Continuous-Time & Discrete-Time Signals

Continuous-Time:

X(t)
X(t)\/

Discrete-Time;




Signal Energy & Power:
 Signal x(t) and x[n] -- associated with energy & power:
 Energy E & Power P:

. . L
Continuous -time = [ x(t)z‘ dt
1
p-_1 tf|x(t)|zolt

E_HH
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Discrete-time: E=Y k[n]P
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P= N2- Nl%'x[ n]|

For infinite time interval:
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Continuous-time:_ [Icoat Pa=time = [P
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Transformation of Independent Variables (t, and n)
TimeReversal: t - -t; eg., x({)- x(-t).

n- -n; eg., x[n]- x[-n].
Continuous Signal.:
« Signal isreflected at origin. Example:

%

0 ~—— ¢t
~—__" 0 t

Discrete Signal:

o

Lol o)



Time Shift:

Continuous Signal: e.g.. x(t) -

Discrete Signal:

x(t-3),

X(t)-  x(t+3).

x(t)
1.2

X(t-3)

0 t

\Noves right by 3

I

12}

0 3 t

moves left by 3

-3

e.g.. X[n] . x[n-2],

0 t

X[n] _ X[n+2].




Even & Odd Signal:

* Even signal: Continuous:  x(t) = x(-t)
Discrete: X[n] = x[-n].

«Odd Signal: Continuous:  Xx(t) = - x(-t)
Discrete:  x[n] = - x[-n].

For continuous function  X(t) = X4 (t) + X, (t) , giving:

X, () = X(t) +x(=t) cand x,(t) = X(t) = x(=t)
2 2
For adiscrete function X[n] =X [n] +X,[Nn]

X[n] + x[—n] X[n] = x[—n]

Xe[n] = > Xl =

Example: Given x{n] below, find ~ Xe[N] and Xg[n]

2



x[-n]

Xe[ n]
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Periodic Signal:
e Tobeperiodic: x(t) =x(t+T), T = period.

Fundamentaperiod T, = smallest T satisfying the above.
. X[n] =x[n+N], N = period.
Fundamentaperiod N,= smallest N satisfying the above.



Continuous Periodic Signal:
x(t) = el = coswyt + j sinwyt

With aperiod T ,thesigna X(t) = et = gl(t*T) = glent gleoT
or, e =1=efflling =2
wy
Smallest value of kis1. Hence,
Fundamental period.  T,= 2n k=+2,+3are harmonics.
wy

*For asignal with different component fundamental periods,
Fundamental period = LCM of al fundamental frequencies.

Example: (1.10, p.58)

Find fundamental period of  x(t) = 2 cos (10t+43in (4t -1).



2 cos(10t+1) : fundamental period: 575
Sin(4t-1):  fundamenta period: 2N _T
LCM = 1t= Fundamental period of x(t).

Discrete Time Signal:
« Complex exponential function: x[n] = C an

For sinusoidal: x[n] = &“" = cos(ey,n ) + j sin(w,N)

Examples of such functions: (Fig. 1.25, p.25 of text).:

Note that part (c) is not periodic.



Discrete Time Signal (Sinusoidal):

As nisinterger:  @l(@*2mn — gl oJ2m — qjeon
I.e,, exponential at % = exponential at wy, + 21

*\We need to consider a discrete time signal only in the frequency interval of
211 only.

Condition of periodicity (discrete time signals):
With afundamental period N,
ej(*b( n+N) - el(*bn ’ or erON — 1: ej2TlTn

Which yields: % =%. Thisratio isto be rational for periodicity.



Example: (Prob. 1.26 p.61). (Find fundamental period of:)

@) [l =sin (5 n+1).
_@, &:E :7_
7 21t 7
(b) x[n] = cos (g — )
1 o, _ 1 N .
=—: —=— _ irrational. Not periodic.
“o 8 2n on P
(c) X[n] = cos(g n) cos(% n)

3n T
==(cos— n+cos—n);
2 4 4

COSS—nna&::—S' COSEI‘]—»Q)O 1

2m 8’ 4 2m 8

Hence, N = 8.



(€) X[n] = ZCos(gn) +sin(§n)—2cos(gk+%).

T 0, _1 o,
cos(=n) - —2==, N,=8;
(4) on 8 0
. T o, _1 A
sn(—n) - —=—, N,=16;
(8) on 16" °
cos(Ck+®y L Q=1 N =4
2 6 2n 4

Fundamental period= N =16 (LCM).

Unit Impulse and Step Functions:

Continuous-time Functions: 0 4

Unit Step Function u(t): :

u) =0 t< O 0
=1 t>0.

Discontinuous at t = 0.



Unit Impulse Functiond(t):

» Defined as (1)

3(t) :%u(t) "

u(t) = Lim, o u,(t)
d
0, (1) = ot U, (D)

Lo SO =LIm, o 3,0

= 0, €esawhee

From equation (1):

u(t) = j 5(t)dt @)
With o= t-T,

0= 3= (3

u,(®)

[

0, (1)

>

0, (1)

1




Now, for thefigureto theright:

X1 (t) =X(1). 8, (1) XV\’_

As A - 0, x(t)=x(0),thus 5:(0)
X1(t) = x(t). (). —‘
As A - 0, 0 t
X(t) 3() =x(0) d(t).
In general:
X() 3(t—tg) =x(t0) 3(t—tg)  ...(5)

Discrete-Time:

Unit step functionu[n]:
uln]

un]=1 n=0

=0 n>0

o o

-2 -10 1 2 3 n



Unit Impulse ( Unit Sample) functiod[n]:

o[n] =1, n=0 3 .
=0, otherwise.

It is evident that: 240 1 2 3

u[n] - u[n-1] = 9[n] ... (6)

u[nj :i d[n—KkK] (7

Again, asin continuous-time,

X[n] &[n] = x[0] &[n] ... (8)

X[n] d[Nn- ng] = X[Ng] O[N-Ng] .. (9

Continuous- & Discrete Time Systems:

Continuous

x(t) ——> System — Y
Discrete

x| ——» System ——> ]




System | nter connections:

Cascaded/Series:

Parallel:

Series-Parallel:

Feedback:

X(t)

x[n]

X(t)

x[n]

X(t)

x[n]

x(t) —»

System 1

A 4

System2 —— y(1)

System 1

—

System 2

— 5 YO
y[n]

System 1

System 2

System 1

y(®)

System3 —»
yln]

5 Y0

System 2

y[n]

A



BASIC System Classification:
1.Systems with and without Memory:

Memory-less:
. Output @ atime t depends on input @ the sametimet only.
Examples. y(t) = k. x(t) ;

y[n] = k. x[n].
System with Memory:
 Output @t dependsoninput @taswell as@ t<0.

Examples:
t

n
VO = | x@dr: yini= ) XK
00 Koo

yln =y[n-2] +y[n-1] +x[n]

2. Invertibility and Inverse Systems:
* A systemisinvertibleif distinctinputs produce distinctoutputs.
* Produces origina inputs when coupled with an inversesystem.

y(®

X() Invertibl yln] Inverse X(t)
x[n] — r;\;gtelme System —’x[n]

A 4




Examples:

Inverting systems y®)
X(t) ——»| YO=5.xQ)

wO=ym/5 L 5 wi=xq)

A 4

yin] »l  Winl=yln]-y[n-1] »  Wnl=x[n]

X —»| YxIK]

e Non-inverting systems:
1) y[n] =0. (A zero cannot reconstruct x[n] )
i) y(t) =x2(t). (Sign of x(t) cannot be reconstructed).

Examples:

Prob. 1.30, p.62.

(@ y(t) = x (t-4). Invertible. Inverse: y(t) = x(t+4).

(b) y(t) =cogx(t)]. Non-invertible. (cos x(t) and cos [x(t)+2km)] give
: the same output.

(d) y( = foe(te. Inverse y(t) = %.x(t)

(m) y[n]=x[2n]. Invertible. Inverse: y[n]= x[n/2].



Causality:
» Causal Systemoutput @ a time depends on the present and the past
inputs only.
Important Properties of Causality:
o If x(t)=0 for t< { ,then
yt)=0 fort< ¢ .

Stability:

A systemisstable if aboundednput produces aboundedoutput.
Withaninput  [x(t)|<kq, if the output |y(t)| ko, kq ko are finite real,
the system is stable.

Example of an unstable system:

yinl= > X[Nnere x[n] = u[n]. (y[n] increases without

n=-co

bound as nincreases.)



Time Invariance;

*A systemistimeinvariant if atime-shift ininput produces the sametime-
shift in the output. For time invariance:

If x(t) - y(t), then x(t-ty) - y(t—t;)
If X[n] - y[n], then X[n-ng] - y[n-ng]

Examples:
Prob. 1.27 p.62:
(b) y(t) = [cos 3t].x(t).
RH.S. = X(t) - x(t—ty), y(t—ty)=[cos3t] x(t-t,)

L Hs Y(t—ty) =[cos3(t —ty)] x(t—ty)
L HS RHs. Henceit is not time invariant.

(d)Not time invariant.
(e)Time invariant.
(OY () = x(/3).

R.H.S= X(t-t5) - yit-to) = X(% ~1o)
- ) =xt)y oyt to
L.H.S. = Yo(t—t5) =X( 3 ) X(3 3)



Y17 Y5 . Not time invariant.
Prob. 1.28 p.62

(©) y[n] =nx[n].
RH,S :  yln-ng] - nx[n=ng]
LHS :  y[n=ny] =(n=-ny)X[Nn—ng]
LHS  #RH.S. Nottimeinvariant.
(b)Time invariant.

Linearity:
* A linear system obeysthe principle of superposition.
o Satisfies the following properties:
» Scaling:
T XM -y

ax(t) - ay(t),

Xn] ~ y[n]

ax[n] - ay[n], a isacomplex constant.



> Additivity:
X1(t) - y1(t)
Xo(t) — Yo (t)
then, ax(t) +bx,(t) — ay,(t) +by,(t)
ax,[n] +bx,[n] - ay,[n] +by,[n]

a and b are complex constants.

A few important Series.




A few relevant functions:
Rectangular Function rect(t):

rectt)= 0,  [t|>05 reet()
= 05 [t|=05 ;
= 1, t| < 0.5

Triangular Function tri(t):

tri(t) =1 - [t], t[< 1
= 0, else.

tri (t) f

Ramp Function R(t):

R =t, t 0 5
=0 t <O. Ro 4




