases every year; the interest rate is applied to the principal plus interest earned, so the value of the investment increases. 
 
Let's look at the first two years of interest by using a little algebra. For the first year, everything is the same as with simple interest, that is, the ending amount is the starting principal plus the interest
 
$1,000 + ($1,000 x 0.10) = $1,100 = $1,000 x (1 + 0.10) or PV0 (1 + k)
Where PV0 = the present value today (at time 0). 
 
For year 2, the full $1,100 is reinvested, that is, we explicitly do not take the $100 of interest out and spend it. 
$1,100+ ($1,100 x 0.10) = $1,210 = $1,100 x (1 + 0.10) or PV0 (1 + k)2
 
In this case, $1,100 is invested at the beginning of year 2 and earns the 10 percent interest. The interest earned increases to $110.
So we get that the starting principal times one plus the interest rate squared. As we increase the period we get the general formula
FVn = PV0 (1 + k)n
Where FVn = the future value at time n
 
This equation is called the basic compounding equation, and the last term (1 + k)n is the compound value interest factor (CVIF).
 
Applying this equation to Example 5-3, we get FV5 = 1,000 (1 + 0.10)5 = 1,000 (1.61051) = $1,610.51. This is $110.51 more than for the investment earning simple interest.
 
Example 5-4: Compound Interest 2
Repeat example 5-3, but assume the investment is for 50 years.
 
Solution
Applying the equation FVn to this example, we get
FV50 = 1,000 (1 + 0.10)50 = 1,000 (117.39085) = $117,390.85 
 
Investing $1,000 for 50 years at an annual interest rate of 10 percent produces $117,390.85. Notice the huge difference between this amount and the future value of $6,000 for the same $1,000 invested for 50 years earning simple interest.
 
Finance professionals struggle to increase the returns on their investments even by very small amounts. This is why it is normal to look at returns down to 1 / 100 of 1 percent, which is called a basis point. Earning just a few basis points more on one investment causes the future value of a portfolio to compound that much faster.
 
 
Discounting (Computing Present Values)
 
The problem with comparing future values is that there are too many of them. To solve this, we can chose an arbitrary common period to make the comparisons, which solves this problem. The obvious choice is to compare the values at the current time, so instead of calculating future values, we determine present values. This process is also called discounting.
 
Example 5-5: Discounting
An investor estimates that she needs $1 million to live comfortably when she retires in 40 years. How much does she have to invest today, assuming a 10 percent interest rate on investment?
 
To solve this example, first start with what is already known: the future value formula. FVn = PV0 (1 + k)n , where CVIF = (1 + k)n is the compound value interest factor. With a starting present value, we multiply the CVIF to get the future value. Then we can divide the future value by the CVIF to get the present value, or rearranging the equation to solve for PV
PV0 = FVn ÷ (1 + k)n = FVn x (1 ÷ (1 + k)n) = FVn x (1 + k)-n
 
This is the basic discounting equation, and the last term, 1 / (1 + k)n is called the discount factor or present value interest factor (PVIF). 
 
Solution
So let's return to our example, with FV = 1,000,000; k = 0.10; and n = 40, we get
PV = 1,000,000 x (1.10)-40 = 1,000,000 x (45.259256)-1 = 1,000,000 x 0.02209493 = $22,094.93
 
An investment of $22,094.93 today, earning 10 percent return per year, has a future value of $1 million dollar in 40 years. With a 10 present market interest rate, $22,094.93 today and $1 million in 40 years' time are worth the same, so the two figures are economically equivalent.
 
Now you know why we call this process discounting. If people don't want to pay full price for something, they ask for a discount, that is, they ask for something off the price. In the same way $1 million in 40 years is not worth $1 million today, so you discount, or take something off, to get it to its true value. Discounting future values to find their present value is the same process, except that when we know the market interest rate, we can use the formula for present value to calculate to exact true value.
 
Notice the following important points from Example 5-5 and the formula.
· Discount factors (the PVIF) are always less than one (as long as k > 0). This means that future dollars are worth less than same dollars today.
· Discounts factors are the reciprocals of their corresponding compound factors and vice versa (PVIF = CVIF-1)
 
 
Determining Rates of Return or Holding Periods
 
So we have the equation FVn = PV0 (1 + k)n to solve for future values (FV) and present value (PV), but notice that we can solve for two other values: the interest rate (k) and the period (n). If both present and future values are known, we know either the interest rate or the period, we can solve for the last unknown.
 
Example 5-6: Finding the Rate of Return
Suppose we modify the lottery example used earlier, and it is now a $20,000 investment that has a payoff of $31,000 in five year. We have the present and future values and the period, we can solve for the interest rate. This is a very important interest rate, called the internal rate of return (IRR), because it is the rate of return that is internal to the values in the problem. Many problems in finance are IRR problems for which we need to compare rates of return earned on different investments.
 
Solution
FV = 31,000; PV = 20,000; n = 5
20,000 = 31,000 / (1 + k)5
31,000 / 20,000 = 1.55 = (1 + k)5
 
We can get the answer by taking the 5th root of 1.55. 5√1.55 = 1.09160707. This means that k = 9.161 percent.
 
Example 5-7: Solving for Time or "Holding" Periods
In this example, we use the same data as before but change the problem to ask how long we have to invest $20,000 at 10 percent to get $31,000.
 
Solution
This is a typical mortgage down-payment problem. With our data, we now have to solve for n
31,000 / 20,000 = 1.55 = (1.1)n
n = Ln(FV/PV) / Ln(1+k) = Ln(1.55) / Ln(1.1) = 4.598196455309472 
 
So it would take approximately 4.6 years. 
Compound interest interest that is earned on the principal amount invested and on any accrued interest
 
Reinvest to keep interest earned on an investment fully invested
 
Compound value interest factor (CVIF) a number that represents the future value of an investment at a given rate of interest for a stated number of periods: (1 + k)n
 
Basis point 1/100 of 1 percent (1% change  = 100 basis points)
 
Discounting finding the present value of a future value by accounting for the time value of money
 
Present value interest factor (PVIF) a formula that determines the present value of $1 to be received at some future time in the future "n", based on a given interest "k"
 
5.4 Annuities and Perpetuities
 
The importance of Investing Early
 
The example below illustrates the power of compound interest as time passes. Consider twins who follow the two different investing approaches described below. Assume each earns a 12 percent annual return.
· Twin 1: at age 21, she begins investing $2,000 per year (at year end) for six years and then she makes no further contributions (total amount invested, $12,000). Note that she invests the same amount each year so this is an example of an annuity. At the age of 65, she will have accumulated $1.2 million for retirement.
· Twin 2: at age 21, she postpones investing for six years until she reaches age 28 then she invests $2,000 per year for 38 years (total invested, $76,000). At the age of 65 she will have also accumulated $1.2 million for retirement.
They have the same ending amounts, but twin 1 invested only $12,000 in total, while twin 2 invested $76,000. This shows how the compounding effect is magnified as the time horizon increases.
 
Ordinary Annuities
 
An annuity is a series of payments or receipts, which we will simply call cash flows, over some period that are for the same amount and paid over the same interval, that is, for example, they are paid annually, monthly, or weekly. Annuities are common in finance: the on you may be familiar with is a loan mortgage payment. This involves an identical payment made at regular intervals for a loan based on a single interest rate.
 
Ordinary annuities involve end-of-period payments. We have the same values as in our earlier discussion: FV, PV, n, and k. However, now we have another term, PMT, for the regular annuity payment or receipt. The example below demonstrates how to determine the FV and PV of an ordinary annuity.
 
Example 5-8: FV and PV of an Ordinary Annuity
Suppose someone plans to invest $1,000 at the end of each year for the next five years and expects to earn 13 percent per year.
a. How much will the investor have after five years?
b. How much would the investor need to deposit today to have the same result?
 
Solution
a. We can first depict the series of payments on a timeline diagram, which shows when the cash flows occur:
 
 
 
 
 
We can see that by the end of year five, the first deposit of $1,000 will earn a return of four years, because there are four years from end of year 1 to the end of the problem in year 5. In contrast, the second payment will earn a return of only three years, the third for only two, the fourth for one year, and the final payment will not earn a return at all. 
 
FV5 = 1,000 (1.13)4 + 1,000 (1.13)3 + 1,000 (1.13)2 + 1,000 (1.13)1 + 1,000 = $6,480.27
 
The investor would have $6,480.27 after five years.
 
This is a long and tedious calculations, especially if it was used for a 25-year monthly mortgage so there is a quicker way of calculating this. If we look closely at our solution, we can see that we are multiplying $1,000 by the sum of five compound value interest factors (CVIF), based on a 13 percent return (the CVIF for k = 13 percent, with n = 4, 3, 2, 1, and 0, respectively). The ordinary annuity equation below adds these CVIFs:
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Where PMT is the end-of-period annuity payment. This formula is usually called the compound value annuity formula or CVAF to distinguish it from the single-sum CVIF. 
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b.     To find the present value, we can again view this as a five-part problem for which we have to find the present value of each of the five annual payments:
 
PV0 = 1000(1.13)-5 + 1000(1.13)-4 + 1000(1.13)-3 + 1000(1.13)-2 + 1000(1.13)-1 = $3,517.24
 
Again we can simplify this by using the present value annuity formula or PVAF
 
[image: image3.png]



 
[image: image4.png]PV = $1,000 1,000 (351723) = $3517.23




 
 
Annuity Due
 
Sometimes annuities are structured so that the cash flows are paid at the beginning of a period, rather than at the end. For example, leasing arrangements are usually set up like this, with the lessee making an immediate payment on taking possession of the equipment, such as a car. Such an annuity is called an annuity due. 
 
Example 5-9: FV and PV of an Annuity Due
We will repeat Example 5-8, except we assume that the payments are made at the beginning rather than the end of each year.
a. How much will the investor have after five years?
b. How much would the investor have to deposit today to have the same result?
 
Solution
a.     Begin by depicting the data on a timeline
 
 
 
 
 
 
Notice that each cash flow appears one period earlier than in the previous example and this receives an extra period of interest at the rate of 13 percent. 
 
FV5 = 1,000 (1.13)5 + 1,000 (1.13)4 + 1,000 (1.13)3 + 1,000 (1.13)2 + 1,000 (1.13)1 = $7,322.71
 
Notice that because we get one extra period of compounding at 13 percent, the net result is that we multiply our answer from Example 5-8a by 1.13. In other words, the FV (annuity due) = FV (ordinary annuity) (1 + k).
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This is CVAF (1 + k), so in practice we don't use a separate formula.
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Note that the value of the annuity due of $7,322.21 is 1.13 times bigger than the value of the ordinary annuity that was calculated earlier of $6,480.27
 
b.     As before, to solve for the present value, we could view this as a five-part problem or go straight to the new formula
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Perpetuities
 
Perpetuities are special annuities in that they go on forever, so n goes to infinity in the annuity equation.
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Perpetuities are easy to value because all we do is divide the cash payment or receipt by the interest rate.
 
Example 5-10: Annuities and Perpetuities
a. An annuity pays $3,000 per year at year end and earns an annual return of 12 percent per year for 30 years. What is the present value?
b. What is the PV of a $3,000 per year annuity that goes on forever, that is, in perpetuity, if k = 12 percent?
 
Solution
a. [image: image10.png]= 3,000 (8.05518) = $24,165.55




b. [image: image11.png]$3,000
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Notice the small difference in the present value of these cash streams. This tells you that the PV of the cash flows of $3,000 per year from years 31 to infinity is only $834.45, that is $25,000 - $24,165.55. This is a very important result and is behind many financial innovations. It means that cash flows far in the future are of very little value because of the discounting involved in the time value of money.
 
 
Closing Remarks on Annuities and Perpetuities
 
We conclude this section by deriving the solution to the investing-early scenario described at the start of this section.
 
Example 5-11: Investing Early
Solve for twin 1
 
Solution
This must be solved as a two part problem, which can then be solved in several ways. We first estimate the future values of the six $2,000 payments at the end of the six years.
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Then we estimate the future value of the accumulated savings after 38 years (from age 27 to age 65):
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Solve for twin 2
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Annuity regular payments on an investment that are for the same amount and are paid at the same interval
 
Cash flows the actual cash generated from an investment
 
Ordinary annuities equal payments that are made at the end of the year
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Lessee a person who leases an item
 
Annuity due an annuity (such as a lease) for which the payments are made at the beginning of each period
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1,000               1,000                 1,000                1,000                1,000
 
Perpetuities special annuities that provide payments forever
 
5.5 Nominal Versus Effective Rates
 
Determining Effective Annual Rates
 
The effective rate for a period is the rate at which a dollar invested grows over that period. It is usually stated in percentage terms based on an annual period. To determine effective rates, we first recognize that the annual rates quoted by financial institutions will equal the annual effective rate only when compounding is done on an annual basis. 
 
Example 5-12: Effective versus Quoted Rates
a. Suppose someone invests $1,000 today for one year at a quoted annual rate of 16 percent compounded annually. What is the FV at the end of the year?
b. What if someone invests $1,000 at a quoted rate of 16 percent compounded quarterly?
 
Solution
a.  FV = 1,000 (1.16)1 = $1,160
 
This means that each $1 grows to $1.16 by the end of the period, so we can say that the "effective" annual interest rate is 16 percent.
 
a.  When the rate is "quoted" at 16 percent, and compounding is done quarterly, the appropriate adjustment (by convention) is to changer 16 percent / 4 = 4 percent per quarter, so we have
 
FV = 1,000 (1.04)4 = $1,170
 
Notice that even though the quoted rate is 16 percent, each dollar invested grows to $1.17, that is by 17 percent by the end of the period. In this case, we say that the "effective" annual interest rate is 17 percent.
 
We can use the following equation to determine the effective annual rate for any given compounding interval:
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Where k = effective annual rate, QR = quoted rate, and m = the number of compounding intervals per year.
 
Applying this equation to the previous example, we see the following
 
Solution
a. For m=1, QR = 0,16, we get
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So the quoted and effective rates are the same
 
a. For m = 4, QR = 0.16, we get
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The effective rate is higher than the quoted rate. This is why it is important to examine the compounding frequency of investments and loans; looking at the rate alone is often no enough.
 
When compounding is conducted on a continuous basis, we use the following equation to determine the effective annual rate for a given rate:
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Where e is the unique Euler number (approximately 2.718).
 
Example 5-13: Effective Annual Rates for Various Compounding Intervals
What are the effective annual rates for the following quoted rates?
 
	a.
	12 percent, compounded annually 
	m = 1
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	b.
	12 percent, compounded semi-annually
	m = 2
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	c.
	12 percent, compounded quarterly
	m = 4
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	d.
	12 percent, compounded monthly
	m = 12
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	e.
	12 percent, compounded daily
	m = 365
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	f.
	12 percent, compounded continuously
	Continuous compounding
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This example shows that as the compounding frequency increase, the quoted rate of 12 percent increases to a maximum effective rate of 12.75 percent, achieved with instantaneous or continuous compounding. 
 
 
Effective Rates for "Any" Period
 
Suppose we need to know the effective monthly rate associated with the annual effective rate of 12.36 percent from Example 5-13b, perhaps to make monthly payments on a loan. It is not appropriate to divide 12.36 percent by 12, because it is an effective rate, not a quoted rate. Remember, we are looking for the effective monthly rate (how much $1 would grow by over a given month), based on an annual effective rate of 12.36 percent. In this case, we know that after 12 compounding intervals at a monthly effective rate of kmonthly, each $1 would have grown to $1.1236. In other words, we have
(1 + kmonthly)12 = 1.1236 
(1 + kmonthly) = (1.1236)1/12
So, kmonthly = (1.1236)1/12 - 1 = -1 0.0097588 or 0.97588%
 
We can verify this by compounding $1 at a rate of 0.97588 percent per month for 12 months as follows: (1.0097588)12 = 1.1236. In other words, investing $1 at 0.97588 percent per month produces the same amount at the end of one year (1.1236) as does investing $1 for one year with semi-annual compounding at 6 percent per six-month period.
 
This is the equation to determine the effective rate for any period, given any quoted rates:
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Where f = frequency of payments per year (f=1 when we are looking for an annual effective rate, f = 12 when looking for a monthly effective rate, etc.).
 
 
5.6 Loan or Mortgage Arrangements
 
One common and important application of annuity concepts is with respect to loan or mortgage arrangements. Typically, these arrangements involve "blended" payments for equal amounts that include both an interest and a principal repayment component. The loan payments are designed to amortize the loan,. Which means that at the end of the loan term, the balance due (or principal outstanding) will be equal zero - in other words, the loan and all associated interest obligations will have been paid off in their entirety. 
 
Because these loans involve equal payments at regular intervals, based on one fixed interest rate specified when the loan is taken out, the repayments can be viewed as annuities. Therefore, we can determine the amount of the payment, the effective period interest rate, and so on, by using the formula for determining the PV of ordinary annuities and recognize the PV equals the amount of the loan.
 
An amortization schedule divides the blended payments into the interest portion and the principal repayment portion. This is of importance to businesses, where the interest portion is a deductible expense for tax purposes. The interest portion is determined by applying the effective period interest rate to the principal outstanding at the beginning of each period. The remaining portion of the repayment is then used to reduce the amount of principal outstanding. 
 
Example 5-14: Loan Payments and Amortization Schedule
Determine the required year-end payments for a three-year $5,000 loan with a 10 percent annual interest rate. Complete the amortization schedule.
 
Solution
First, determine the required payments by solving the formula for determining PV of ordinary annuities for PMT:
[image: image40.png]



[image: image41.png]5000 _ 5000

548685 = $201057
[ 111053]





 
Second, determine the loan amortization schedule:
 
	Period
	(1) Beg. Princ. 
Oustanding
	(2) PMT
	(3) Interest
	(4) Principal 
Repayment
	End Princ.
Outstanding 

	 
	 
	 
	[(1)*k]
	[(2) - (3)]
	[(1) - (4)]

	1
	5,000.00
	2,010.57
	500.00
	1,510.57
	3,489.43

	2
	3,489.43
	2,010.57
	348.94
	1,661.63
	1827.79

	3
	1,827.80
	2,010.57
	182.75
	1,827.79
	0.00


 
Example 5-15: Determining the Principal Outstanding
Determine the principal outstanding on the loan in Example 5-14 after one year, without making reference to the amortization schedule.
 
Solution
This problem can be solved by recognizing that the principal outstanding at any time on a loan equals the PV of all future payments at that time. For this example, we find the PV for the given payments and interest rate when n = 2 (for the number of payments remaining on the loan after one year):
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Mortgages
 
Mortgages represent an example of a loan that requires that payments be made more frequently than annually. In fact, mortgage payments must be made at least monthly, but many offer the opportunity to make biweekly or weekly payments. In Canada, mortgages are further complicated by the fact that compounding is done on a semi-annual basis, similar to bonds. When we deal with mortgages in Canada, m = 2 in the formula to determine the effective rate for any period, given any quoted rate:  
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While f > 2 (in fact, f must be greater than or equal to 12, since payments must be made at least monthly).
 
There is one other thing to be familiar with: the distinction between the "term" and the "amortization period" associated with long-term loans, such as mortgages. In particular, the term of a loan refers to the period for which investors can "lock in" at a fixed rate. This is usually shorter than the period over which the loan is to be repaid, or amortized, which is called the amortization period. The payments are based on the amortization period. For example, a loan with a 25-year amortization period may be structured so that the investor locks in a fixed rate of 6 percent for five years (which is the term of the loan). The payments for this loan would be determined based on the 6 percent quoted rate, assuming equal payments for 25 years even though after five years the payments will change if the interest rate on the mortgage changes. 
 
Example 5-16: Determining Mortgage Payments and Amortization Schedule
Determine the monthly payments and the amortization schedule for the first three months of a $200,000 loan with an amortization period of 25 years, based on a quoted rate of 6 percent and a 10-year term.
 
Solution
First, determine the effective period rate.
Because it is a Canadian, mortgage, we know that m = 2. Since the payments are made monthly, we need to find the effective monthly rate so f = 12.
[image: image44.png]0.06

2
.l
Komonenty (“T) —1=04938622%




 
Second, determine the required monthly payments. There are 300 payments in total, since n = 25 years x 12 months = 300 and PV = 200,000.
[image: image45.png]__ 200,000
T 1592972258

=$1,279.61





 
Third, construct an amortization schedule:
 
	Period
	(1) Beg. Princ. 
Oustanding
	(2) PMT
	(3) Interest
	(4) Principal 
Repayment
	End Princ.
Outstanding 

	 
	 
	 
	[(1)*k]
	[(2) - (3)]
	[(1) - (4)]

	1
	200,000.00
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	987.72
	291.89
	199,708.11

	2
	199,708.11
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	986.28
	293.33
	199,414.79

	3
	199,414.79
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	984.83
	294.78
	199,120.01


 
Notice that most of the early payments are for the interest. This is true for long-term loans, because by definition the repayment of the loan is being done over a longer period, As time passes, the interest cost of the fixed payments continues to decrease and the payment of the principal caressingly increases. The reason for this is simply that the interest rate is the cost of borrowing money and this cost has to be subtracted first from the monthly payment.
 
Example 5-17: Determining the Principal Outstanding on a Mortgage
Determine the principal outstanding on the mortgage in Example 5-16 at the end of the 10-year term.
 
Solution
This is easily solved by recognizing that the principal outstanding is the PV of all future payments after 10 years. We find the PV for the payments when n = 15 years x 12 months  = 180 months, that is, for the balance of the payments after 10 years:
[image: image49.png]1 1
1L ] PN S—
=+ k)"] [ (1004938622) _
PV = PMT — $1,279.61 | —go s ($1,279.61)(119.0642325) = §152,355.78




 
Notice that slightly less than 25 percent of the loan has been repaid after 10 years, even though 40 percent of the amortization period (10 out of 25 years) has elapsed. This is consistent with our earlier observation with respect to the high proportion of each of the early payments going towards interest versus principal reduction. However, remember that this $152,355.78 is the amount owed after ten years; the present value of this would be a lot less.
 
 
 
5.7 Comprehensive Examples
 
Example 5-18: Multiple Annuities
a. What is the PV of $1,000 received at year end for the next four years, followed by $2,000 per year end for years 5 to 7, assuming a 10 percent rate of interest compounded annually?
 
We can view this problem as a four-year ordinary annuity (A1) that pays $1,000 per year, followed by a three-year ordinary annuity (A2) that pays $2,000 per year, we can determine the PV as follows:
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Notice that for PV(A2), we first determine the PV of the three-year annuity starting at time t = 4, (4,973.70) then we discount this amount back to today.
 
So the PV(Total) = PV(A1) + PV(A2) = 3,169.87 + 3,397.10 = $6,566.97 
 
a. Suppose an investor needed $15,000 at the end of seven years and can only invest $1,000 per year for years 1 to 4 (as above). How much would the investor need to deposit in each year 5 to 7 to achieve this objective, assuming a 10 percent interest rate as above?
 
First, determine the FV of A1 at time t = 4:
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Second, determine the FV for A1 at time t = 7:
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Third, determine the required FV of A2 at time t = 7:
Required FV7(A1) = Required amount - FV7(A1) = 15,000 - 6,177.17 = $8,822.83 
 
Fourth, determine the required payments for A2:
[image: image54.png]882283 _ 882283

pur 331

=$2,665.51





 
Example 5-19: Retirement Problem
An investor plans to retire 35 years from today and have sufficient savings to guarantee $48,000 each year for 20 years. Assume retirement withdrawals will be made at the beginning of each of the 20 years. The investor estimates that at the time of retirement, he can sell his business for $200,000. The expectation is that interest rates will be relatively stable at 8 percent a year for the next 35 years. Thereafter, the interest rate is expected to decline to 6 percent forever. The investor wants to make equal annual deposits at the end of each of the next 35 years. How much should be deposited each year in order to meet the stated objective?
 
Solution
A timeline helps visualize the problem:
 
 
 
 
 
 
 
 
 
 
k = 8 percent years 1 to 35            k = 6 percent for years 35 to 55
 
First determine how much is needed after 35 years. At this time the investor wants a 20-year annuity due of $48,000, because he is drawing down funds immediately on retirement, at a 6 percent interest rate. In other words, find the PV of a 20-year annuity due, when k = 6 percent:
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Second, subtract the $200,000 expected from the sale of the business, leaving the amount needed to raise through investments:
Need FV35 = 583,589.59 - 200,000 = $383,589.59 
 
Third, determine the required year-end payments over the next 35 years:
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Effective rate the rate at which a dollar invested grows over a given period; usually stated in percentage terms based on an annual period
 
Mortgage a loan, usually secured by real property, that involves "blended" equal payments (both an interest and a principal repayment) over a specified payment period
 
Amortize to retire a loan over a given period by making regular payments
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Chapter 6 - Bond Valuation and Interest Rates
October 18, 2013
2:25 PM
Bills or paper short-term bonds with a maturity of less than one year
 
Notes bonds with maturities between one and seven years
 
Bonds long-term debt instruments that promise fixed payments and have maturities of longer than seven years
The bond market is an important part of the capital market and a major source of financing for companies, as well as for governments and financial institutions. Bonds are generically known as long-term debt instruments that promise fixed payments to their owners. However, specific terms are used depending on the maturity of the bond. Short-term bonds with a maturity of less than one year are called bills or paper, those with maturities between one and seven years are called notes, and those with terms of longer than seven years are called bonds. 
 
6.1 Basic Structure of Bonds
 
The key feature of bond is that the issuer agrees to pay the bondholder (investor) a regular series of cash payments and to repay the full principal amount by the maturity date. These promises are stipulated in the bond contract and are a fixed contractual commitment. Although many payment structures are possible, the traditional "coupon paying" bond provides for identical payments at regular intervals (usually semi-annually or annually), with the full principal to be repaid at the stated maturity date. When the principal payment is made in one lump sum at maturity, it is called a bullet payment or balloon payment.
 
Bonds are often referred to as fixed income securities because the interest payments and the principal repayments are specified or fixed at the time the bond is issued. In other words, the bond purchaser knows the amount and timing of the future cash payments to be received, barring default by the issuer. However, if the buyer decides to sell the bond before maturity, the price received will depend on the level of interest rates at the time. 
 
To understand how bonds are valued, we can use timelines, as in chapter 5. Two things are obvious on a timeline. First, the structure of the payments differs from that of the loan or mortgage discussed in chapter 5, because those involved "blended" payments that include both interest and principal components. In contrast, a typical bond has interest payments throughout its life and a balloon principal payment at maturity. Second, a bond can be viewed as two separate components: an annuity consisting of identical and regular interest payments, plus a lump-sum principal payment at maturity. 
 
 
 
 
 
 
 
 
I = interest payments, and F = principal repayment (face value)
 
 
Basic Bond Terminology
 
To make sure that the bond issuers are making the payments on time, all relevant details for a particular bond is included in a bond indenture that is held and administered by a trust company. This is a legal document that specifies the payment requirements, all other salient matters relating to the issue (such as any assets that might serve as security or collateral for the bond), any protective provisions, and other additional features. The trust company then makes sure that these covenant provisions are observed by the issuer.
 
All bond indentures include the basic features attached to the cash payments. The par value (or face value or maturity value) represents the amount that is paid at maturity for traditional bonds. The par value of most bonds is $1,000, although if the price of a bond is quoted at 99.583, a $1,000 par value bond would be selling for $995.83. The time remaining to the maturity date is referred to as the term to maturity of the bond. The regular interest payments (or coupons) are determined by multiplying the coupon rate (which is stated on an annual basis) by the par value of the bond. For example, a bond with a coupon rate of 6 percent and a par value of $1,000 would pay coupons of $60 if they are paid annually, or $30 every six months if they are paid semi-annually.
 
 
Security and Protective Provisions
 
Technically, bonds are debt instruments that are secured by real assets; they are often called mortgage bonds. However, not all bonds are secured by real property. For example, debentures are similar to bonds by are generally unsecured, or are secured by a floating charge over the company's unencumbered assets, that is, those assets that have not been pledged as security for other debt obligations. Government bonds are debentures because no specific security is pledged as collateral; however, they are referred to as bonds as a matter of convention.
 
Collateral trust bonds are secured by a pledge of other financial assets, such as common shares, bonds, or treasury bills. Equipment trust certificates are secured by equipment, such as rolling stock of a railway. The assets pledged as security are owned by the investors through a lease agreement with the railway until the loan has been retired. The certificates have serial numbers that dictate their maturity date, with a certain amount maturing every year.
 
Protective covenants are clauses in the trust indenture that restrict actions of the issuers. Negative covenants prohibit certain actions; for example, a company may be restricted form making a dividend payment larger than a certain amount or prevented from pledging its assets to another lender. Positive covenants specify actions that the firm agrees to undertake, for example, to provide quarterly financial statements or maintain certain working capital levels.
 
 
Additional Bond Features
 
Callable bonds give the issuer the option to "call" or repurchase outstanding bonds at predetermined call prices (generally at a premium over par) at specified times. These types of bonds create an additional risk for the bondholder. Conversely, retractable bonds allow the bondholder to sell the bonds back to the issuer at predetermined prices at specified times earlier than the maturity date. In this way, the maturity of the bond is retracted or shortened. In contrast, extendible bonds allow the bondholder to extend the maturity date of the bond. Extendibles and retractables provide bondholders with the flexibility of changing the maturity of the bonds to their advantage. 
 
Sinking fund provisions require the issuer to set money aside each year so that funds are available at maturity to pay off the debt. Provisions are made in two ways. The first, the firm repurchases a certain amount of debt each year so that the amount of debt goes down. In the second, the firm pays money into the sinking fund to buy other bonds, usually government bonds, so that money is available at maturity to pay off the debt, although the amount due at maturity is unchanged. Sinking fund provisions benefit the issuer, because they avoid paying the entire face value of the issue at the maturity date. 
 
Purchase fund provisions are similar to sinking fund provisions, but they require the repurchase of a certain amount of debt only if it can be repurchased at or below the given price. These provisions are generally advantageous to debt holders, since they provide some liquidity and downward price support for the market price of debt instruments.
 
Convertible bonds can be converted into common shares at predetermined conversion prices. Convertible bonds may be offered to make debt issues more attractive to investors. 
 
 
6.2 Bond Valuation
 
The price of a bond equals the present value of the future payments on the bond, which is the present value of the interest payments and the par value repaid at maturity. 
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Where B = bond price
I = interest (or coupon) payments
kb = the bond discount rate (or market rate)
n =  the term to maturity
F = the face (par) value of the bond
 
Example 6-1: Bond Valuation with Annual Coupons 1
Find the price of a $1,000 par value bond that matures in 10 years, if it pays interest annually, based on a 6 percent coupon rate, and if the market rate of interest is 7 percent.
 
Solution
F = $1,000; I = coupon rate x F = 0.06 x $1,000 = $60; n = 10; kb = 0.07
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The bond trades at a discount from its par value. This is because the coupon rate is less than the market interest (discount) rate, which means that investors require a return greater than 6 percent on equivalent bonds under current market conditions. Because future payments are fixed, the only way to get a return higher than the coupon rate on this bond is to pay less than the par value of it. If an investor bought the band at its par value of $1,000 and held it to maturity, he or she would earn return equal to the coupon rate of 6 percent. In other words, the person would invest $1,000, get a 6 percent return on that investment per year, that is, $60 in interest each year, and then receive $1,000 back at maturity. Thus when market rates = coupon rate, bonds trade at par. Similarly, if market interest rates are below the coupon rate of 6 percent, the bond will trade at a premium to par.
 
Example 6-2: Bond Valuation with Annual Coupons 2
Find the price  of a $1,000 par value coupon that matures in 10 years, if it pays interest annually, based on a 6 percent coupon rate, and if the market rate of interest is 5 percent. 
 
Solution
F = $1,000; I = coupon rate x F = 0.06 x $1,000 = $60; n = 10; kb = 0.05
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So the bond trades at a premium over par, because the coupon rate of 6 percent is greater than the market rate of 5 percent. 
 
Example 6-3: Bond Valuation with Semi-Annual Coupons
Determine the price of a 15-year semi-annual bond that has a par value of $1,000 and a coupon rate of 5 percent, when the appropriate market rate is 6 percent. 
 
Solution
Semi-annual market rate: k = 6% / 2 = 3%
Term to maturity (in semi-annual periods): n = 15 years x 2 = 30
Semi-annual coupons: I = coupon rate/2 x F = 0.05/2 x $1,000 = $25
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Factors Affecting Bond Prices
 
Price ($)
 
 
 
 
 
 
 
                                    Market Yield (%)
 
If interest rates increases, the market prices of bonds decline
If interest rates decreases, the market prices of bonds increase
 
Convex shape
 
Given a change in interest rates, bond prices will increase more when rates decrease than they will decrease when rates increase. 
The longer the time to maturity, the more sensitive the bond price is to changes in market rates. Intuitively, this makes sense, because the longer the term to maturity, the longer the investor has "locked in" fixed payments based on the bond's coupon period. The longer an investor is locked in, the greater the disadvantage and the more the bond price will fall to adjust. Similarly, when rates fall below the coupon rate, the longer an investor is locked in, the greater the attractiveness of the higher coupon.
 
Example 6-4: Estimating Prices for Bonds with Different Terms to Maturity
Consider the semi-annual pay $1,000 par value 5 percent bond examined in Example 6-3, with market rates at 6 percent. Recalculate the price on this bond assuming that the term to maturity is not 15 years, but is 
 
a. 5 years
 
k = 3%; I = $25; F = 1,000; n = 5 years x 2 = 10
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a. 30 years
 
k = 3%; I = $25; F = 1,000; n = 30 years x 2 = 60
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Bond prices' sensitivity to interest rates is directly related to interest rate levels and to the term to maturity. It is also related to the level of the coupon rate associated with the bond. Bond prices will be more sensitive to interest rates for bonds with lower coupon rates than they will for higher-coupon-paying bonds.
 
Example 6-5: Estimating Prices for Bonds with Different Coupon Rates
Consider the semi-annual pay $1,000 par value 5 percent bond examined in Example 6-3 (call it Bond 1). Consider another 15-year bond that pays semi-annual coupons based on a 6 percent coupon rate (Bond 2). Calculate the price of each when the market rates are
Both bonds F = 1,000; n = 30
Bond 1: I = $25
Bond 2: I = $30
 
a. 5 percent
 
k = 5%/2 = 2.5%
Bond 1: B = $1,000 ( it trades at par, since market yield = coupon rate)
 
[image: image72.png]1w
Bond 2: B = 30 x |22
025

+1,000 % [30 x 20.93029] + [1,000 x 0.47674] = 627.91 + 476.74 = $1,104.65

=




 
a. 6 percent
 
k = 6%/2 = 3%
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Bond 2: B = $1,000 (it trades at par, since market yield = coupon rate)
 
 
So for a 1 percent change in the interest rates, we can see that Bond 1 (with the lower coupon rate) experienced a higher percent-change (decline) in price than Bond 2 (the higher coupon rate bond) did.
 
Percentage change in price of Bond 1 = (902-1,000) / 1,000 = -0.098 = -9.80%
 
Percentage change in price of Bond 2 = (1,000 - 1,104.65) / 1,104.65 = -0.0947 = -9.47%
 
The sensitivity of bond prices to changes in interest rates is generally referred to as interest rate risk. All else constant, longer-term bonds with lower coupon rates and with lower market yields will possess greater interest rate risk than will shorter-term, higher coupon bonds with higher market yields. An important measure of interest rate risk, duration, incorporates all these factors into a single measure. Note that:
1. The prices of bonds with higher durations are more sensitive to interest rate changes than are those with lower durations
2. All else being equal, durations will be higher when (1) market yields are lower, (2) bonds have longer maturities, and (3) bonds have lower coupons.
 
 
Cash Prices versus Quoted Prices
 
Quoted prices differ from the actual prices investors pay for bonds whenever bonds are sold at a date other than the date of a coupon payment. The reason is that interest will accrue to bondholders between such payment dates. For example, an investor who held a bond for 45 days since the last coupon was paid has "earned" 45 days of interest even though he or she will not receive those 45 days of interest if they sell it now because coupons are paid semi-annually - in fact, the bond purchaser will receive those 45 days of interest when he or she receives the next scheduled coupon payment. As a result, a bond purchaser must pay the bond seller the quoted price plus the accrued interest on the bond. This amount is referred to as the cash price of the bond.
 
Example 6-6: The Cash Price of a Bond
Consider the semi-annual pay bond in Example 6-3 that has a $1,000 maturity value and a 5 percent coupon rate and is sold on July 14 at a quoted price of $902. Assume this bond matures on June 30, which implies the semi-annual interest payments on this are made on June 30 and on December 31. Calculate the cash price of this bond.
 
Solution
The cash price for this bond would equal $902 plus 14 days of accrued interest at the coupon rate of 5 percent or 
 
Cash price = Quoted price + Accrued interest
Cash price = $902 + [$1,000 x 0.05 x (14 / 365)] = $902 + $1.92 = $903.92 
 
 
 
6.3 Bond Yields
 
Yield to Maturity
 
The discount rate to evaluate bonds is referred to as the yield to maturity (YTM). It is the yield that an investor would realize if he or she bought the bond at the current price, held it to maturity, received all the promised payments on their scheduled dates, and reinvested all the cash flows received at the YTM. Given the price of a band an all the details regarding the amount and timing of interest and principal repayments, we can always estimate the bond's YTM using the following equation (where we replace kb with YTM)-
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Example 6-7: Estimating the YTM on an Annual-Pay Bond
Estimate the YTM on a 10-year 5 percent bond that pays annual coupons and is selling for $980.
 
B = $980; F = $1,000; I = 0.05 x 1,000 = $50; n = 10
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We begin by estimating the YTM, trying the coupon even though we know the yield must be greater than 5 percent as the bond is selling at a discount. Substituting this rate into the equation above for YTM gives us a price of $1,000; therefore, the YTM must be above this rate because $1,000 is more than the price we want ($980). Substituting YTM = 6 percent into the equation gives us a corresponding price of $926.40, so 6 percent is too high of a discount rate. Therefore we know that the rate we are looking for is between 5 and 6 percent.
We can obtain a close approximation by using linear interpolation, which involves setting up two equivalent ratios, as follows:
	Rate
	Price

	5%
	1,000

	YTM
	980

	6%
	926.40


 
We find the YTM by forming one ratio of the rates and putting the corresponding prices in the same position in a ratio of prices, as follows:
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So YTM = 5.27%
 
Example 6-8: Estimating the YTM on a Semi-Annual-Pay Bond
Estimate the YTM on a 20-year 6 percent bond that pays semi-annual coupons and is selling for $1,030.
 
B = $1,030; F = $1,000; I = 0.06/2 x 1,000 = $30; n = 20 x 2 = 40;
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Using financial calculator we find that this will give 2.87 percent which is a semi-annual rate (YTMs), so we multiply by two to find the annual YTM: 2.87% x 2 = 5.74%
 
 
Current Yield
 
The current yield (CY) is defined as the ratio of the annual coupon interest divided by the current market price. As such, it is not a true measure of the return to a bondholder because it disregards the bond's purchase price relative to all the future cash flows and uses just the next year's interest payment. The current yield is also sometimes referred to as flat or cash yield. It can be calculated using
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Example 6-10: Current Yield
Determine the current yield for the bond used in Example 6-8, which was trading for $1,030.
 
B = 1,030; Annual interest = $30 x 2 = $60 (or simply $1,000 x 0.06)
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Notice that the current yield does not equal the coupon rate of 6 percent or the YTM of 5.74 percent. This will be the case, unless the bond is trading at its face value and all three rates would be equal. It is clear that whenever bonds trade at a premium, the CY will be less than the coupon rate by greater than the YTM, and whenever they trade at a discount, the CY will be greater than the coupon rate but less than the YTM, as shown here:
 
Price-Yield Relationships
	Bond Price
	Relationship

	par
	Coupon rate = CY = YTM

	discount
	Coupon rate < CY < YTM

	premium
	Coupon rate > CY > YTM


 
 
6.4 Interest Rate Determinants
 
Basic Interest Rates
 
Nominal interest rates, which are what we have been using so far, are the rates charged for lending today's dollars in return for getting dollars back in the future, without taking into account the purchasing power of those future dollars. One of the most important factors in determining these nominal interest rates is the expected rate of inflation because this determines the purchasing power of those future dollars.
 
The base interest which is also known as the risk-free rate (RF) is default free in that the investors know exactly how many dollars they will get back on their investment. It is common to use yield on short-term government treasury-bills (T-bills). Federal government T-bills yields are considered risk-free, because they possess no risk of default; the government essentially controls the Bank of Canada and can always have it buy any bonds that are issued with Bank of Canada banknotes. Further government T-bills possess very little interest rate risk because their term to maturity is very short. 
As a result, we have the following approximate relationship:
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This relationship is an approximation of the direct relationship between inflation and interest rates that is often referred to as the "Fisher relationship", after Irving Fisher. What Fisher effect says is that investors attempt to protect themselves from loss in purchasing power caused by inflation by increasing their required nominal yield. As a result, interest rates will be low when expected inflation is low and high when expected inflation is high.
 
Example 6-11: Estimating the Real Rate of Return
If T-bills rates are presently 4.5 percent and the expected level of inflation is 2.0 percent, estimate the real rate of return.
 
Real rate = 4.5 - 2.0 = 2.5%
 
 
Global Influences on Interest Rates
 
The interest rate parity (IRP) theory demonstrates how differences in interest rates across countries are offset by expected changes in exchange rates. If this were not the case, capital would flow from countries with low interest rates to those with high interest rates, increasing the supply of capital in the country with higher interest rates, which would ultimately drive down borrowing costs. Similarly, the capital outflows from countries with low rates would cause their rates to rise in order to have the supply funds equal to the demand for these funds.
 
Although interest rates are heavily influenced by inflation and other domestic macroeconomic variables, global factors, such as foreign exchange rates and inflation differentials, also play an important role in the level of interest rates at any given time.
 
The Term Structure of Interest Rates
 
The relationship between interest rates and the term to maturity on underlying debt instruments is referred to as the term structure of interest rates. A graphical representation of this relationship is often called a yield curve. The curve must be based on debt instruments that are from the same issuer, or else default risk, as well as other risk factors, will affect the difference in yields, in addition to maturity differentials. Therefore, the yield curve is almost always constructed by using federal government issues because they possess the same default risk, as well as similar issue characteristics. 
 
Several theories attempt to account for the various shapes and movements of the yield curve. We describe three of the most popular theories below:
 
1. The liquidity preference theory suggests that investors prefer short-term debt instruments (more liquid instruments) because they exhibit less interest rate risk, while debt issuers prefer to lock in borrowing rates for longer periods to avoid the risk of having to refinance at higher rates. 
2. The expectations theory argues that the yield curve reflects investor expectations about future interest rates.
3. The market segmentation theory suggest that distinct markets (or market segments) exist for interest rate securities of various maturities and that rates are determined within these independent market segments by the forces of supply and demand within that market.
 
Risk Premiums
 
In addition to differences in terms to maturity, the yield on bonds will differ from the risk-free rate because of additional risks or features associated with these instruments. In other words, investors expect extra compensation for assuming additional risks, and therefore they require higher returns. We can express this relationship using the following equation:
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The spread, which is a difference in yield, compensates the investors for the assumption of additional risks, which may include some or all of the following: (1) default or credit risk, (2) liquidity, and (3) issue-specific features.
 
The most obvious difference in yield arises because of the different levels of default risk associated with the bond issuer and its ability to pay.
 
Debt ratings are assigned by professional debt-rating services after detailed analyses of bond issuers to determine their ability to sustain the required interest and principal payments.
 
Liquidity premium are an additional yield offered on bonds that are less liquid.
 
Issue-specific premiums arise when bonds have features that cause them to be more or less attractive to investors, relative to straight (option-free) bonds
 
 
6.5 Other Types of Bonds/Debt Instruments
 
Treasury Bills
 
Treasury bills (T-bills) are short term government debt obligations that mature in one year or less. Partly because of this short term to maturity, they do not make regular interest payments but are sold at a discount from their par (or face) value, which is paid on the maturity date. So the interest earned is the difference between the purchase price and the face value.
Similar to bonds, T-bills can be priced by estimating the present value of the expected future payment (the par value that is to be repaid at maturity)
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Where kBEY = the bond equivalent yield
n = the term to maturity expressed as number of days
 
Example 6-12: Determining the Price of T-bills
Find the price of a 91-day T-bill with a face value of $10,000 that has a quoted yield of 4.20 percent.
 
[image: image84.png]10,000 10,000

91\ ~ 1010471233
(1+0.0420x55)

$9,896.37




 
Similar to bonds, T-bills prices are usually quoted on the basis of $100 of par value, so the price for T-bill in this example would be 98.9637.
 
Rearranging the equation, we can determine the yield on T-bills using
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Example 6-13: Estimating the Yield on a T-bill
Estimate the yield on a 182-day T-bill that is presently selling at a price of $98.20
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Zero Coupon Bonds
 
A zero coupon bond (or zero) is a bond that is issued at a discount, pays no coupons, and repays the par value at the maturity. They are easily to evaluate by using a similar equation to the one above.
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Remember that, by convention, we value these bonds by assuming semi-annual discounting periods and convert our quoted yield to a semi-annual yield; therefore, the number of periods should also be expressed in terms of semi-annual periods.
 
Example 6-14: Valuing Zero Coupon Bonds
Determine the price of a 15-year zero coupon bond with a face value of $1,000 and a market yield of 5 percent.
 
F = 1,000; n = 15 years x 2 = 30; kb = 0.05/2 = 0.025 
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Notice from the formula that if market rates fell, the price of the zero would increase and vice versa, just as is the case for a regular coupon-paying bond. In fact, the market prices of zeroes are even more sensitive to interest rate changes, because they make no coupon payments at all.
 
Finally, it is relatively straightforward to solve for the YTM on a zero, if we are given the price. In particular, we can rearrange the previous equation.
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Example 6-15: Estimating the YTM on a Zero Coupon Bond
Determine the YTM on a 10-year zero coupon bond with a face value of $1,000 that is presently selling for $560.
 
F = 1,000; n = 10 years x 2 = 20; PV = 560
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So the annual YTM = 2.94% x 2 = 5.88%
 
 
Floating Rate and Real Return Bonds
 
Floating rate bonds (floaters) have adjustable coupons that are usually tied to some variable short-term rate, such as T-bill rate, although many variation exist. They differ significantly from traditional fixed income bonds because the coupons increase as interest rates increase and vice versa. Therefore, floaters provide protection against rising interest rates and tend to trade near their par value. 
 
Government of Canada Real Return Bonds provide investors with protection against inflation by providing a real yield of about 4.25 percent. This is achieved by pegging the face value to the rate of inflation (as measured by the CPI) and having the coupon rate of 4.25 percent apply to the inflation adjusted face value. 
 
 
Canada Savings Bonds
 
Canada Savings Bonds (CSBs) differ significantly from those discussed above. CSBs have no secondary market because they cannot be traded; therefore, their prices do not change over time. They are registered in the name of the investor at the time of purchase and they can be cashed out by the owner, at their full par value plus eligible accrued interest, at any bank in Canada at any time. 
 
The rates of return on CSBs may vary through time. They are presently available in two forms: (1) regular interest, which pay out the annual interest amounts, and (2) compound interest, which reinvest the interest, so that interest is also earned on accumulated interest.
Bullet payment or balloon payment a principal payment made in one lump sum at maturity
 
0                           1                        2                      3                         4                       5
[image: image91.png]


[image: image92.png]


[image: image93.png]


[image: image94.png]


[image: image95.png]


[image: image96.png]


[image: image97.png]



 
                               I                         I                         I                          I                       I
                                                                                                                                       F
 
Bond indenture a legal document that specifies the payment requirements and all other salient matters relating to a particular bond issue, held and administered by a trust company
 
Collateral assets that can serve as security for the bond in case of default
 
Par value, face value, or maturity value the amount paid at maturity for traditional bonds
 
Term to maturity the time remaining to the maturity date
 
Interest payments (or coupons) the amounts paid on a bond at regular intervals
 
Mortgage bonds debt instruments that are secured by real assets
 
Debentures debt instruments that are similar to bonds but are generally unsecured or are secured by a general floating charge over the company's unencumbered assets
 
Collateral trust bonds bonds secured by a pledge of other financial assets, such as common shares, bond, or treasury bills
 
Equipment trust certificates a type of debt instrument secured by equipment, such as the rolling stock of a railway
 
Protective covenants clauses in a trust indenture that restrict the actions of the issuer; covenants can be positive or negative
 
Callable bonds bonds that give the issuer the option to "call" or repurchase outstanding bonds at predetermined prices at specified times
 
Call prices prices, generally at a premium over par, at which an issuer can repurchase a bond
 
Retractable bonds bonds that allow the bondholder to sell them back to the issuer at predetermined prices at specified times earlier than the maturity date
 
Extendible bonds bonds that allow the bondholder to extend the bonds' maturity date
 
Sinking fund provisions the requirements that the issuer set aside funds each year to be used to pay off the debt at maturity
 
Purchase fund provisions the requirements that the repurchase of a certain amount of debt can occur only if it can be repurchased at or below a given price 
 
Convertible bonds bonds that can be converted into common shares at predetermined conversion prices
 
Discount (premium) the difference between the bond's par value and the price it trades at, when it trades below (above) the par value
 
[image: image98.png]


[image: image99.png]



 
Interest rate risk the sensitivity of bond prices to change in interest rates
 
Duration an important measure of interest rate risk that incorporates several factors
 
Yield to maturity (YTM) the discount rate used to evaluate bonds
 
Nominal interest rates the rates charged for lending today's dollars in return for getting dollars back in the future, without taking into account the purchasing power of those future dollars
 
Risk-free rate (RF) the base interest rate
 
Default free no risk of non-payment
 
Interest rate parity (IRP) theory a theory that demonstrates how differences in interest rates across countries are offset by expected changes in exchange rates
 
 
 
 
 
Term structure of interest rates the relationship between interest rates and the term to maturity on underlying debt instruments
 
Yield curve the graphical representation of the term structure of interest rates, based on debt instruments that are from the same issuer
Liquidity preference theory a theory that suggests that investors prefer short-term debt instruments because they exhibit less interest rate risk, while debt issuers prefer to lock in borrowing rates for longer periods to avoid the risk of having to refinance at higher rates
 
Expectations theory a theory that argues that the yield curve reflects investor expectations about future interest rates
 
Market segmentation theory a theory that suggest that distinct markets (or market segments) exist for interest rate securities of various maturities and that rates are determined within these independent market segments by the force of supply and demand within that market
 
 
Chapter 7 - Equity Valuation
October 18, 2013
2:26 PM
7.1 Equity Securities
 
Equity securities are ownership interests in an underlying entity, usually a corporation. Generally, equity securities have no fixed maturity date. Equities pay dividends from after-tax earnings, so unlike interests payments, they do not provide the issuer with a tax-deductible expense. However, shareholders pay lower taxes on dividends received from Canadian corporations than they would on interest payments.
 
The most common type of equity security is the common share, which represents a certificate of ownership in a corporation. A purchaser of 100 shares of common stock owns 100/n percent of the corporation (where n is the total number of shares of common stock outstanding). Common shareholders represent the true "owners" of the corporation. They are the residual claimants of the corporation, which means that they are entitled to income remaining only after all creditors and preferred shareholders have been paid. Similarly in the case of liquidation of the corporation, common shareholders are entitled to the remaining assets only after all other claims have been satisfied. As owners, owners they can exert control over the corporation through their power to vote, which allows them to elect the board of directors and to vote on major issues, such as takeovers, corporate restructuring, and so on.
 
The other majority of equities is preferred shares. These provide the owner with a claim to a fixed amount of equity that is established when the shares are first issued. Most preferred shares have preference over common shares with respect to income and assets (in the event of liquidation), but they rarely have any voting rights. Traditionally, preferred shares had no maturity date, but over the past 30 years preferred shares have been increasingly issued with a fixed maturity date, similar to a bond. The main difference between preferred shares and a bond is that the board of directors declares any dividends and until then, and unlike interest payment, dividends are not a legal obligation of the firm. Usually, no payments can be made to common shareholders until preferred shareholders have been paid the dividends they are due in eternity.
Equity securities ownership interests in an underlying entity, usually a corporation
 
 
 
Common share a certificate of ownership in a corporation; the most common type of equity security
 
 
 
 
 
Preferred share a claim to a fixed dividend rate that is established when the shares are first issued; the other major type of equity security
 
7.2 Valuation of Equity Securities
 
A commonly used approach for valuing equity securities follows the discounted cash flow approach used to estimate the value of bonds. We estimate the expected future cash flows associated with the security, and then determine the discounted present value of those future cash flows, based on an appropriate discount rate (k). The discount rate for equities will equal the risk-free rate of return plus a risk premium.
 
k = RF + Risk Premium
Where k = the required return on an equity security
RF = the risk-free rate of return
 
Risk-free rate comprises the real rate of return plus expected inflation, and it is proxied by the return on short-term government T-bills. The risk premium will be based on an estimate of the risk associated with the security; the higher the risk, the higher the risk premium, because investors will require a higher return as compensation. 
 
In addition to the discount rate, investors must estimate the size and timing of the expected cash flows associated with an equity security. Making this estimate is straightforward for a bond, because the amount and timing of the coupons and principal repayments are specified in the bond indenture. For equities, this issue is more complex, especially for common shares.
 
7.3 Preferred Share Valuation
 
Traditional preferred shares have no maturity date and pay dividends of a fixed amount at regular intervals indefinitely. Because the payments are essentially fixed when the preferred shares are issued, they are often referred to as fixed income investments, just as bonds are. The payment of a fixed dividend amount at regular intervals indefinitely means we can view these investments as perpetuities. The value of preferred shares can be estimated using the equation used to determine the present value of a perpetuity. Pps is the market price (or present value), Dp is the dividend amounts (or payments), and kp is the required rate of return on the preferred shares (or discount rate).
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The amount of the dividend payments is usually based on a stated par (or face) value and a stated dividend rate, which is similar to the coupon rate on a bond. For example, a preferred share with a par value of $100 and an 8 percent dividend rate would pay an annual dividend of $8 per year. In practice, dividends are paid quarterly; however, for valuation purposes we will assume they are paid annually. This will not have a big influence on the valuation process because of the long time involved.
 
Example 7-1: Determining the Market Price of Preferred Shares
Determine the market price of a $50 par value preferred share that pays annual dividends based on a 7 percent dividend rate,
a. When market rates are 7 percent
b. When market rates are 8 percent
c. When market rates are 6 percent
 
Solution
Dp = $50 x 0.07 = $3.50
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Notice that, similar to bonds, preferred shares will trade at par when they dividend rate equals the market rate, at a discount from par when the market rates exceed the dividend rate, and at a premium when market rates are less than the dividend rate. Also note that the market prices of preferred shares increase when market rates decline, and vice versa.
 
The equation can be rearranged to determine the required rate of return on the preferred shares for a given market price.
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Example 7-2: Estimating the Required Rate of Return on Preferred Shares
Determine the required rate of return on preferred shares that provide a $6 annual dividend if they are presently selling for $70.
 
Solution
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7.4 Common Share Valuation by Using the Dividend Discount Model
 
Valuing common shares involves several complications that arise with respect to the appropriate future cash flows that should be discounted. The most popular discounted cash flow valuation model uses dividends. However, unlike for bonds or even for preferred shares, there is no requirement that common shares pay dividends at all. In addition, the level of dividend payments is also discretionary, which implies we must make estimates regarding the amount and  timing of any dividend payments.
 
The Dividend Discount Model (DDM) assumes that common shares are valued according to the present value of their expected future cash flows. Based on this premise, today's price can be estimated by using this formula (assuming we have an n-year holding period)
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Where, P0 = the estimated share price today
D1  = the expected dividend at the end of the year 1
Pn = the expected share price after n years
kc = the required return on the common shares
 
Example 7-3: Estimating Price for a One-Year Holding Period
An investor buys a common share and estimates she will receive an annual dividend of $0.50 per share in one year. She estimates she will be able to sell the share for $10.50. Estimate its value, assuming the investor requires a 10 percent rate of return.
 
Solution
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The DDM argues that the selling price at any point (say, time n) will equal the present value of all the expected future dividends from period n+1 to infinity. So the price next year, for example, is the present value of the expected dividend and share price for year 2. By repeatedly substituting for the future share price, we replace it with the present value of the dividend and share price expected for the following year. As a result remove Pn in the equation and get
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In other words, the price today is the present value of all future dividends to be received (from now to infinity).
 
If an investor buys a particular stock, the only cash flows that he or she will receive until the investor sells the stock will be the dividends. Although a firm's residual earnings technically belong to the common shareholders, corporations generally do not pay out all their earnings as dividends. Of course, earnings are important too - without them the corporation could not sustain dividend payments for long. In fact, earnings receive more attention than any other single variable. However, corporations typically reinvest a portion of their earnings to enhance future earnings and, ultimately, future dividends. 
 
The equation above is the workhorse of share valuation, because it says that the value of a share is the present value of expected future dividends. However, by repeatedly substituting for the share price, we are implicitly making a very important assumption: that investors are rational. We assume that each time, investors react rationally and value the share based on what they rationally expect to receive next year. This assumption specifically rules out "speculative bubbles" or what is colloquially known as the "bigger fool theorem".
 
Suppose, for example, a broker tells a client to buy XYZ at $30. The investor says no, it's only worth $25. The broker replies, "I know, but there is momentum behind it and I am seeing a lot of interest. I think it will go to $40 by next year." The investor is a fool to pay $30 for something he or she thinks is worth $25, but it is not the fool theorem by the bigger fool theorem. If the investor does buy it, he or she is a fool, but he or she is also assuming that an even bigger fool will buy it in a year's time for $40.
 
This type of speculative bubble in which prices keep increasing become detached from reality is specifically ruled out by assumption of rational investors coolly calculating the present value of the expected cash flows at each time, so that prices never get detached from those fundamentals.
 
 
The Constant Growth DDM
 
Obviously, it is impractical to estimate and discount all future dividends one by one. Fortunately, the equation can be simplified into a usable formula by making the assumption that dividends grow at a constant rate (g) indefinitely. Once we make this assumption, we can estimate all future dividends, assuming we know the last dividend paid (D0):
D1 = D0 (1 + g)
D2 = D1 (1 + g) = D0 (1 + g)2
D3 = D2 (1 + g) = D0 (1 + g)3
And so on
 
Therefore, under the assumption of constant growth in dividends to infinity,
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In this equation, we are multiplying D0 by a factor of (1 + g) / (1 + kc) every period. This represents a growing perpetuity, which is easily solved because it represents the sum of a geometric series. In fact, the equation above reduces to the following expression, which is the Constant Growth of the DDM, or simply the Constant Growth DDM: 
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This equation has several important points:
1. This relationship holds only when kc > g. Otherwise, the answer is negative, which is uninformative. (each future dividend is worth more than the previous one. The value never converges by increases to infinity)
2. Only future estimated cash flows and estimated growth in these cash flows are relevant.
3. It holds only when growth in dividends is expected to occur at the same rate indefinitely.
 
Example 7-4: Using the Constant Growth DDM
Assume a company is currently paying $1.10 per share in dividends. Investors expect dividends to grow at an annual rate of 4 percent indefinitely, and they require a 10 percent return on the shares. Determine the price of these shares.
 
Solution 
D1 = ($1.10)(1 + 0.04) = $1.144
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Estimating the Required Rate of Return
 
The Constant Growth DDM can be rearranged to obtain an estimate of the rate of return required by investors on a particular share as follows:
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The first term (D1 / P0) in the equation above represents the expected dividend yield on the share. Therefore, we may view the second term, g, as the expected capital gains yield, because the total return must equal the dividend yield plus the capital gains yield. It is important to recognize that this equation provides an appropriate approximation for the required return only if the conditions of the Constant Growth DDM are met (in particular the assumption regarding constant growth in dividends to infinity must be satisfied).
 
Example 7-5: Estimating the Required Rate of Return Using the DDM
The market price of a company's shares is $12 each, the estimated dividend at the end of this year (D1) is $0.60, and the estimated long-term growth rate in dividends (g) is 4 percent. Estimate the implied required rate of return on these shares.
 
Solution
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This result suggests that the expected return on these shares comprises an expected dividend yield of 5 percent and an expected capital gains yield of 4 percent.
 
 
Estimating the Value of Growth Opportunities
 
The Constant Growth DDM can also provide a useful assessment of the market's perception of growth opportunities available to a company, as reflected in its market price. Assume that a firm has no profitable growth opportunities should not reinvest residual profits in the company, but rather should pay out all its earnings as dividends. Under these conditions, we have g = 0, and D1 =  EPS1, where EPS1 represents the expected earnings per common share in the upcoming year. Under these assumptions, the Constant Growth DDM reduces to the following expression:
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It is unlikely to find a company that has exactly "zero" growth opportunities, but the point is that we can view the share price of any common stock (that satisfies the assumptions of the Constant Growth DDM) as comprising two components: its no-growth component, and the remainder, which is attributable to the market's perception of growth opportunities available to that company. We denote this as the present value of growth opportunities (PVGO). Therefore we get this equation:
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Example 7-6: Estimating PVGO
A company's shares are selling for $20 each in the market. The company's EPS is expected to be $1.50 next year, and the required return on the shares is estimated to be 10 percent. Estimate the present value of growth opportunities per share.
 
Solution
This can be solved by rearranging the equation above to solve for PVGO:
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Examining the Inputs of the Constant Growth DDM
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1. An increase in D1
2. An increase in g
3. A decrease in kc
 
This list illustrates the intuitive appeal of the DDM, because it links common share prices to three important fundamentals: corporate profitability, the general level of interest rates, and risk. In particular, expected dividends are closely related to profitability, as is the growth rate of these dividends, while the required rate of return is affected by the base level of interest rates (RF) and by risk (as reflected in the risk premium required by investors). In particular, all else being equal, the DDM predicts that common share prices will be higher when profits are high (and expected to grow), when interest rates are lower, and when risk premiums are lower. 
 
Usually, we can assume that current dividends (D0) are given, so it is the movement in kc and g that determine the price of a share (because kc - g is the denominator, and because D0 (1 + g) is the numerator). In fact, given the long period involved in the discount process (to infinity), price estimates are very sensitive to these inputs.
 
Example 7-7: More Pessimistic Inputs of the Constant Growth DDM
Revisit the company in Example 7-4 that is currently paying $1.10 per share in dividends. This time, revise the expectations for annual growth in the dividends to 3 percent (from 4 percent) and revise the estimated required rate of return to 11 percent (from 10 percent). Re-estimate the price of these shares.
 
Solution
D1 = ($1.10)(1 + 0.03) = $1.133
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Notice the substantial drop in price (25.7 percent, from $19.07 to $14.16) that results when we increase the discount rate form 10 percent to 11 percent and lower the growth rate form 4 percent to 3 percent (which are both bad things for stock prices). Similarly, the example below illustrates the large price increase that results from the use of improved estimates for these inputs.
 
Example 7-8: More Optimistic Inputs of the Constant Growth DDM
Redo Example 7-7 by assuming annual growth in dividends is 5 percent and that the required rate of return is 9 percent.
 
Solution
D1 = ($1.10)(1 + 0.05) = $1.155
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In this case, the price estimate is 51.4 percent higher than the original estimate of $19.07, yet we only changed each of our inputs by 1 percent! Obviously, we need to be careful when determining these inputs, which are in fact merely estimates.
 
 
Estimating DDM Inputs
 
Estimating the inputs into the Constant Growth DDM generally requires a great deal of analysis and judgement. Assuming we know the most recent year's dividend payment (D0), we need to estimate kc and g because D1 = D0 (1 + g). As discussed earlier, the discount rate for equities will equal the risk-free rate of return plus a risk premium. 
 
Several methods can be sued to estimate the expected annual growth rate in dividends (g). One of the most common approaches is to determine the company's sustainable growth rate, which can be estimated by using the following equation:
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Where b = the firm's earnings retention ratio = 1 - firm's dividends payout ratio
ROE = firm's return on common equity = net profit / common equity 
 
Growth in earnings (and dividends) will be positively related to the proportion of each dollar of earnings reinvested in the company (b) times the return earned on those reinvested funds, which we measure using ROE. For example a firm that retains all its earnings and earns 10 percent on equity would see its equity base grow by 10 percent per year. If the same firm paid out all of its earnings, then it would not grow. Similarly, a firm that retained a portion (b) would earn 10 percent on that proportion.
 
Example 7-9: Estimating a Firm's Sustainable Growth Rate
A firm has an ROE of 12 percent and its dividend payout ratio is 30 percent. Use this information to determine the firm's sustainable growth rate.
 
Solution
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ROE can be decompose into three factors using the DuPont system:
ROE = (net income / sales) x (sales / total assets) x (total assets / equity) = Net profit margin x Turnover ratio x Leverage ratio
 
The ROE, and hence g, increases with higher profit margins, higher asset turnover, and higher debt (although higher debt implies higher risk and therefore, higher kc).
 
Example 7-10: Estimating a Firm's Sustainable Growth Rate by Using the DuPont System
A company just paid an annual dividend of $1.00 per share and had an EPS of $4 per share. Its projected values for net profit margin, asset turnover, and the leverage ratio are 4 percent, 1.25, and 1.40, respectively. Determine the firm's sustainable growth rate.
 
Solution
ROE = (0.40)(1.25)(1.40) = 0.07 = 7.00%
Payout ratio = DPS / EPS = 1$ / $4 = 0.25, so b = 1 - 0.25 = 0.75 
g = b x ROE = (0.75)(7.00%) = 5.25%
 
Another approach to estimating g is to examine historical rates of growth in dividends and earnings levels, including long-term trends in these growth rates for the company, the industry, and the economy as a whole. Predictions regarding future growth rates can be determined based on these past trends by using arithmetic or geometric averages, or by using more involved statistical techniques, such as a regression analysis. Finally, an important source of information regarding company growth, particularly for the near term, can be found in analyst estimates. Investors are often especially interested in "consensus" estimates, because market values are often based to a large extent on these estimates. 
 
 
The Multiple Stage Growth Version of the DDM
 
The Constant Growth DDM relationship holds only when we are able to assume constant growth in dividends  from now to infinity. In many situations it may be more appropriate to estimate dividends for the most immediate periods up to some point (t), after which it is assumed there will be constant growth in dividends to infinity. To use the best information available at any point, it may make the most sense to estimate growth as precisely as possible in the short term, before assuming some long-term rate of growth.
 
This equation can be applied when steady growth in dividends to infinity does not begin until period t:
[image: image122.png]REYRY

O B 3
aO+k)2 A+E)




[image: image123.png]



 
Notice that this equation is the DDM, with n replaced by t and with an estimate for Pt. 
 
Essentially, whenever we use multiple period growth rates, we estimate dividends up to the beginning of the period in which it is reasonable to assume constant growth to infinity. Then we can use the Constant Growth DDM to estimate the market price of the share at that time (Pt). Finally, we discount all the estimated dividends up to the beginning of the constant growth period, as well as the estimated market price at that time. This provides us with today's estimate of the share's market price.
 
Example 7-11: Using the Multi-Stage DDM
A company is expected to pay a dividend of $1.00 at the end of this year, a $1.50 dividend at the end of year 2, and a $2.00 dividend at the end of year 3. It is estimated dividends will grow at a constant rate of 4 percent per year thereafter. Determine the market price of this company's common shares if the required rate of return is 11 percent.
 
Solution
First, estimate dividends up to the start of the constant growth to infinity. In this example, they are all given, so no calculations are required:
D1 = $1.00
D2 = $1.50 
D3 = $2.00
 
Second, estimate the price at the beginning of the constant growth to infinity period:
D4 = ($2.00) (1 + 0.04) = 2.08
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Third, discount back the relevant cash flows to time 0:
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A well-known version of the multiple-growth DDM is the two-stage growth rate model, which assumes growth at one rate for a certain period, followed by some steady growth rate to infinity.
 
Example 7-12: Two-Stage Dividend Growth
A company just paid a dividend of $2.00 per share. An investor estimates that dividends will grow at 10 percent per year for the next two years, and then grow at an annual rate of 5 percent to infinity. Determine the market price of this company's common shares if the required rate of return is 12 percent.
 
Solution
First, estimate dividends up to the start of constant growth to infinity. In this example, we use the first period growth rate of 10 percent:
D1 = ($2.00)(1.10) = $2.20
D2 = ($2.20)(1.10) = $2.42
 
Second, estimate the price at the beginning of the constant growth to infinity period:
D3 = ($2.42)(1 + 0.05) = $2.541
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Third, discount back the relevant cash flows to time 0:
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Limitations of the DDM
 
Although the DDM provides a great deal of insight into the factors that affect the valuation of common shares, it is based on several assumptions that are not met by a large number of firms, especially in Canada. In particular, it is best suited for companies that (1) pay dividends based on a stable dividend payout history that they want to maintain in the future, and (2) are growing at a steady and sustainable rate. As such, the DDM works reasonably well for large corporations in mature industries with stable profits and an established dividend policy. In Canada, the banks and utility companies fit this profile, while in the United States, there are numerous NYSE-listed companies of this nature. Not surprisingly, the DDM does not work well for many resource-based companies, which are cyclical in nature and often display erratic growth in earnings and dividends. In addition, many of these companies (especially the smaller ones) do not distribute a great deal of profits to shareholders as dividends. The model will also not work well for firms in distress, firms that are in the process of restructuring, firms involved in acquisitions, and private firms. Finally if a company enters into substantial share-repurchase arrangements, the model will require adjustments, because share repurchases also represent a method of distributing wealth to shareholders.
 
 
 
 
 
Dividend Discount Model (DDM) a model for valuing common shares that assumes that common shares are valued according to the present value of their expected future dividends
 
Constant Growth DDM a version of the dividend discount model for valuing common shares that assumes that dividends grow at a constant rate indefinitely
 
Sustainable growth rate the earnings retention ratio multiplied by return on equity
 
 
Chapter 8 - Risk and Return
December 4, 2013
3:54 PM
8.1 Measuring Returns
 
Risk is typically defined as "the possibility of incurring harm." 
 
Ex Post versus Ex Ante Returns
 
We have to distinguish between ex post returns and ex ante returns. Ex post means "after the fact", so ex post returns are past or historical returns. Ex ante means "before the fact," so ex ante returns are expected returns. Advertisements for mutual funds and other investments show historical or ex post returns then in smaller print have a disclaimer that past returns do not necessarily reflect future, or ex ante, returns. Of course, what investors are interested in are these future expected returns, but their judgement in terms of what they can reasonably expect is informed by what has happened in the past. 
 
So how can investors measure these ex post or historical returns? The return on an investment consists of two components: the income yield and the capital gain (or loss) yield. The income yield is the return earned in the form of a periodic cash flow received by the investors. These cash flows are interest payments from bonds and dividends from equities. The income yield then measures these cash receipts by dividing them by the purchase price or the beginning of period market price.
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Where CF1 = the expected cash flows to be received
P0 = the purchase price (or beginning market price)
 
Remember that the yield to maturity on the long Canada bond is the return earned by buying the bond and holding it to maturity. In this sense, it is also an expected return over that very long investment horizon. In contrast, the dividend yield on the S&P/TSX Composite Index (TSX) is the cash that investors can expect to earn if the dividend payments over the next year are the same as they were over the previous period, because the dividend yield is the current dividend payments divided by the current value of the index, not the forecast dividends. 
 
The capital gain (or loss) component measures the appreciation (or depreciation) in the price of the asset from some starting price, usually the purchase price or the price at the start of the year. Dividing this gain or loss by the price produces the capital gain (or loss) yield or return.
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Where P1 = the selling price or current market price
 
The addition of the capital gain or loss yield explains why the yield gap between equities and bonds has varied so much over time. Remember that the yield on the long Canada bond is the fixed return earned by buying and holding this bond to maturity. In contrast, as the firm retains money for reinvestment, the firm should get more valuable over time; investing in common shares should give rise to significant long-term capital gains. In addition, common shares should gain from inflation over the long run as their prices and cash flows are not fixed; in aggregate, they should increase with inflation. As a result we would expect the yield gap to increase with the rate of inflation, which it generally does. 
 
To get a complete picture of the return from investing in bonds versus common shares, we have to add income yield and the capital gain (or loss) yield together. The total return is then as follows:
[image: image130.png]Total return = Income yield + Capital gain (or loss) yield
CF+P —Py
Py




 
Example 8-1: Calculating Returns
Estimate the income yield, capital gain (or loss) yield, and the total return for the following securities over the past year:
a. A $1,000 par value 6 percent bond that was purchased one year ago for $990 and is currently selling for $995.
b. A stock that was purchased for $20, provided four quarterly dividends of $0.25 each, and is currently worth $19.50.
 
Solution
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In the example, notice that the bond has not been held to maturity, so the return over one year my be different from the yield to maturity. In this case the bond has increased in value from $990 to $995, so there is a capital gain of 0.51 percent from holding the bond, in addition to income yield of 6.06 percent, so the total return is 6.57 percent. This raises an important question: does it matter whether or not the bond is sold in calculating the rate of return? Take part b in the example, where there is a capital loss of 2.50 percent. This reduces the return from holding the common shares from 5.0 percent to 2.5 percent, so it is less than the return from the bond. Should we add this capital loss to the overall return of we don't actually sell the shares?
 
The answer may seem obvious to most people, but psychologists have obersved that people make different decisions if they own something than if they don't. For example, peoiple will keep something for years because it cost $100 and is "valuable," even after they see the identical thing in a flea market selling for $1 and yet wouldn't buy it for $1. Owning assets includes and attachment effect, and with such an attitude, many people refuse to accept capital losses in the total return calculation until they actually sell the asset and realize them. Until then, people refer to them as paper losses, with the implication that they are not real. This attitude is reinforced by the tax rules: capital gains and losses are only taxable on realization.
 
A second important point is that whether or not we include paper gains and losses, in part, depends on our investment horizon, for example we can look at rates of return over daily, weekly, monthly, annual, or even longer periods. A day trader is someone who buys and sells based on intraday price movements. In gains and losses daily and sometimes over even shorter periods. In contrast, most poeple review their investments less frequently, perharps quarterly or sometimes annually. For them intraday price variability and total return are not a concern. What is of concern is the total return over, say, a quarter or a year. They are not concerned about rates of return over shorter periods or the paper losses that are involved.
 
The contrary view is that investors have to mark to market the prices of all financial securities over the relevant investment horizon. This means that investors always carry securities at the current market value regardless of whether they sell them. As a result, the total return includes the fecct of paper gains and losses on securities not yet sold. This view is based on the basic opportunity cost arguement, which asks what the alternative use is for the funds tied up in the investment. Clearly, an investor cannot sell the security at its historical cost; he or she can sell at the current market value, and this is the value that can be reinvested elsewhere. 
 
Measuring Average Returns
 
The arithmethic mean or average is the most commonly uised value in statistics. It is calculated as the sum of all returns divded by the total number of observations.
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Where ri = the individual returns
n = the total number of observations
 
The geometric mean, in contrast, measures the average or compound growth rate over multiple periods. For investments, this is the growth rate in the value invested or equivalently the compound rate of return. In fact, the geometric mean is the rate of return used to find the future value, as discussed in Chapter 5 and calculated as:
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Example 8-2: Calculating Arithmetic Average and Geometric Mean
Estimate the arithmetic average and geometric mean for the following returns: 4.3 percent, 3.2 percent, 5.6 percent, 10.5 percent, and -7.6 percent.
 
Solution
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In the example above, notice that the geometric mean is less than the arithmetic average. This will always be the case unless the values are all identical. The more the returns vary, the bigger the difference between the AM and the GM will be. 
 
The standard deviation measures the "typical" variation of the return: the larger the standard deviation, the more variable the return. When the standard deviation is squared, we get a measure called the variance. Approximately, the difference between the arithmetic and geometric return is half this variance. 
 
The AM is appropriate when we are trying to estimate the typical return for a given period, such as a year. So if we wanted to know the best estimate for the rate of return over the next year, we should use the AM of the annual rates of return, because, by definition, this measures the average annual rate of return. We use the GM when we are interested in determining the "true"  average rate of return over multiple periods, for instance, if we wanted to know how our investment (and wealth) will grow over time. We use the GM because it measures the compound rate of growth in our investment value over multiple periods. In this sense, the difference between the AM and GM is dependent on the relevant investment horizon. 
 
If the investment horizon is one year, then the AM is the best estimate. If the investment horizon is multiple years , then the GM is better.
 
Example 8-3: Geometric mean versus Arithmetic Average
Estimate the annual arithmetic average return and the geometric mean return on an investment that is purchased for $100, rises to $110 after one year, and falls to $100 by the end of the second year. Assume the investment provided no income during the two-year period.
 
Solution
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Estimating Expected Returns
 
Although it is important to be able to estimate the ex post returns realized from past investments, investors are generally interested in the returns they expect to realize from an investment made today. In practice, expected returns are ofeten estimated based on historical averages, but the problem is that there is no guarantee that the past will repeat itself. 
 
An alternative approach is to use all available information to assess the most likely returns under various future scenarios, and then attach probabilities to the likelihood of each occurring. When this approach is used, the expected return is estimated as the weighted average of the expected returns under each sceneraio, where the weights correspond to the probabilities of each scenerio actually occurring. 
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Where ER = the expected return on an investment
ri = the estimated return in scenario i
 Probi = the probability of state i occurring 
 
Example 8-4: Estimating Expected Returns
Suppose you are given the following information for two stocks, A and B, where the return on each varies with the state of the economy:
 
	State of the economy
	Probability of Occurrence
	Expected Return on Stock A in This State
	Expected Return on Stock B in This State

	High growth
	10%
	60%
	5%

	Moderate growth
	20%
	20%
	25%

	No growth
	50%
	10%
	5%

	Recession
	20%
	-25%
	0%


 
Estimate the expected return for each stock.
 
Solution
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The expected return in this example is calculated conceptually the same as the AM calculated from historical data; the only difference is how we calculate the probabilities. We estimated the probabilities of each event directly. Economist might make estimates of difference economic growth scenarios for the upcoming year, and then security analysts will estimate the prospects for each firm. This sort of scenario data can then be packaged into the data in the table in the example. In contrast the AM simply assumes that each observation is equally likely, so the probability of each event is reflected in how many times we observe it in the data. 
 
There are pros and cons to each method for determining expected rates of return. For short-term forecasts the scenario-based approach makes more sense, because where we are today has a huge bearing on what is likely to happen over a short period. However, for longer-run forecasts, the historical approach tends to be better, because it reflects what actually happens even if it was not expected. 
 
8.2 Measuring Risk
 
Risk is the probability of incurring harm, and for investors harm generally means losing money or earning an inadequate rate of return. We will use risk to mean the probability that the actual return from an investment is less than the expected return. This means that the more variable the possible returns, the greater the risk. 
 
The difference between the maximum and minimum values is called the range, so Canadian common stocks had a range of annual returns of 74.36 percent, which is greater than that for T-bills at 20.00 percent. The range summarizes the visual evidence that the returns on common stocks are more variable than those for bonds or T-bills. However, a more accurate measure of risk is the standard deviation, because the range only uses two observations, the maximum and minimum, whereas the standard deviation uses all the observations.
 
The standard deviation, like the range, clearly shows that common stock returns had a higher standard deviation in their annual returns than did bonds and T-bills over this period. This ranking of investments according to risk is the same ranking in terms of AM and GM returns, and it hints at a basic result in finance: risk and return go hand in hand. In other words, we normally see a trade-off between risk and return: securities offering higher expected rates of return tend to be riskier. So let's measure risk by using the standard deviation.
 
The definition of standard deviation for a series of historical or ex post returns is as follows:
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Where
σ = the standard deviation
[image: image141.png]the average return




ri = the return in year I
n = the number of observations
 
The term inside the square root sign is called the variance, which is denoted as σ2. Therefore, the standard deviation is the square root of the variance, and, conversely, the variance is the square of the standard deviation. We focus on the standard deviation, because it is easier to interpret: the standard deviation for a return series is experessed in the same unbits as the returns, that is, as a percentage. In contrast, the variance is expressed in unites of %2, which makes its interpretetion less obvious.
 
Example 8-5: Calculating the Ex Post Standard Deviation
Estimate the standard deviation of the return from the previous example (i.e., 4.3 percent, 3.2 percent, 5.6 percent, 10.5 percent, and -7.6 percent).
 
Solution 
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Notice that the variance of this return series is 44.225(%2).
 
The relative risk of equities versus bonds has not been constant over this long period. Until the 1960s, the annual rates of return on common shares were about four times more variable than those on bonds. Since then, and increasingly over the last 20 years, they have only been twice as variable. Just as the AM estimate of the annual return reflects the economic circumstances of the period over which it is estimated, so too does the standard deviation. For this reason, we also calculate the scenario-based standard deviation as a measure of risk.
 
The scenario-based standard deviation can be estimated by using this equation. We will refer to this as the ex ante measure because we are explicitly taking into account updated probabilities of future events happening.
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Example 8-6: Estimating Ex Ante Standard Deviations
Estimate the standard deviations for stocks A and B from Example 8-4, using the information provided in that example.
 
Solution
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Notice that A has the highest standard deviation; therefore, it appears to have the most risk based on the variability of the forecast return around its expected return.
 
8.3 Expected Return and Risk for Portfolios
 
A portfolio is a collection of securities, such as stocks and bonds, that are combined and considered a single asset. A portfolio then may refer to the holdings of a single investor, as well as to holdings that are managed as a unit by one or more portfolio managers on behalf of their clients. It is basic proposition in finance that securities should be managed within a portfolio rather than individually, because risk-reduction gains are possible by combining securities into a portfolio. The general topic is called modern portfolio theory (MPT), and we will be using the statistical ideas that we have just discussed to explore it. The basic idea is as simple as the old adage "don't put all your eggs in one basket": investors should diversify their investments so that they are not unnecessarily exposed to a single negative event. MPT takes this basic idea and operationalizes it to show how to form portfolios with the highest possible expected rate of return for any given level of risk. Firs, we have to examine how to calculate the expected return and risk of a portfolio.
 
The expected return on a portfolio is simply the weighted average of the expected return on the individual securities in the portfolio. The portfolio weight of a particular security is the percentage of the portfolio's total value that is invested in that security. These weights sum to one, because 100 percent of the portfolio must be invested in something, even if it is in cash.
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Where ERP = the expected return on the portfolio
ERi = the expected return on security i
wi = the portfolio weight of security i 
 
Example 8-7: Estimating Expected Portfolio Return
Using the data from Example 8-4, estimate the expected return for a portfolio that has $600 in stock A and $1,400 invested in stock B.
 
Solution
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This means that if an investor puts 70 percent of his or her investment in security B, then the remaining 30 percent has to be in A. We can simplify the expected return formula in the two-security case to make it more informative. Let us define w as simply the weight placed on Security A, so that (1 - w) is the weight placed on security B. In this case, we can rearrange the expected return for a two-security portfolio formula to get:
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Regardless of the number of assets held in a portfolio or the portfolio weights, the expected return on the portfolio is always as weighted average of the expected return on each individual asset. However, this is not the case for the portfolio standard deviation, because we must account for the correlations, or co-movements, among the individual security returns included in the portfolio, which in turn affect the variability in total portfolio returns. Therefore, the standard deviation for a portfolio will reflect the weighted impact of the individual securities' standard deviations and the relationship among the co-movements of the returns on those individual securities.
 
The standard deviation of a two-security portfolio can be estimated by using the following equation. Notice that the first two terms inside the square root sign account for the weighted individual security standard deviations (or variances), while the third term accounts for the weighted co-movement of the returns on the two securities. This is denoted by the covariance of the returns on A and B (COVAB), which we define below:
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Where σP = the portfolio standard deviation
COVAB = the covariance of the returns on security A and security B
 
The covariance is calculated as follows:
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Where rA,i = the ith return on security A
 
Example 8-8: Estimating Covariance 
By using the data from Example 8-4, estimate the covariance of the returns on securities A and B.
 
Solution
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Example 8-9: Estimating Portfolio Standard Deviation by Using Covariance
Use the covariance estimate in the previous example to estimate the standard deviation of the portfolio describbed in Example 8-7, which has 30 percent invested in stock A and 70 percent invested in stock B.
 
Solution
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Notice that the portfolio standard deviation of 10.73 percent is less than the weighted average of the standard deviation of each individual security, which is 12.91 percent that is , (0.30)(22.69) + (0.70)(8.72). This is always the case, except for one special situation.
 
Although covariance provides a useful measure of the relationship of the co-movements of returns on individual securities, it is difficult to interpret intuitively because, as was the case with the variance, the unit is percent squared (%2). Fortunately, covariance is related to another statistical measure, the correlation coefficient (ρAB), which can be interpreted more intuitively. The correlation coefficient is related to covariance and individual standard deviations according to the relationship shown in this equation:
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This equation can be solved for covariance to provide
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Finally we can replace the covariance term to produce this equation, which is commonly used to estimate portfolio standard deviation.
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Example 8-10: Estimating Portfolio Standard Deviation by Using the Correlation Coefficient
Redo Example 8-9 by using the equation above.
 
Solution
First, we need to estimate the correlation coefficient between the returns on stocks A and B.
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This is the same answer as in Example 8-9, except for a small rounding difference. We can now separate the standard deviation component from the correlation component. This is useful because we already have the standard deviation of both securities in the first two terms, so the correlation coefficient is the only new information.
 
Correlation Coefficient
 
The correlation coefficient measures how security returns move in relation to one another. It is a relative measure that has a maximum value of +1.0, which denotes perfect positive correlation, and a minimum value of -1.0, which denotes perfect negative correlation. Positive correlation coefficients imply that the returns on security A tend to move in the same direction as those on security B. In other words, when the return on security B goes up, the return on security A also tends to go up, and vice versa. It doesn't mean to say that they always go up together; if they did, they would be perfectly positively correlated. Negative correlation coefficients imply the opposite: the returns on security A tend to move in the opposite direction to those on security B. in other words, on average, when the return on security B goes up, the return on security A tends to go down, and vice versa.
 
The closer the absolute value of the correlation coefficient is to one, the stronger the relationship between the returns on the two securities. In fact, when ρAB = +1, that is, perfect positive correlation, and we know the return on one security, we can predict the return on the other security with certainty. The same applies when we have  ρAB = -1, that is, perfect negative correlation, which implies the returns have a perfect negative relationship with eachother. When ρAB = 0 (i.e., zero correlation), there is no relationship between the returns on the two securities. Therefore, knowing the return on one security provides no useful information for predicting the return on the second security. 
 
Example 8-11: Estimating Portfolio Standard Deviation as the Correlation Coefficient Changes
Redo Example 8-10, but now assume that the correlation coefficient between the returns on A and B are 
	a. -1.0
	a. 0.0
	a. 0.60
	a. 1.0 


 
Solution
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There are several things to note from this example. First, the lower the correlation coefficient, the lower the portfolio standard deviation. In fact, the portfolio standard deviation in part a is much lower than either individual standard deviation and is actually very close to zero. Obviously, the benefits will be greater as the correlation coefficients approaches -1. This highlights the importance of security return correlations in determining portfolio risk.
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in Example 8-10, for which the correlation coefficient was +0.375. Only in part d, for which the correlation coefficient equals +1, which is the highest possible value,
was it a weighted average. Because +1 is the maximum value for the correlation coefficient, it must be the case that for all other possible correlation coefficients, we
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This result is very important because we have just shown the secret of MPT: by combining securities into portfolios, we can reduce risk. This risk reduction increases as we combine securities that are less than perfectly correlated. It supports the basic finance argument that investors should hold diversified portfolios; otherwise, they are throwing away the magic of diversification: they can lower risk without cost. 
 
There are three special cases: when the correlation coefficient between the two securities is zero, plus one, or minus one. Simplified the 3 cases look like this:
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Note that with perfect positive correlation, the variability changes in a linear (straight line) fashion with the portfolio weights. As we discussed before, in this case the standard deviation on the portfolio is a weighted average of each security's standard deviation, similar to the expected return. However, when the correlation is less than perfectly positive, the relationship is "bowed" and it gets more bowed as the correlation decreases until, with a perfect negative correlation, we can remove all risk. In this case, the bow comes two straight lines that touch the horizontal axis. At this point in the ρ = -1 case, we can create a portfolio with a standard deviation of zero and no variability at all.
 
To calculate the portfolio that removes all risk (i.e., creates a portfolio with no variability), consider the special case when ρ = -1:
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Here, we have set the portfolio weights as w and (1-w) rather than wA and wB because they have to add to 100 percent. If we set the standard deviation of the portfolio equal to zero, we can solve for this weight:
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So in our case from previous examples , the weight is 27.76 percent, so if we put 27.76 percent of our investment in security A and 72.24 percent in the lower risk security B, then we get a portfolio that is risk free, that is, it has no variability at all. 
 
The perfect negative correlation case is of great importance in finance, because it is the basis of hedging, which is to take an offsetting position so as to minimize risk. 
 
8.4 The Efficient Frontier
 
The Efficient Frontier
 
We can generalize from the two-security to the n-security case, for which the expected return will continue to be a weighted average of the expected returns on the individual securities, regardless of the number of securities in the portfolio. As a result, the equation for estimating portfolio expected returns still applies, and the portfolio weights still have to sum to 100 percent. However, calculating the standard deviation on a portfolio of more than two securities becomes cumbersome quite quickly as the number of securities increases. For example, a three-security portfolio can be calculated using the usual equation, which has three weighted variance terms and three weighted co-movement terms. Same idea applies for a four-security portfolio, it would have four variance terms and six co-movement terms, and so on. 
 
Harry Markowitz, is considered the father of the modern portfolio theory. One of his main contributions was to show investors how to optimally diversify their portfolios. 
1. Investors are rational decision-makers
2. Investors are risk averse (which means that they like expected returns and dislike risk, and therefore require compensation to assume additional risk).
3. Investor preferences are based on a portfolio's expected return and risk (as measured by variance or standard deviation).
 
Based on these assumption, Markowitz introduced the notion of efficient portfolios, which dominate other portfolios that could be constructed form a given set of available securities. Efficient portfolios are those that offer the highest expected return for a given level of risk, or offer the lowest risk for a given expected return. Investors can identify efficient portfolios by specifying an expected portfolio return and minimizing the portfolio risk at this level of return, or by specifying a portfolio risk level they are willing to assume and maximizing the expected return given that level of risk.
 
The first step in the Markowitz analysis is to determine the expected return-risk combinations available to investors from a given set of securities, by allowing the portfolio weights to vary. The entire curve is referred to as the minimum variance frontier (Figure 8.9 and 8.10). 
 
There are also attainable portfolios which are portfolios that may be constructed by combining the underlying securities. These portfolios are on the curve. Portfolio E is special: it lies on the efficient frontier and also has to minimum amount of portfolio risk available from any possible combination of available securities. It is referred to as the minimum variance portfolio (MVP).
 
The importance of the MVP is that portfolios that lie below it on the bottom segment of the minimum variance frontier are dominated by portfolios on the upper segment. The segment of the minimum variance frontier above the global minimum variance portfolio, therefore, offers the best risk-expected return combinations available to investors from this particular set of securities. This segment includes the set of efficient portfolios that is commonly referred to as the efficient frontier. Rational, risk-averse, investors will be interested in holding only those portfolios, like B, that offer the highest expected return for their given level of risk.
 
8.5 Diversification
 
Domestic Diversification
 
Eliminate risk by investing our funds across several securities, or by "not putting all of our eggs in one basket" is the principle of diversification. We have already seen how Markowitz showed that efficient diversification leads investors to hold a portfolio along the efficient frontier, which is one of the cornerstones of MPT. However, we have also seen that calculating all those correlation coefficients and generating the efficient frontier is not easy. So an important question is, how good is random or naïve diversification?
 
Random or naïve diversification refers to the act of randomly diversifying without regard to relevant investment characteristics, such as company size, industry classification, and so on. An investor randomly selects a relatively large number of securities. 
 
In general, a large number of securities are not required to achieve a substantial diversification benefits, the monthly portfolio risk levels out as additional securities are added to the portfolio.
 
The part of the total risk is eliminated by diversification is the company-specific unique (or non-systematic) or diversifiable risk. The part that is not eliminated by diversification is the market (or systematic) or non-diversifiable risk. This portion of the risk cannot be eliminated because all the securities in the portfolio will be directly influenced by overall movements in the general market or economy. Total risk is often divided into these two components, which are additive.
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The declining relationship between portfolio risk and the number of securities in a portfolio is a well-known result that holds for diversification among stocks in all developed domestic stock markets around the world. Not surprisingly, diversification can be achieved more efficiently by consciously selecting securities that can be expected to have lower correlations among their returns, that is, to choose them from different industries, and so on.
 
International Diversification
 
It is reasonable to assume that if domestic diversification is good for reducing risk, international diversification must be better. This is logical, because we would expect the returns among stock returns in different global markets to have lower correlation coefficients than those in the same market. 
 
Although most experts agree that diversification in general, and international diversification in particular, is one of the most critical components of good portfolio management, recent evidence suggests the benefits of international diversification have been declining in recent years as global equity markets have become more integrated.
 
 
Chapter 9 - The Capital Asset Pricing Model (CAPM)
December 4, 2013
3:54 PM
 
9.1 The New Efficient Frontier
 
The Efficient Frontier with Risk-Free Borrowing and Lending
 
In Chapter 8 we introduced the efficient frontier. Recall that the portfolios of risky securities that lie along the efficient frontier, that is , on the curve above the minimum variance portfolio (MVP), are efficient and dominate all other possible portfolios of risky securities. This means that for a given level of risk, as defined by the standard deviation of their return, these portfolios offer the highest expected return. As we showed in chapter 8, the derivation of the efficient frontier is a mechanical exercise.
 
In considering how investors make decisions among different securities, the assumption is that investors are risk averse: they will not willingly undertake fair gambles. Consider a game in which a coin is tossed. If it comes down heads, someone pays the player $100 and if it comes down tails, the player pays $100. The player will likely first wait and see the coin tossed many times to make sure that it is fair and that the  odds really are fifty-fifty. In this case, it is called a fair gamble because expected payoff is 0, that is, Expected payoff = 0 = 0.50 x (+$100) + 0.50 x (-$100). If someone turns down a fair gamble, he or she is defined as risk averse. A risk-averse person prefers the risk-free situation, that is, not gambling on a risky situation where there is an equal probability of winning or losing the same amount of money.
 
The corollary to turning down a fair gamble is that the risk-averse person needs a risk premium to be included to inter into a risky situation. For example, someone might be willing to undertake a gamble if the heads payoff is $150 instead of $100. In this case, the expected payoff increases to $25 and it is no longer a fair gamble because there is a risk premium of $25. Another person might require that the heads payoff increases to $200 before undertaking the gamble, so the risk premium increases to $50. The second person is more risk averse and requires a larger expected payoff or risk premium to get into the risky situation. Generally, investor behaviour is consistent with the risk aversion and the existence of risk premiums to induce individuals to bear risk. We can represent this risk aversion by the required risk premium per unit of risk, with higher risk premiums indicating greater risk aversion.
 
We can reverse the situation and put the individual in a risky situation and ask how much he or she is willing to pay to get out of the risky situation. In this case instead of calling the increased payoff a risk premium, they payment to get out of a risky situation is called an insurance premium.
 
The existence of insurance markets indicates how risk aversion creates a demand to remove risk, whereas the existence of capital markets indicates how risk aversion generates risk premiums required to induce people to bear risk.
 
Risk Free Investing
 
All portfolios composed of risky portfolio T and the risk-free rate lie along the line RF to T and offer a higher expected rate of return for the same risk as do portfolios composed of the risk-free rate and risky portfolio A. Portfolio T is called the tangent portfolio, because it is the risky portfolio on the efficient frontier whose tangent line cuts the vertical axis at the risk free rate. Portfolios composed of the risk-free rate and portfolio T offer the highest expected rate of return for any given level of risk and represent the new (or super) efficient frontier.
 
Example 9-1: Expected Return and Standard Deviation for a Two-Asset Portfolio That Includes Investment in a Risk-Free Asset
Assume that portfolio T has an expected return of 10 percent, with a standard deviation of 25 percent, and that the risk-free rate is 4.5 percent. Estimate the expected return and standard deviation for a portfolio that has 30 percent invested in the risk-free asset and 70 percent in T.
 
Solution
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Risk Free Borrowing
 
Short position, a negative position: the investor borrows part of the purchase price from the stock broker.
 
Example 9-2: Expected Return and Standard Deviation for a Two-Asset Portfolio That Includes Borrowing at the Risk-Free Rate
Assume that an investor sells all of her wealth ($1,000) in a portfolio T from Example 9-1, with an expected return of 10 percent and a standard deviation of 25 percent. She borrows an additional $700 at the risk-free rate of 4.5 percent, which she also invests in T. Estimate the expected return and standard deviation for this portfolio.
 
Solution
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Therefore,
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The New Efficient Set and the Separation Theorem
 
Separation Theorem, the theory that the investment decision (how to construct the portfolio of risky assets) is separate from the financing decision (how much should be invested or borrowed in the risk-free asset)
 
Market portfolio, a portfolio that contains all risky securities in the market
 
9.2 The Capital Asset Pricing Model
 
The Capital Asset Pricing Model (CAPM) was developed by Professor William Sharpe of Stanford University. This model is the best-known equilibrium asset pricing model, which relates expected returns to risk. It is a pricing model that uses one factor, beta, to relate expected returns to risk. The initial development of the CAPM was based on number of assumptions that we have already briefly discussed:
1. All investors have identical expectations about expected returns, standard deviations, and correlation coefficients for all securities.
2. All investors have the same one-period time horizon.
3. All investors can borrow or lend money at the risk-free rate of return (RF)
4. There are no transaction costs
5. There are no personal income taxes so that investors are indifferent between capital gains and dividends
6. There are many investors, and no single investor can affect the price of a stock through his or her buying and selling decisions. Therefore, investors are price-takers.
7. Capital markets are in equilibrium
 
The Market Portfolio and the Capital Market Line (CML)
 
The assumption for the CAPM listed above give rise to the following very important implications, which have been discussed previously:
1. The "optimal" risky portfolio is the one that is tangent to the efficient frontier on a line that is drawn from RF. This portfolio will be the same for all investors
2. This optimal risky portfolio will be the market portfolio (M), which contains all risky securities. The value of this portfolio is equal the aggregate of the market values of all the individual assets composing it. Therefore, the weights of these assets in the market portfolio will be represented by their proportionate weight in its total value. 
 
As discussed in the previous section, the second implication results from our assumption that market equilibrium exists. This implies that supply equals demand - in other words, all assets are assumed to be bought and sold at the equilibrium price established by supply and demand. Because all assets trade, it must mean that they are correctly priced to adequately compensate investors for the associated risks. Market clearing implies that the price would eventually fall to an equilibrium level so that the asset is held by all investors. Because the market consists of all available assets, and all of these assets are assumed to be priced correctly to reflect adequate compensation for the associated risk, the market portfolio will be the most efficient (or optimal) portfolio, with respect to the weights attached to the individual securities composing it.
 
Theoretically, the market portfolio should contain all risky assets world-wide, including stocks, bonds, options, futures, gold, real estate, and so on, in their proper proportions. Such a portfolio, if it could be constructed, would be completely diversified. However, in practice, the market portfolio is unobservable, so we use proxies to measure its behaviour. It is common to use common stock market indexes, such as the S&P/TSX Composite Index in Canada and the S&P 500 Composite Index in the United States.
 
Figure 9-5 is similar to 9-4, but it does not include the efficient frontier portion and the only portfolio is M, the tangent portfolio, because the market portfolio (M) is the optimal portfolio of risky securities that is combined with RF. Recall that this line produces the highest attainable expected return for any given level of risk; therefore, it includes only efficient portfolios. Further, all rational, risk-averse investors will seek to be on this line. This is called the capital market line (CML), a line depicting the highest attainable expected return for any given risk level that includes only efficient portfolios; all rational, risk-averse investors want to be on this line.
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The slope of the capital market line is the incremental expected return divided by the incremental risk. However, this is a special tradeoff of risk and return called market price of risk for efficient portfolios or the equilibrium price of risk in the capital market. It indicates the additional expected return that the market demands for an increase in a portfolio's risk. Adding the risk-free rate (RF) gives the CML as
[image: image175.png][ERy — RF]
E(Rp) = RF + ["7] o
Oy




ERM =  the expected return on the market portfolio
σM = the standard deviation of returns on the market portfolio
σP = the standard deviation of returns on the efficient portfolio being considered
 
The CML determines not just an expected rate of return but also a required rate of return, which we denote as kp.
 
Example 9-3: Using the CML
Assume the risk-free rate is 4.5 percent. The expected return on the market is 10 percent and it has a standard deviation of 20 percent. Determine the required rate of return necessary for investors to hold an efficient portfolio with a standard deviation of 25 percent.
 
Solution
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Notice that the required rate of return on the portfolio is greater than the expected for the market portfolio, because it has a higher standard deviation.
 
The CML is always upward sloping because with risk-averse investors, the risk premium must always be positive, and the CML predicts required returns.
 
Risk-Adjusted Performance and Sharpe Ratios
 
When the ideas underlying the CML are used in this way, it leads to a discussion of the Sharpe ratio, named after William Sharpe of Stanford University, who developed it and first applied it to assessing portfolio performance. The Sharpe ratio is formally defined as
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When the portfolio is the market portfolio, then the Sharpe ratio is the slope of the CML. 
 
Sharpe ratios are commonly used to assess the performance of portfolios because it describes how well an asset's return compensates investors for the risk taken.
 
9.3 The CAPM and the Market Risk
 
The CML provides a method of estimating the required return on equity securities relative to their risk, but it applies only to efficient portfolios and not to individual securities. In addition, the risk premium is based on portfolio risk, as measured by the standard deviation of the return on the portfolio. In corporate finance, we are usually concerned with the risk attached to individual firms and the required return for investing in them. 
 
The CAPM points out that rational investors should not be compensated for unique or diversifiable risk, because it can be eliminated through diversification. This implies that market risk is the appropriate measure of risk to determine the risk premium required by investors for holding a risky security. We know introduce a new term, beta (βi), which is a commonly used measure of market risk that relates the extent to which the return on a security moves with that on the overall market. It is typically estimated by first plotting the returns on an individual security on the vertical axis relative to the return for the market, which are plotted along the horizontal axis, and then fitting a line through the observations, as shown in figure 9-8. The line is called the characteristic line and is determined by using a statistical technique called regression analysis. The slope of the line is the security's beta coefficient. For example in Figure 9-7, the slope coefficient is 0.85, which indicates that if the market return goes up or down by 1.0 percent, the return on this security is expected to go up or down by 0.85 percent; that is, it changes by 0.85 of the return on the market.
 
Consider a security with a beta of zero. This means that its returns is unrelated to the return on the market as a whole. As a result, all of the variability in this security's return is diversifiable by any investor holding a well-diversified portfolio. If this security is added to a diversified portfolio, it has no impact on the portfolio's risk, because all of its risk is diversifiable. In contrast, a security with a beta of, say, 2.0 increases by twice the return on the market portfolio on average. Adding a high-beta security to the portfolio thus increases the risk of the portfolio and makes it more sensitive to market movements. Estimating beta coefficients is tricky, because we are interested in the extent to which the security moves with the market over a future period. As always we estimate beta coefficients by using historical data, which assumes that what has happened in the past is a good predictor for the future. Typically, betas are estimated by using 60 months of monthly returns, but sometimes 52 weeks of weekly returns are used. Betas change through time as the risk of the underlying security or portfolio changes. This is particularly important for individual securities, for which betas can change quite dramatically over relatively short periods. Conversely, betas estimated for large portfolios or for industries are much more stable because of averaging over many securities. Therefore, estimates of portfolio betas show less change from period to period and are much more reliable than are the estimates for individual securities. 
 
Under some fairly common statistical assumptions, betas can be estimated by using:
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Beta measures the risk of an individual stock or portfolio relative to the market portfolio. A beta of 1 implies that if the market increased (or decreased) by 1 percent, the return on the security (or portfolio) would increase (decrease) by 1 percent on average. Therefore, the market has a beta of 1. A security with a beta of 1.2 has returns that are 1.2 times as volatile as the market returns, both up and down. In other words, if the market increased 10 percent, that security's returns would increase by 12 percent, and so on. Securities with betas greater than 1 are generally considered to be more volatile (or risky) than average. Similarly, securities with betas less than 1 are less volatile (risky). The risk-free asset has a beta of 0, because it has a covariance of zero with the market and has no risk. Finally, negative betas can only occur if a security has a negative correlation coefficient with market returns, which is uncommon.
 
Example 9-4: Estimating Beta
The return on stock X have a standard deviation of 25 percent and a correlation coefficient of 0.70 with market returns, which have a standard deviation of 20 percent. Estimate the beta for stock X.
 
Solution
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Notice that even though stock X has a higher standard deviation than the market, its beta is less than one because of the correlation coefficient of 0.70. 
 
Betas tend to vary a great deal across companies in different industries, because they possess different risk profiles. Although betas tend to be more similar for companies operating in the same industry they can still vary substantially, because even companies within the same industry can differ substantially across various dimensions, such as financial risk, size, and so on. 
 
Unlike portfolio standard deviations, portfolio betas are weighted averages of the betas for the individual securities in the portfolio. Therefore, we can estimate the beta for an n-security portfolio by using:
[image: image180.png]Bp =wufa +wpfp + -+ w,f,




 
Example 9-5: Estimating a Portfolio Beta
An investor has a portfolio that consists of $10,000 invested in stock B, which has a beta of 1.2; $20,000 in stock C, which has a beta of 0.8; and $20,000 in stock D, which has a beta of 1.3. Estimate the beta of this portfolio.
 
Solution
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We can see from this result why diversified portfolios end up with only market risk. First, the beta on the market portfolio, by definition, is 1.0. We can see this from equation for betas for individual securities by substituting M for the standard deviation of the security and noting that a security is perfectly correlated with itself! So if the average beta is 1.0, as we randomly add securities to a portfolio, we eventually end up with an average risk portfolio with a beta of 1.0, composed of all market risk. This is also why most large portfolios made up of a large number of securities are essentially the same as the market portfolio and earn the same rate of return.
 
The Security Market Line (SML)
 
Based on the argument made earlier that investors should be compensated for market risk, as measured by beta, it is easy to use the CML to derive the security market line (SML), which is given by:
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Where ki = the required return on security (or portfolio) i
 
The SML is the most important and widely used contribution of the CAPM and it is depicted graphically in Figure 9-9. It represents the tradeoff between market risk and the required rate of return for any risky security, whether it is an individual security or a portfolio. The SML is upward sloping which indicates that investors require a higher expected return on riskier, that is, higher-beta, securities. According to the SML, the size of the risk premium varies directly with a security's market risk, as measured by beta.
 
The risk premium is also a function of market conditions, as reflected in the ERM - RF term, which is often referred to as the market risk premium.
 
According to the SML, securities or portfolios with betas greater than the market beta of 1.0 will have larger risk premiums than the "average" stock and will therefore have larger required rates of return. Conversely, securities with betas less than that of the market are less risky and will have lower required rates of return.
 
Example 9-6: Using the SML
Given that the expected return on the market is 10 percent and the risk-free rate is 4.5 percent, estimate
a. The market risk premium
b. The required return for security X in example 9-4, which had a beta of 0.875
c. The required return for the portfolio in example 9-5, which had a beta of 1.08
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Notice that the required return for X is less than the expected market return because the beta is less than one.
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Notice that the required return for this portfolio is greater than the expected market return because its beta is greater than one.
 
The SML and Security Valuation 
 
In equilibrium, the expected return on all properly priced securities will lie on the SML, just as expected return on all portfolios will lie on the CML. As with the CML, when investors expect a return equal to the required return, the security is correctly priced. However, at any given time, some securities may be temporarily mispriced according to CAPM. Whenever analysis suggests that the expected return on a security differs from its required rate of return according to the CAPM, then that security is either undervalued or overvalued. Securities or portfolios that have expected returns greater than their required rate of return are undervalued, because they provide investors with an expected return that is higher than the return required given their risk. Similar to the CML, undervalued securities lie above the SML, reflecting the fact that the expected return exceeds the required return, which in return along the SML that corresponds to the beta coefficient. Similarly, securities or portfolios whose expected returns are less than their required rate of return are overvalued and will lie below the SML.
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12.1 Call Options
 
Call Option Basics
 
Call option is defined as the right, but not the obligation, to buy an underlying asset at a fixed price for a specified time. The price at which an investor can buy the underlying asset is called the exercise or strike price, and the last date at which the option can be converted or exercised is called the expiration date.
 
Example 12-1: Call Holder Payoffs
Complete the following table of the payoffs for various underlying asset prices, for a call option buyer who buys a call option with a strike price of $50.
 
	Asset Price ($)
	30
	40
	50
	55
	60
	70

	Call holder payoff ($)
	0
	0
	0
	5
	10
	20


 
Notice that the payoff is zero for all prices at or below the strike price of $50. Beyond $50, the payoff increases by $1 for every 1$ increase in the underlying asset price.
 
The person who sells a call option is known as an option writer, because he or she has written the call option that is purchased by someone else. It is common to say that option writers have assumed a short position in the option. 
 
If someone sells a call option, the payoff is the mirror image of that received by the person who buys it. For example, we have already looked at the payoff to the $50 call holder and noted that as the asset price increases, say, to $55, the payoff on the call is $5. This $5 payoff occurs as the asset is called away from the option writer for $50 and sold for $55. The payoff to the call option writer is the opposite, as he or she has to go into the market and buy this asset for $55 and then surrender it for only $50, losing $5. Conversely, when a call expires out of the money and is not exercised, the option writer doesn't lose anything.
 
Example 12-2: Call Writer Payoff
Complete the following table depicting the payoffs for various underlying asset prices for a call option writer who sells a call option with a strike price of $50.
 
	Asset Price ($)
	30
	40
	50
	55
	60
	70

	Call holder payoff ($)
	0
	0
	0
	-5
	-10
	-20


 
Notice that the payoff is zero for all prices at or below the strike price of $50. Beyond $50, the payoff decreases by $1 for every $1 increase in the underlying asset price, because the call writer has agreed to sell the asset for $50.
 
Call Option Values
 
So what is the value of call option? At expiration, the value of the option is the asset price minus the strike price when the call is in the money, and zero when it is out of the money. This is represented by the bold line in Figure 12-1 and is called the intrinsic value (IV). We can estimate the intrinsic value of a call option as:
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This equation that the IV of a call equals S-X when the call is in the money, and equals 0 otherwise.
 
The IV is the value of the option on the expiration date. However, before the expiration, the value of the call will exceed its intrinsic value because of the option's time value (TV). The market value of the option, commonly known as the option premium, is the sum of its IV and its TV.
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Example 12-3: Estimating Call Option Intrinsic and Time Values
Assume the $50 call option referred to above is selling for $3 in the market. Determine the intrinsic value and time value of this call option assuming the price of the underlying asset is
a. $48
b. $50
c. $52
 
Solution
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12.2 Put Options
 
A put option is the opposite of a call option: it gives the owner the right, but not the obligation, to sell an underlying asset at a fixed price for a specified time. 
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