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1. Let P(R) be the real vector space of polynomial functions, and define a map
T:P(R)— PR) by
T)=p -p.

(Here p' denotes the derivative of p.)

a) Prove that T is linear. g
b) Prove that T is injective. ?
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2. Recall that for any vector space U over a field F, £(U, F) is called the dual space
of U and is denoted U*.

Suppose T': V — W is a linear map.

@a) Let f € W*. Show that the formula g(v) = f(T(v)) defines an element g € V*

Now deﬁne; amap T :W* - V* by T(f) = g, where ¢ is defined in (a). That is,
for f € W*, T(f) is the member of V* which defined by

T(f)(w) = f(T()),Yv € V.

@b) Prove that T is a linear map.
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2c) If V = R:,W = R3, T : R? - R? is multiplication by the matrix [3
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3. Suppose T: U — V and S: V — W are linear maps. ( (/
j " /

@ a) Prove that if T is surjective, then im (ST) = im S - »a\a aﬁ» *‘
(3) b) Prove that if S is injective, then ker T = ker(ST) %

¢) Find two linear maps 5,T : R? — R? such that {| J ~ L “’“ §~3N v 0
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4.Let T : V — V be a linear map such that 72 = T, and let I denore the identity
map of V. (i.e. I(v) =v,Vv € V.) Prove the following;
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5. (Bonus) Prove that the linear map T': P(R) — P(R) defined in question 1 is in @

fact an isomorphism.
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