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1. (12 POINTS) Let S be a subset of R which is bounded above and denote
a=supS.
{a) Prove that for any ¢ > 0, there exists s € Ssuch that e —e < s < a.
(b} Prove that there exists a sequence {3,}5%,, € S such that s, = a.

2. (12 POINTS)

{a) Prove that f(z} = 2z + 5 is uniformly continuous on R.

(b} Suppose that a function f is uniformly continuous on an interval D.
Let {2,}22, be a Cauchy sequence in D. Prove that the sequence

{f(zn)}% is Cauchy.
(c) Prove that f(z} = Jr is not uniformly continuous on (0, 1.

(d) Prove that f(z) = % is uniformly continuous on {1, co).
3. (9 POINTS)

a) Suppose that {z,}5%, is a sequence in the interval [a,oc). Prove
1

that if z,, converges Eo x, then = > a.
(b} Suppose that f: B — R is continuous at ¢, and that f{c) > 0. Prove
that there is a neighborhood U of ¢ such that f(z) > Gforall z € U.

{¢) Use the Intermediate Value Theorem to show that the function f(z) =
3z% + z — 7 has a root in the interval {1,2].

4. (9 POINTS)

{(a) Suppose that S is an infinite subset of R. Prove that S contains a
sequence of distinct points.

(b} Suppose that S is a subset of B which is unbounded above. Prove
that S contains a sequence {s,}2%., such that 5, - co.

n=]
{c) Suppose that the sequence {z,}22, is unbounded above. Prove that
it has a subsequence {z,, }{2, such that z,, -+ co.



BONUS:

. (14 POINTS)

(a) Suppose {z,}%,, is a nonconvergent sequence. Prove that for any
# € R there exists £ > 0 and a subsequence {z,, }$2,, such that
([#n, — @il 2 € for all £ in N.

(b) Also show that there are at least two subsequences of {z.}2, with
distinct limits.

- (11 POINTS) Use induction to prove that 12422+ . .4n2 = Mém_m .
. (12 POINTS) Let f : R — R be given by

_ [ ztsin(gis) if 40
f(‘”)‘{ G i alo

Prove that f is differentiable at z = 0 and find f/(0).

- (9 POINTS) Find the Taylor polynomial Py(z) for the function f (z) =

z!/2 about the point & = 1 and state the formula for the the remainder,

R (33) .

- (12 POINTS) Suppose that the function f : R — R is differentiable on R.

Prove that f is monotone increasing on R if and only if fi(z) = 0 for all
T € R.

(10 POINTS) ‘
Suppose 0 < b < a. Prove that In(%) < 27%.



