MAT1322\-3X Solution to Midterm 1(A) Summer 2014

Solution to Midterm Examination 1 (version A)
MAT 1322-3X, Summer 2014

1. (3 marks) Use the definition of improper intgrto find the value of improper integral

3 1
dx
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Solution (i) Istl—dx_llmI \/_
2 X_

Use variable substitution,= 3x — 6,u' = 3.

3 1 _ — 13 = 2/73
LTdX ||m.[ \/— dx= LI[TZI 3 33—6\/3 du= ].I;[n |:2\/_ui|u 3a—6__3

2. (3 marks) Use the comparison test to showithtoper integral.[w

X
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dx diverges.

Solution Since -1 < 2¢. 12 Iy

JZX_l o= Sl el

dx diverges.

diverges, improper integraj'l

! \/2x3—1

3. (3 marks) Find the area of the region bourigethe graph of =x* — 2 + 1 and the graph
ofy=-2¢+ 4x + 1.

Solution Letx*—2x+1=-2%+4x+ 1. 3¢—6x=0. x=0, 2. The area of this region is
2 ) _r2 2 _
A= jo((—zx +4x+ 1)- (X - 2x+ 1))dx= jo € 3%+ 6x)de| - %+ 3% =

4. (3 marks) LeR be the region under the graphyof arcsinx and above thg-axis, 0< x< 1.
Find the volume of the solid obtained by revolvRgbout they-axis.

T

Solution The inverse of this function s= siny, 0y < > The volume of the solid is
V= nJ' 12 - sin’y)dy= nJ' cos ydy=— I (& cos(3/ )i
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5. (4 marks) A tank is of the shape shown in tilewing figure:
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The tank is filled with water with densigy= 1000 kg/m. Find the work needed to pump all the
water to a level 2 meters above the top of the.télgeg = 9.8 m/sed.

Solution Look at a layer of water in the tarkneters above the bottom of the tank. The width

of this rectangular layer is found blyzg1 | = 2x. This area of the layer is¥5(2x) = 10x m?.
X
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I i 1=2x *

b
Let the thickness of the layer dg Then the volume of the layerd¥ = 1kdx and the weight

of the layer islw = 1xpgdx The work needed to pump this layer of water toe2ers above the
tank isdW= 1xog(6 —x) dx

Finally, the total work needed to empty the tank is

3 4
W= _[210xpg(6— x)dx= 1Qo { 3X —%} :8—20,0 o= 2.6 1€ Joule.
x=0

If you choose to use the distance between the Eyetop of the tank as the variable, denoted
by, sayh, then the length of the rectangular layer is fobydAfl—h =%, | = 2(4 -h). This area
of the layer is 5 2(4 —h) = 10(4 —h) n?’.

Let the thickness of the layer db. Then the volume of the layerd¥ = 10(4 —-h)dh, and the

weight of the layer isiw = 10(4 —h)ogdh The work needed to pump this layer of water to 2
meters above the tankd¥V= 10(4 —),0g(2 + h)dh.

Finally, the total work needed to empty the tank is
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W= 1310(4—h)p9(2+ h)dh:j;1 1 g(8 2 R )diE 1@ % 8h #g} 3

= 2.6x 1 Joule.

6. (4 marks) LeR be the region between the grapfyt;qcl and thex-axis, 1< x< 2.
X

Assuming it has a uniform densjty Find the coordinates of the center of massisfrégion.

. . .21 2 (1
Solution The mass of this reglon,a;sj'1 ;dx= plIn 2. The momeny = p .[1 X| = |dx= p.
X

The momenM, = gflz(lj dx:%. Hence, the coordinates of the center of mass is
X
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