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PLEASE READ THESE INSTRUCTIONS CAREFULLY.

1. Read each question carefully, and answer all questions in the space provided
after each question. You may use the backs of pages if necessary, but be sure to
indicate to the marker that you have done this.

2. Part marks can be earned. The correct answers require justification written
legibly and logically: you must convince the marker that you know why your
solution is correct.

3. Bonus marks are much more difficult to earn than those in previous questions.

4. You may submit this assignment during the preceding DGD, or by 4:20pm on
the due date, at the secretariat of the department of Mathematics (KED103A),
which closes at 4:30pm each weekday.
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1. Let T : Po(R) — R3 be the function defined by
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where p’ and p” respectively denote the first and second derivatives of p.

a) Prove that T is a linear map.
b) Find the matrix of T with respect to the standard bases of Po(R) and R2.

c¢) Is T an isomorphism? If so, give the matrix of 7~! with respect to the standard
bases of R? and P2(R). If not, find a basis for ker(T).
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2. Let B = {[_11] : [}]} and D = {[(1)] : lgl}be ordered bases of R?, and define
a linear map 7 : R? — R? by

a) Find the matrix X = Mp(T) of T with respect to the basis B.
b) Find the matrix Y = Mp(T) of T with respect to the basis D.

c¢) Find an invertible matrix P such that P71 XP =Y.



3. Let
5 —4 =2
A=1|-4 5 =2
-2 -2 8

a) Show that the eigenvalues of A are 0 and 9.
b) Find an orthogonal basis for each eigenspace of A.

c¢) Find an orthogonal matrix P such that P~ AP is diagonal, and give this diagonal
matrix.

d) Let T: R® — R? be defined by T'(v) = A.v. Find a basis B of R? such that the
matrix Mp(T) is diagonal, and give this diagonal matrix.



4. (Bonus) Regard C™ as a vector space over C and define a function (,) : C™ x
C" — C by
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where w denotes the complex conjugate of w € C. (Such a function is called
an complex inner product, and C", with this complex inner product is a finite-
dimensional Hilbert space.)

a) Suppose a (complex-) linear map 7" : C™ — C" satisfies
(Tv,w) = (v, Tw), Yv,we C".
(That is, T is self-adjoint.) Prove that the eigenvalues of T are real.

b) Suppose A is an n X m symmetric matrix with real entries. Prove that the
eigenvalues of A are real.

c) Now suppose A and B are both real n x n symmetric matrices which commute,
i.e. AB = BA. Prove that A and B are simultaneously diagonalizable, i.e. there
is an invertible matrix P such that both P~'AP and P~!BP are diagonal.

(The generalization of (c) is that any (finite) set of commuting self-adjoint oper-
ators can be simultaneously diagonalized.)



