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L. Let F(R) = {f | f:R — R} be the vector space (over R) of all real-valued functions
defined on R. Let

M={feF(R)|VzeR,f(-z) = f(z)}

be the set of even functions and

N={ge F(R) | vz € R, g(—z) = —g(z)}
be the set of odd functions.

a) Show that M is a subspace of F(R).
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1. (cont.) Now assume that both M and N are subspaces of F (R).

1b) Prove that F(R) = M @ N (direct sum). (Use any hints provided in Q. 13, P. 24 of the
text.)
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2. Let P(Q) denote the space of all polynomialsvith coefficients in Q.

a) Prove that {1,¢,¢?} is linearly independent in PQ) g-twf{ﬁm( a vi + bt Q{)':‘ Q
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b) Prove that {I‘j\i_tt{ m,‘% 1,331—,{; 5t} is linearly dependent in P(Q) . (U 74 (@} )
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2. (cont.) Now Let
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be a 3 by 4 rational matrix such that rank A = 3.
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3. Let V be a vector space over F. D’O ve #&0 %’H@ W ‘“@ {

a) If {v1,...,vn} C V is linearly dependent, and v € V is any vector, then {v,v1,..., 0}
is also linearly dependent.
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b) If {wy,...,w,} C V is linearly independent, then {wa, ..., wn} is also linearly inde-
pendent.
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(cont.) Now suppose V is any vector space over a fiedl F, and that {u,v,w} is linearly
1ndependent in V.
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4. Let A={(2,-1,1),(-1,2,1),(1,1,1)}.

a) If F = F3, show that A is linearly dependent in F$
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b) If 3 is invertible in F, show that A is linearly independent in F3.
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5. (Bonus) Prove carefully that V = R is not finitely generated over F = Q. (Theorems
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