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1. Write (—m'g:_—m)' in the form
with a,b,c € C,
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2. a) Find the conditions that a, b, c € Q must satisfy so that the system

ry —2x2 +x3 +224 = a
r1  +Zo —T3 44 =
I +7$2 ——5.133 —T4 =

has at least one solution in Q2.
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2b). Find the conditions that a,b, ¢ € F3 must satisfy so that the system

T1 229 +x3 4214

i
=

. +zTy —x3 T4 b
-I— —2 —_— - J—
1 T €T3 Ta C h#b ? 5 4 n }
has at least one solution in F3.
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3.LetA=[

[t |

} € Mz3(F,)

O =
b=t =}

a) Find the reduced row echelon form of the matrix (working in F3, of course.)

b) Find all solutions z € 3 of Az =0
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4. a) Let F be any field, and fix ¢ € F. Equip the set V' = F? with two operations as
follows. Define addition by

@)+ y) =@+, y+y —a), Vo,2,yy €F,
and define the scalar multiplication by scalars by
c® (z,y) := (cz,cy —ac+a), VYzr,y,cc L.

(i} Prove that F?, with these two operations satisfies the two existence axioms for a
vector space over F.

(ii) Prove that F2, with these two operations satisfies the first distributive property for
a vector space over F, i.e. prove that Vc € F and Vu,v € F2,

c® (utv) = (c®u)F(c®v).

@)a)wﬂ Al ()(0‘?0)6 Fosd (Yaf‘ga} 3“()99) = (x9)
e (XX, pry-a) = (ng)

foce ,  Clwe oy, )= (0,0)  re loe) otiene,
& 7 F oy
s (0,00 F (x9) = (~x9), MIE
VY IF G s @), e

Fo AT 2]

(xlex yleg-a) = (0,2), g sang.

Thio , (ox, ta-g) F(xig) =(a%) ,HEy)ET
o - (K'\J) :(f—}f/ Lﬂﬂj) “ #—LM@AJAM“} C‘qnj)

~ f f_ )
@) Lol w= (x)4) and @ = (g Tl (& (UFH) = C® (ka’,(7+j a
= (CHCX’) C(Lf_+c5'~ca cac +a )= (Cx +CX, eJJFca’.-Qmm)_Ova&L
Hoow Sl CC@*LL) Y (cov) = (CX,cqy-acta) ¥ (cx!, ca’—acwzj
) y _ | | /
= (cyx+cx, cy-acea + cd'—-qc ra —~a ) = (Cricx cytyriac +a)
cacx!, 2

whacl sy 2quel o Ca (av), Vo€ Foct W (ny), (ny) e £
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4b). LetVbetheset F(R) ={f | f: R — R} of all real-valued functions on R. Equip

V' with the usual addition of functions (for f,g € V, (f + ¢)(z) := f(z) + g(z),Vr € X)
but with the following operation for multiplication by scalars:

(o f)(z) := f(cz), Ve,zeR.

Prove that V with these two operations is not a vector space over R.. (Show that some
axiom fails or that some theorem, true for any vector space, fails.)

#I? Vet o .Utr.ou,w/fl) Nl O.@F:O )(/1@@\/_
(% YL"M"f #ao s ofle Sealbar O eER, 4l SZpu ot ) fle Revo
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/2. O@fo: %] / B %4&’@\‘ *(-ée(
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5. (Bonus) Let F be a field. A sequence v = (a1, ag, . . .) of elements in F is said to be
eventually-zero if 3m € N (which may depend on v) such that n > m = a,, = 0.
Let

VI{(CLI,G,Q,...) ‘ CL,;EF},

be the vector space of all sequences in F, and
Vi ={(av,a2,...) €V | (a1,09,...) is eventually-zero},

and equip it with the same operations as V. The set V, with these operations, is also a
vector space over F (Indeed, V; is a subspace of V)
Define sequences E;,i € N, which belong to both V and Vi, by

1, ifi=y
E;); = , teN.
(B2); {0, ity "
Now consider
V)={f|f:V->F}
and

FW)={f| f:V —>F},

both equipped with the usual operations on function spaces, and define elements fi, f,, ...
which belong to both F(V) and F(V), by

filay,a2,...) =a;, i€N.

Note that there is a surjective (in fact bijective) map N — {f: | ¢ € N} which sends 4

to f;.
a; &4 . th

b) Show that {E; | i € N} does not span V. b) (4,4, ) éFS—Pam’gEt-\(éNj Simce

M3

a) Show that {E; | ¢ € N} spans V;. a) (6{4 582, 0, e, 0;0,.. ) =

i :
¢) Show that {f; | < € N} does not span F(V;). “P Ciyd, - ) = ZCA‘ Ex, ““L‘“’”O

AT

At o ' ]
d) Show that there is no set W C F(V) such that Yoo it " ehsmendt im Aon s

‘ 7 st
(i) W spans F(V), and o dc QUS s 0 asbilll H o g
(ii) There is a surjective map N — W. on Loy LHE .
C) Befine $: V> F by fla,a,.. ) = T2 , Sexee @,an,. ) €V,
(e
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