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| 1.Define f:]0,3] = R by
' — 27
/(=) {o, if x =2

a) If a € [0,3], define ‘f is continuous at a.’

b) Using the definition, show carefully that f is continuous at z = 1. (ieuse ‘e—4§")

¢) Show carefully, using the definition, that f is not continuous at = = 2.
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2. Let A be a non-empty subset of R and consider the vector space of real-valued bounded
. functions

B(A,R):={f:A— R | fisbounded on A.}
Define a map |.]|: B(A,R) —» R by

[fl:=sup{|f(z)| | z € A}, VfeB(4R).

a) Prove that for f € B(A,R), then |f]=0 < f=0.

: b) Prove that if f € B(A4,R), and ¢ € R, then |cf| = |c||f|, where |¢|, as usual, denotes
;L the absolute value of the real number e.

¢) Prove that Vf,g € B(A,R), |f + g| < || +]g].
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3. Recall that U C R™ is open if Yz € U, 3r > 0 such that B(z,r) C U.
4) Suppose a € R". Prove that for all € > 0, B(a,¢) is open.
)) Show that if Uy,...,U, are open in R", so toois Uy N---NU,.

©) Suppose U is open in R", V = R"™ \ U, and {u,}n>1 is a sequence in V,
i.e. {um|m > 1} C V. Prove that if v € R™ is an accumulation point of {1}, }n>1, then
veV.

i d) Give an example of an infinite set V' C R™, and a sequence {y, }n>1 in V which has an
P accumulation point v & V.
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4. Suppose g : [a,b] — [c,d] is continuous at zo € [a,b], and f : [¢,d] = R. is continuous
at g(wo) € [¢,d]. Prove carefully that the composite function f o g : [a,5] — R defined by

(fog)(z) := f(g(x)),Vz € [a,b],

is continuous at zy € [a, b].
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