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1. Prove the following inequalities (a, b, z,y,e € R):
a) |z <1= | —2— 2| < 3z + 1]
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2.
Suppose {an }n>1, {bn}n>1 are Cauchy sequences of real numbers. Prove that

a) {@n}n>1 is bounded (above and below).
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a) Suppose x € Q. Prove that AN € N such that N > z.
b) Suppose 2 € R. (Hint: Let {z,}n>1 be a sequence of rational numbers with Tp — T,
and use part (a).)
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4. a) Prove that {y/n | n € N} is unbounded (i.e. is not bounded). Indeed, prove even
more, namely that VK > 0, 3N € N such that Vn > N, /n > K.

<hyb ) o
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5. a) Let 2,y € R. Prove that x <y iff Ve > 0,z <y + &
b’(m* H
Now let A,BCR/(Deﬁne their sum by A+ B:={a+b | a € A,be B).

b) Show that A + B is bounded above iff both A and B are.

¢) Prove that if A+ B is bounded above, then sup (A+ B) = sup A+sup B. (Hint: First

show that sup (A + B) < sup A + sup B. Then show that, Ve > 0, sup A +sup B <
sup (A+ B) +¢, and use part(a).)
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6. (Bonus) (See 1.15, P. 183) A sequence {sn}n>1 is called a subsequence of a sequence
{$n}n>1 if there is a function ¢ : N — N such that n > m = o(n) > o(m), and

s, = Sa(n)s VR € N. (We often write a subsequence of {sn}n>1 as {Sni te>1, where ny,
denotes o(k).)

(See 1.16, P. 183) A real number s € R is called an accumulation point of a sequence
{sn}np1 if there exists a subsequence (of {sn}n>1) which converges to s.

(P. 186, 1.8)

a) Let {s,}n>1 be a real bounded sequence. Prove that if {s, | n € N} has only one
accumulation point, say, s € R, then the sequence converges and lim,_, o, 5, = s.

b) Find a sequence {t,},>1 which is not bounded (and which therefore cannot converge)
such that {t, | n € N} has only one gice camifotho. pL.
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