! if (z,y) = (0,0)
1. a) Let [ € R and define f : R? —» R by f(z,y) = Ty .
2447 if (z,y) # (0,0).

Prove carefull& that there is no value of  for which f is continuous at (0,0)
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s if (2,y) = (0,0)
b) Let s € R and define g: R? — R by g(z,y) = z2 '
4 if (z,y) # (0,0).
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Prove ‘(‘_:‘a’trefully that there is a unique value of s for which ¢ is continuous at (0, 0)
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2. Let ACR". A point b € R is called a limit point of A if every open ball centred on
b contains at least one point of A. Let A := {b | b is a limit point of A} be the set of all

hmlt pomts of A. Find A for the following sets:
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3. Let h: R® — R™ be continuous, U C R™ open and F C R™ closed.
a) Prove that h='(U) := {v € R" | h(v) € U} is open in R™. rl Y v
b) Prove that h~(F) := {v € R™ | h(v) € F} is closed in R™. £ s (0

c) Prove that {v € R™ | h(v) = 0} is closed in R". )

d) Prove that 8" = {u € R™1 | [u] = 1} s compact,  ( 1y (1 dae
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4. Let T : R®™ — R™ be a linear map. N

— - @
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. . . . . L A ‘i L :.’" RS é'*z' L
a) Prove that T is continuous on R™ iff T is continuous at 0. S A

(-7 :;\- i }: i

b) Deduce from (a) that T is continuous on R™ iff T is uniformly continuous on R™. | < _
. . . . =:4~ oL
For the rest of this question, you may assume thatT is continuous on R™. : |

¢) Prove that 3M € R such that, Vu € R”, DRV EE

IT(u)]] < M]Jul. et

(Hint: Use 3(d) and a theorem from class to first show that 3b > 0 such that, Yw €
LT (W)l < b.)
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5. (Bonus) Let ﬁ ;}, and define T': R? — R? by T'(v) =-Av.

Uirﬁ, tas !
a) Prove carefully that 7" is continuous on RZ2. G -
b) Find Umins Umax € {U € R? | ”‘UH = ]_} such that ;/; H\: {5 ‘
e RS T (i) | loll S IT@) < T @) [0

(We know vmin, Umax €xist. You are supposed to actually find them, and prove the
inequalities above.)
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