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Instructors: Dr. Marco Bertola, Dr. Pawel Géra
Problem 1. Let Ig be the set of all open intervals with rational endpoints. Prove that this set is countable.

Problem 2. Let 0 : R — R. Suppose that

lim 28 _ g
x—0 xB

Prove that the function o(x) satisfies

lim o(z) = 0.
r—0

Problem 3. Using the definition, prove that the following function is differentiable at x =0

f@) = { 2x +:E2osin (m%) iig

Problem 4. Let (x,)nen and (yn)nen be two sequences of real numbers such that

lim z, =L
n—oo

and for alln € N we also have
Tr, < Yn < Tam -
Find the limit of y,,.
Problem 5. o Write the definition of a function f: D — R being uniformly continuous

e Let f,g be uniformly continuous on R; prove that any linear combination is also uniformly continuous. We
recall that o linear combination s any expression of the form

af(x) +bg(z) ,

for some real constants a,b.

e Show that f(x) = -5 is not uniformly continuous on (2,3].

Problem 6. Show that the equation
e” = 322

has at least two positive solutions.
Problem 7. Let f :[a,b] — R be twice differentiable and such that
f"(x)+ f'(x) >0, Vz € (a,b)

Show that
f(l‘) < max{f(a), f(b>} ) Vo € [a7 b}'



You can use the following
Criterion Let f(x): I — R be twice differentiable and let ¢ € I be an interior point such that

flley=0
If f"(c) > 0 then c is a point of local minimum; if f”(c) < 0 then ¢ is a point of local maximum.

Problem 8. Let f:[0,1] — R be a continuous function such that Va,y € [0, 1]

17@) ~ 5l < gla 3]

Consider the sequence
IO::]~7 zn:f(xn—l)a nzl

1. State —in general- the definition of Cauchy property for a sequence;
2. Show that the sequence defined above has the Cauchy property;
3. Deduce that the limit lim,, o x,, = L exists and that f(L) = L.

Hint for point 2: prove by induction— that

1
|Trt1 — xn| < 2—n|x1 — xo
and deduce from this the Cauchy property.
Problem 9. Consider the function f: R — R defined as follows

| 2243 reQ
f(x)_{ 33—4 zeR\Q

Find all points where the function is continuous, if any, and prove the continuity there.
Problem 10. A function f: 1 — R is said to be a—Holder for a > 0 if
AC>0: Ve,yel, |f(z) - fy)l < Clz—y|®
Prove that
1. an a—Hdélder function is continuous;
2. the function f :[0,1] = R, f(z) = \/x is 1/2-Hélder (i.e. with o = % in the definition above);
3. the same function as above is not 1-Hélder (i.e. with o =1 in the definition above).
[Hint for the last point: start by writing the negation of the definition for « = 1 and consider y = 0./

Problem 11. (a) Write the definition of limsup for a sequence of numbers.
(b) Let (xn)nen be a sequence of real numbers such that

VR>33dNeN: Vn>N Tn < R

Prove that
limsupx, <3

n—oo



