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MARKS

7] 1.

(a). Let A, BCR, ANB =0 and sup 4 = inf B.
Prove that Ve >0, 3 ac€ A,b€ B suchthat b—a < ¢.

(b) Give an example of two sets 4, B C R such that inf 4 = inf B and
sup A =sup B, but AN B =1{.

. (a) Prove that the set S={z=a+bv2: a € Q,b € Z} is countable.

(b) Prove that the set of irrational numbers is uncountable (you may use the
following facts: the set of rational numbers is countable and the set of real
numbers is uncountable).

. (a) Let the sequence (a,)nen converge to zero and the sequence (b,)nen be

bounded. Prove that the sequence (¢n)nen, where ¢, = anb, , also converges
to zero.

(b) What can you say about the sequence (¢, )nen above if lim. a, = a # 07
. n—
Explain. =

(c) Use the Squeeze Theorem to find the limit of the sequence

1 1 1 1
bn = + + o e
YTVl VnP+2 Vn?+3 VnZ+n
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[3] 4. (a) State the definition of a monotone sequence.

3]

[6]

(b)

What can you say about the set E of all subsequential limits of a monotone
sequence? Explain.

(c) Prove that if a sequence (a,)nen is not bounded above, then it has an

()

increasing subsequence (an, )xen such that klim Uy, = +00.
. — 00

Find the limit superior and the limit inferior of the sequence

_14+(=Dr 1
"o 2 +2n2

State the definition of the limit of a function f at a point a
i) using the £ — ¢ formulation;

ii) using sequences.

Use either of the definitions above to prove that if lim f(z) = L; and
r—a
lim g(z) = Lo, then

r—a
31131(11 [2f(z) + 5g(x)] = 2L1 + 5L,

6. (a) Let a function f be continuous at a point ¢ and f(c) = 1. Prove that there

(b)

exists a neighbourhood U of the point ¢ such that f(z) > % , Vzel.

2 if z€Q
% if zeR\Q

Can you find real number(s) where f is continuous? Explain.

Consider the function f(z) = {

(c) Let f and g be continuous functions on [a,b] such that f(a) < g(a) and

f(b) > g(b). Prove that f(c) = g(c) for some c € (a, b).
(You may use the Intermediate Value Theorem.)
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7. Use the definition of uniform continuity to prove that for any a > 0,
[4] (a) f(z) =2 is uniformly continuous on (0, a].

[4] (b) f(z) =2 is not uniformly continuous on (0, a].

[7] 8. (a) Prove directly from the definition that the function f(z) = z|z| is
differentiable on R. Find f'(z). What can you say about f”(x)?

[5] (b) Use the Mean Value Theorem to prove the inequality e® > 14z, ¥ z > 0.

[5] Bonus ‘
Prove that the two definitions i) and ii) of the limit of a function f at a point a
(question 5(a) ) are equivalent.



