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To receive full credit, all answers must be supported with clear and correct
derivations. No calculators, notes, or other aids are allowed.

Rules governing examinations

1. All candidates should be prepared to produce their library/AMS cards upon

request.
2. Read and observe the following rules:

No candidate shall be permitted to enter the examination room after the expiration of one

half hour, or to leave during the first half hour of the examination.

Candidates are not permitted to ask questions of the invigilators, except in cases of supposed

errors or ambiguities in examination questions.

CAUTION - Candidates guilty of any of the following or similar practices shall be immediately

dismissed from the examination and shall be liable to disciplinary action.

(a) Making use of any books, papers or memoranda, other than those authorized by the

examiners.
(b) Speaking or communicating with other candidates.

(c) Purposely exposing written papers to the view of other candidates. The plea of accident

or forgetfulness shall not be received.

3. Smoking is not permitted during examinations.
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5] 1.

Prove: For logical statements P, @, and R,

Fre)= R =

(PAQ)=R] = P= (Q= R).
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[5] 2.  The distributive law is a famous fact valid for any sets A, B, and C:

AN(BUC)=(ANnB)U(ANCQC).
Prove this equation from first principles.
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[8] 3. Let A and B be nonempty sets, and suppose f: A — B. Prove: If A, Az C A, then
(a) f(A1UAg) = f(A1) U f(A2).
(b)  f(A1NA4s) C f(A) N f(A).
(c) If f is one-to-one, then f(A; N Ag) = f(A41) N f(Ap).
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8] 4. Prove that lim (\/ n?+1-— n) = 0. Use the e-based definition, not limit laws!
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8] 5. Let A={a1,as,...}. Define B= A~ {a, : neN}.
(a) Assume, for this part only, that j # k implies a; # ag. Prove that |4] = |B].
(b) Prove or disprove: If |A| = |N|, then |A| = |B|.

(o) C(% Al= N.
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[10] 6. In each sentence below, write a precise definition for the term or statement in the box.

(a) The function f: A — B is

\”/jé B dxed: ) . f0.

(b) Statements P and @ are given, and

Qv

(c) A sequence (a,) is given, and ] an — 8 asn — 00.1

ds >o aNeN W:»/\/) la-9l<¢

(d) A bounded nonempty set S C R is given, and m
~f
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(e) Nonempty sets A, B, and C are given, with C C A. Define g(C), | where g is a relation from A
to B.
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Continued on page 7
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{(f)  The set of real numbers, R, has {the least upper bound property. l
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(h) The function f: A — B is Lnot a bijection. !
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(i) Statements P and @) are given, and [ P = () is true but vacuous. I
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(j) Max’s favourite integers are the ones satisfying I z =2 (mod 7). ‘
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Continued on page 8
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[9} 7. For each statement given below, do two things:

(i) Write the negation as a simple direct statement.

(For example, just writing “The following is false” in front of the statement is not acceptable.)

(i) Prove either the given statement or its negation, as appropriate.

(a) Foreachn €N, 3" + 2 is prime.
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(b) There exists an integer n such that n® 4 3n/2 = 1.
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9] 8. (a) Prove: For real numbers a and ¢, one has

Ve>0, a<c+e] = [a<d.

(b) Prove: Whenever A and B are bounded nonempty subsets of R,
sup(A U B) = max {sup(A), sup(B)}.
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1+ (2n—1)3"
9] 9. Prove: Vn € N, 1.39492.3043.324...4p.3"1 = —I—('n;1 )
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[10] 10. Decide whether the following sequence converges or diverges:

n2(—1)" — 25
4n2 +16

n ==
Prove your answer in complete detail. If you use results proved in class, quote them precisely.
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[10] 11. Recall that a sequence (an),y is called “Cauchy” when
Ve>0, AN €N : Ym,n >N, |am —an| < &.

Prove: If (a,) is a Cauchy sequence and one has lim by = 220, where the sequence (b;) is defined by
00

b1 = a9, b2:a,4, b3:a87 RN bk:azk, RN

then a,, — 220 as n — oo.
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[9] 12. Determine whether each series converges or diverges. Justify your answer.
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