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1.a) If A C R give the definition of the supremum of A, usually denoted “sup A”. @

b) Let {an}n>1 be a bounded real sequence and let

a:=sup{a, | n>1}. dea O
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Suppose, in addition, that ey ™ i

Yn>1, a, <a.

Prove that a is an accumulation point of {an}n>1.

c) Given an example of a bounded sequence {by, }n>1 for which sup {by, }n>1 is not @
an accumulation point of {b,}n>1. | | T emect
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2. a) State your favourite version of the Mean Value fgyhsgrem. 445 e el

(7. v -
b) Prove that if a,c and z € R, k/
|z >¢c>0 = Il—ll<lx_—al
« @l (D
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c) Use (b) and the definition of continuity to prove that f(z) = - is continuous
on R\ {0}.

Now let g : R — R be differentiable everywhere. Suppose further that ¢’ is
non-negative and decreasing on [0, 00). That is,

(I) ¢’'(z) > 0,Vz € [0,00), and
(I) z<y = ¢'(z) 2g'(y) VYa,y€[0,00).

d) Prove that the function ¢’ is bounded on [0, 0c0). ﬁ )

ey

e) Use (d) to conclude that there exists M such that C/ﬂ)

(@;‘;}n l9(z) — 9(y)| < M|z —y|, Vz,y € [0,00).
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3.a) If K C RP?, give two different characterizations of “K is compact”. (One of
them may be the definition.) C)

b) Let A and B be two compact subsets of R2. Using either of the characteriza- —
tions of compactness in (a), prove that AN B is also compact. ( g/ )

c) Let C = {v e R? | 1< |jv|| <2}. Using any method, prove that C is compact. Z }
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4. a) Suppose fp, : [a,b] — R,n > 1 is a sequence of functions. Define what is
meant by

Z fn(x) converges uniformly on [a, b . @
n=1

b) (i) Give the Taylor polynomial of order 3, with remainder, at 0, for the function
1 TN ] [\;‘
9(@) = g—- W+ U

(ii) Show that g(™) (O) 6”+1 I

(iii) Prove that the Taylor series for g at 0 converges uniformly on any closed

interval [—r,7], r < 6. @

c) If the Taylor series of a function f : R — R at 0 converges at a point z € R,
must it converge to f(z)? (No justification is necessary.) mb
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5. Suppose U C R? is open, and a € U.
a) Suppose g: U — R?. Define “g is continuous at a.” @
b) Suppose f:U — R. Define “f is differentiable at a.” @
c) Now suppose g : R* — R? is continuous at 0 € R?, and define f : R — R by
f()=g(v) v, YveR? (dot product)
Prove that f is differentiable at 0 € R2, and that «;"\;
0

df (0)(v) = g(0) - v, Yov € R? (dot product)

(Hint: You may use the inequality

|(90) = 90) o[ < llgw) = 9@l 10l}, - vo € R2.)
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6. Define a function f : R? — R by

flz,y) = Vl]zyl.

\Mma) Prove that the function is continuous at (0, 0),

&f b) Compute the partial derivatives at (0, 0), if possible. 7+

N P

@/ c¢) Decide whether or not the function is differentiable at (0, 0). a2

(pd) Are the partial derivatives of f continuous at (0,0)? (7
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7. Let f(z,y) = 2* + 3 + 3, and define h: R — R3 by

h’(m’y) = { Yy } .
f(z,y)

D
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(21 a) Find the Jacobian matrix of F at (1,~1), and the Jacobian matrix of A at

(11_1)' @

on
~ b) Find th€ equation of the tangent plane to the graph of f, Gy = {(z,y, f(z,v)) |

ol

7 (x,y) € Rz} at the point (1, ‘1)- @>

[

il c) Find the direction at (1,-1) in which f increases the fastest. @
d) Use Lagrange multipliers to find the maximum and minimum values of f on
the compact set .
(@) | st +yr<y. (2
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8. (Bonus) Let K be a compact set in R™. If an increasing sequence {fn}n>1 of
continous real-valued functions f, : K — R converges to a continuous function

f: K — R, prove that f, — f uniformlyon K. /5)
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