MATH 209 Final Exam Solutions April 2010
Question 1
(a) ()
.22 =3r+2 (=3)2-3(-3)+2 20
lim = —_2 __5§
a—-3 x—1 -3—-1 4
(ii)
. 2?2 —16
lim = 0
x5+ T —H
. 2?2 —16
lim = —00
r—b— I — 5
Thus, two-sided limit does not exist.
(iii)
507 3a? 2 54 3 n 2
. —hxT+ 3% +2 L T T U7 . 25T
Jim e = i e = i e =

lim —3¢g(z) = —31in§ g(x) =(-3)4=—-12
x>

r—3

lim \/g(x) = iligg(x) =Vi=2

z—3

o) dmaagl) 42
im = — — __Z
e=32f(x)  2lim,3 f(x) —10 5

y (x —h)* — 22 i x? — 2zh + h? — 2?
T h = h
. —2xh+ h?
= lim ———
h—0 h
— tim h(—2x + h)
h—0 h
= lim(—2z + h)
h—0
= -2z
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Question 2

(a)
f(x) = (=6)102° 4 (—4)32% = —602° — 1222

(b)

(22 +5)(e® — 7) — e*(z* + 5x)

f'(x) =

(er —7)*
_ 2ze” — ldx + be” — 35 — e*x? — Swe”
- (er —7)°
_ —a%e” — 3we” — 14z + 5e’ — 35
N (er —7)*

dy  2(@*+32)2x+3)  4r+6

dx N (q;2 + 31})2 N 22+ 3x

1
5¢/(z+5)"

dy . 1 1/5—-1 1 —4/5
dx_5(x+5) _5(x+5) =
(e) Differentiate both sides of the equation with respect to z and use the Chain rule and

the Product rule where appropriate:

d d

il — D (oY _

R R )

d dy L,y

dx(x>y+xdx - ¢ dx
j—i(ey—x)zy

Question 3

The price-demand equation is:

x = f(p) = 7000 — 500p
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Find the price elasticity of demand:

_pf'(p)

f(p)
500p

~ 7000 — 500p
~ 500p
7000 — 500p ~

E(p) =

E(p)

Hence,

500p < 7000 — 500p
p<7

Therefore the demand will remain inelastic while the price for a pair of sunglasses is less or

equal to 7. Thus an increase in price will lead to an increase in revenue.

Question 4
Let f(z) = 2* — x and g(z) = 2z.

2k

—4F

Figure 1: Plot of the parabola 22 — z and the line 2z

First find the points of intersection of the two graphs:

22— r =2

22 —3r=0

r=0 =3
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On [-2, 0], f(x) > g(z). On [0, 3], g(x) > f(x). The area bounded by f(x) and g(z) is:

0

/ /@) — g(a)] do 1 / lola) — S(@)] de = /

-2 —2

3 3221° 322 28 3
- [E—ﬂ *[7—3]
-2 0

12 27 27

o B
372 2 3
79
6

3
(2% — 3z)dx + / (3z — 2*)dx
0

Question 5

f(z) = 2* —22°

Find the z-intercepts:

2} (x—2)=0
r=0, =2

Find the critical points:

222 (22 — 3) =0
3

:0 = —
=0, w=g3

Find the points of inflection:

f(z) =122> =122 =0
122(z —1)=0

=0, z=1
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(—o00,0) |0 (0, 1) 1 (1, 3/2) 3/2 (3/2, 00)
fl(x) <0 0 <0 <0 <0 0 >0
f'(x)] >0 0 <0 0 >0 >0 > 0
f'(x)| Decreases, | Point of | Decreases, | Point of | Decreases, | Absolute | Increases,
concave inflection| concave inflection| concave minimum| concave
upward downward upward downward

The graph of the function is:

Figure 2: Plot of 2% — 223

Question 6

(a)

1000 — z x
= — [ 1
D 50 50 50" 0 <z < 1000
(b)
22
R(z) = zp(x) = 50x — —, 0 < x < 1000

20’

(¢) The marginal revenue at a production level of 400 units is:

=50 — —

R'(z) 0

R'(400) = 50 — 40 = 10

Therefore revenue is increasing at a rate of $10 per unit.
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(d) The marginal revenue at a production level of 650 units is:
R'(650) =50 — 65 = —15

Therefore revenue is decreasing at a rate of $15 per unit.

Question 7

P =500 pounds/sq. inch, 7" = 250 Kelvin, dT'/dt = 3 Kelvin/hour

P 500

:_:2
T 250

Since P = 2T, the rate of change of pressure with respect to time is:

ap _
dt T dt
dP
o= 2 -3 = 6pounds/(sq. inch - hour)

Question 8
(a) ,
/659” dr = 565”” +C

(b) Let u =2 — 7. Then du = dx and z = u + 7.

/ T Qo — u—l—?du
Vr—17 Vu

S )

9 3/2
= u3 + 14 u!/?

2
S - 2+ 14z - 1)V + C
14

2
V-7 (Zr—-—+14
T 7<3x 3—|— )—l—C’

_ gx/x—7($+14)+0
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() -
/(3x2+5x)dx:x3+§:c2+0

(d) Let u =4+ 2. Then du = 322 or 1/3 du = x*dx.

2 1 1 1 ,
/4+x3dx:/£du:§ln|u|:§ln|4+x |+C

(e) Let u=2?+ 1. Then du = 2z dz or 1/2 du = x dz.

12 13 24 1)
2 | )12 :/u _u :(x
/(x +1) "z dx - du % = o8 +C

Question 9
(a)

5 3 ° 125 65
/(t2—4)dt: {——475} = _20=—
0 3 . 3 3

(b) Let w=h? Then 1/2 du = h dh. The limits of integration become 4 and 9.

e I eu 1?1
/ e hdh = / —du=|=| ==e*(e’ — 1) ~4024.24
) L 2 2|, 2

Question 10
(a) R=5cm, dR=0.1 cm

4
V = §7TR3
dV = 47 R%*dR

dV = 47(5)*(0.1) = 107

Therefore the volume of the ice coating is 107.

(b) Let f(x)=|z|. Then f(x) is continuous at 0 and

N o
flz) = lm —
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We are interested in f(0):
f'(0) = lim —’hl —0 = lim —

Since

Two-sided limit does not exist. Hence f(x) = |z| is not differentiable at 0.
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