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Professor N. Islam
1.Thirty AA batteries were tested to determine how long they would last. The results, to the nearest minute, were recorded as follows:

423, 369, 387, 411, 393

 394, 371, 377, 389, 409

392, 408, 431, 401, 363

391, 405, 382, 400, 381

399, 415, 428, 422, 396 
372, 410, 419, 386, 390
(a) Note that the lowest value is 363 and the highest is 431. Construct a frequency distribution, involving 8 class intervals, starting with 360-369 (range of battery life in minutes). Call the mid-value of  the ith class as Xi and its  frequency as (fi); i=1,2,    8.Comment on the shape of the histogram (symmetric or asymmetric).
(b) Find the relative frequency of each class (Pi = fi /n; n=30) and the probability distribution of X. Compare the histogram and the probability distribution.

Ans.  (a) -(b)
	

	Battery life, minutes (x)
	Frequency (f)
	Relative frequency
	Percent frequency

	360–369
	2
	0.07
	7

	370–379
	3
	0.10
	10

	380–389
	5
	0.17
	17

	390–399
	7
	0.23
	23

	400–409
	5
	0.17
	17

	410–419
	4
	0.13
	13

	420–429
	3
	0.10
	10

	430–439
	1
	0.03
	3

	Total
	30
	1.00
	100


Frequency Table

_______________________________________________
Class 

interval   X      f      P    f(%)    fX

_____________________________________________

360-369  364.5
2
0.07
7
729.0

370-379  374.5
3
0.10
10
1123.5

380-389  384.5
5
0.17
17  
1922.5


390-399  394.5
7
0.23
23 
2761.5


400-409  404.5
5
0.17
17 
2022.5


410-419  414.5
4
0.13
13 
1658.0


420-429  424.5
3
0.10
10 
1273.5


430-439  434.5
1
0.03
3
434.5

___________________________________________

Total 

30
1.00
100
11,925.0

E(X)= 11, 925/30 = 397.5
     P 
   0.24000        |

   0.22737        |                *

   0.21474        |

   0.20211        |

   0.18947        |

   0.17684        |

   0.16421        |           *         *

   0.15158        |

   0.13895        |

   0.12632        |                          *

   0.11368        |

   0.10105        |

   0.88421E-01    |       *                       *

   0.75789E-01    |

   0.63158E-01    |  *

   0.50526E-01    |

   0.37895E-01    |

   0.25263E-01    |                                    *

   0.12632E-01    |

    0.0000        |

                   ________________________________________

                  360.000   380.000   400.000   420.000   440.000

                                X

Comment: Both are the same and slightly skewed to the right.
(c) Find E(X) and Var.(X). 

  E(X)= 397.5  Var.(X)=327.29  σx= 18.091
(d) Let Y= 363+ 2X. Find E(Y) and Var,(Y).
E(Y)=1157.3  Var.(Y)= 1309.2  σy=36.182
2. It seems that  a large number of high-tech positions are being filled by younger employees. A study is done to determine the relation between the number of years of employment (X) and the number of high-tech-related job promotions (Y) of those employees. The results are recorded as follows:

____________________________________________________________________________

Employment, X





1 


5 


10           
Total
______________________________________________________________________________

                                  1     
0.05 


0.10 


0.15 

 0.30
Promotions, Y       2 

0.20  


0 


0.15 

0.35
                             3 

  0.10 


0.20  


0.05 

0.35
________________________________________________________________________________

Total                                        0.35 


0.30 


0.35    

1.00

(a) Find the marginal probability  of X as well as Y. What is the value of P(Y=2)?

Ans;



Marginal probabilities 

                                               X                 
P(X)                   
Y          P(Y)





1

0.35


1 
0.30





5  

0.30  


2 
0.35*




10 

0.35 


3
 0.35

 * P(Y=2)=0.35

 (b) Determine whether X and Y are statistically independent.

    E(X)= (1*0.35)+ (5*0.30)+ (10*0.35)= 5.35

   E(Y) =(1*0.30)+(2*0.35)+(3*0.35) = 2.05

   Cov.(XY)= E(XY)- E(X) E(Y)= 10.25-(5.35*2.05)=8.75-10.9675= -0.7177
   where   E(XY)= (1*1) 0.05 + (1*2) 0.20+ (1*3) 0.10 + (5*1) 0.10 + (5*2) 0 + (5*3) 0.20+(10*1) 0.15 
                           + (10*2) 0.15 +(10*3) 0.05
                       
= 0.05 +0.40 +0.30 +0.50 +0 +3.00 +1.50+3.00+1.5
                       
=10.25
Since the covariance between X and Y is -0.7177, X and Y are negatively associated with each other. Hence they are not statistically independent.         
 (c) Let Z= 3X-4Y. Find E(Z) and Var.(Z).

      E(Z)=3(5.35)  - 4 (2.05) = 7.85
  Var.(X)= E(X2)-(E(X))2= (12*0.35)+ (52*0.30)+ (102*0.35)- (5.35)2=  0.35+ 7.5 +35.00-28.6225= 14.2275;
  Var.(Y)= =(12*0.30)+(22*0.35)+(32*0.35) - (2.05)2 = 0.30 +1.40 + 3.15-4.2025= 0.6475
Var.(Z)= 9* Var.(X) +16* Var.(Y)- 24* Cov.(XY)

           = 9(14.2275)+16(0.6475)-24(-0.7177)


=128.0475+10.36+17.22

=155.6275                                      
           σz=12.48
 (d) Find P(X=5/Y=2). Is P(Y=2/X=5) is the reciprocal of the other?

Ans.       P(X=5/Y=2)=  P(X=5 ,Y=2)/ P(Y=2)= (0/0.35)=0

 
P(Y=2/X=5) = P(Y=2 ,X=5)/ P(X=5)= (0/ 0.30)=0.
           They are not reciprocal. Note that the reciprocal of 0  is (1/0), which is infinity, not '0'.
3. The probability of being a smoker among a group of cases with lung cancer is known to be  0.6 . A researcher investigates a group of 5 cases with lung cancer. Let X be the number of smokers  in the group with lung cancer, and thus X can be a random variable, assuming a value: 0, 1. 2, 3,4, or 5.

(a) Find  nCx  ,where n=5, and X=0, 1, 2.      ....   5.  

         N CX         : 1,  5,  10,  10,  5,  1

     
X         N CX                     
P(X)                      

P(X)     


0   
  1  

1  (0.4)5 (0.6)0   

 0.01024         
 
 1          5               
 5  (0.4)4 (0.6)1         

0.07680

2          10               
10 (0.4)3 (0.6)2                          
0.23040  


3           10               
10  (0.4)2 (0.6)3                          
 0.34560

4
 5                
5  (0.4)1 (0.6)4                           
   0.25920

5         1                
 1  (0.4)0 (0.6)5  

 0.07776
 (b) What is the probability of finding  at most 2 smokers in this group?   
   Add the first three probabilities in the above table.: 0.31744 or 32%  approximately.
(c)  Find the probability of finding between 3 to 5 smokers. 
Add the last three probabilities in the above table. 0.68256 or 68%. This is also equal to 1-0.31744.
(d)What are the expected value and variance of the number of smokers? 
E(X)= n p= 5(0.6)=3.00 
Var.(X)= n p(1-p)= 5(0.6)(0.4) =1.20 Alternatively, you can use the following formulas:
E(X)=∑ X P(X) ;   Var.(X) = ∑ X2 P(X)- (E(X))2
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