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| 6X 1. Let T: V — W be linear, X a subspace of V with X C ker T, and (as usual), let
g : V — V/X denote the quotient mapping defined by

VeV, qv)=ph=v+X
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a) Prove that there is a uniqie linear map S : V/X — W such that T = Soq.
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b) Prove that the map S of part (a) is injective iff X = ker T.

Now suppose V. =W = R?, X = {(z,9,2) € R® | t—y+2 =0} and T is
multiplication by the matrix
1 2 -1
1 3 -3].
1 3 1

c) Show that the formula (\.
Sw+X)=Tw) (> ()

does not define a function S from R3/X to R3.
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2. a) Suppose that V is a vector space, U is a subspace of V and {u1,...,uk,v1,... , Vg }
is a basis of V such that {u;,...,u;} is a basis of U. Prove that

Bo (e bd) (14 ) \
» ! Ow«/w( .
.y s i.ﬁ" ;
e, 1y evese (D¢ B !
b) Let W = {p € P3(R) | p(0) = p(1) = 0}. Then, we know that W is a sub-
space of P3(R). Find a basis of the quotient space P3(R)/W, and verify that
dim(P3(R)/W) = dim P3(R) — dim W.
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3. Let V be a vector space over a field F. As before we denote 1the dual space of V
by V*. RN KA
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a) If g € V* and g # 0, prove that V/(kerg) = F. \J ) ”h_( '
b)

If v € V is any non-zero vector, prove that there is a linear form a € V*
that a(v) # 0. (,\* . Wﬂ,@?\\‘ﬁ %Vz Cas. (e E*{\{M‘-éu{ o {*ﬁﬂ;b 7
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c) If {v,w} is linearly independent ir V, prove that there are two linear forms
f19 € V* such that f(w) =0 = g9(v) and f(v) = 1 = g(w). U\’

s

such

d) IfV=R3v=1,0, —1) and w = (1,1, 0), give explicit formulae for two linear |
forms f,g € V* such that f(w) =0 = g(v) and f(v) =1 = g(w). U [ on e
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3. Let V be a vector space over a field F. As before we denote the dual space of V
by V*.
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a) If g € V* and g # 0, prove that V/(ker g)=F.

b) If v € V is any non-zero vector, prove that there is a linear form a € V* such
that a(v) # 0.

c) If {v,w} is linearly independent in V, prove that there are two linear forms
fy9 € V* such that f(w) =0 = g(v) and f) =1=g(w).

d) fV=R3v=(1,0-1)and w = (1,1,0), give explicit formulae for two linear
forms f,g € V* such that f(w) = 0= g(v) and f(v) =1 = g(w).
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4. a) Given a vector v € R3, define an element f, € (R3)* by

fo(w)=v-w Ywe RS, , ‘
= lorew,

where v - w denotes the dot product.

Prove that the map S : R® — (R3)* defined by / - {7 ? {0 H
S(v) = fu, Vv €RS3 [ AT
ey s,
is an isomorphism. N

b) The isomorphism S of part (a) has an inverse S~! : (R3)* — R3. Prove that if

f € (R%)*, then S71(f) € R3 is the vector N e
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1 f(el) * e
S7(f) = fle2) |, c‘; A g
f(es) T

where {e;, €5, €3} is the standard ordered basis of R3. ;
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5. (Bonus) Suppose that T : R® — R? is multiplication by the matrix

1 2 -1
1 3 31,

1 3 1

B =

and let T* : (R3)* — (R3)* be the linear map defined by
T*(f)v) = f(T(v)), YveR’Vfe (R

Then, if S is the isomorphism of Q4, we know that S~ 1o7*0 S : R3 —» R3 is
a linear map from R? to R3, and hence is multiplication by some matrix A. Find
the matrix A, and carefully check that S~1(T*(S(v))) = Av, Yv € R3.
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