MAT1320 Techniques of Integration Fall 2011

Techniques of Integration
For MAT 1320, Fall 2011

I. The Substitution Rule (§ 4.5, 5.7)

Suppose we want to find an indefinite integfaf (X)dx. First try to see if we can re-write the

integrand so that we can use the formulas diredflpot, try this method of variable substitution,
before using the other rules.

Stepl. Find an intermediate variahle= g(x).

Rules of thumb(i) When use instead ok, the integrand become simpler.
(i) The derivativeg'(x) is a factor of the integrand.

Step2. Divide the integrand by the derivativegfx), and writedu instead ofix

[ toodx=] ()—— du. (Since‘;“ = g'(x), dx= ——du).

9'(x) X 9'(¥)
Step3. Rewrite the integrand as a functioruof

0,
TR

Note that, after this step, xas in the integrand.
Step4. Findj h ¢ )du= H (u)+ C.

Note that, this integrand should be easy to fitidhot, either you used a wrong substitution, or
this method fails.

Step5. The final result isi(g(x)) + C.

Examples

(i) j sin(3)dx, u=3x, u' = 3.

. . 1 1 . 1 1
sin(3)dx=| sin(3x} du==| sinudu== € cosu¥ G ——= cos(3H «
J sin(@dx= | sin(a; du=~ | £ cosuy G- cos(3)
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(ii) j e dt, u=-3t u' =-3.

edt=| e* du: = édu:—— a4
I ] -

(iii) j Ji+2xdt,u=1+X u'=2.
'[ J1+ 2th:J‘ 1+ 2Xi du:}j \/_udu:_l(_z a/2j+ C;_:I'(1+ 2 )8/24_ C
2 2 2 3 3

(iv) J.tetzdt,u:tz, u'= 2.

jte dt= jté—du: j e du= j Uedl;l— e €1t2
2
(v) j—dx u=Inx,u=1/x
j 1 dx:j D osdu=[ L de [ Ldein v GIn(in X+ .
xIn x xIn x In x u
V) [ —Z—=dx,u=x/3,u=1/3.
NCES

du= arcsin u+ C

e Ly e
w3

(vii) _[de u=x>+2x+5,u' =2+ 1).

J- : X+1 dx = X+1 1 du=—12[ —1du:—]1n| ul+ C:—llnl X+ 2% 5 C
X2 +2x+5 X + 2x+ B 2(x+ 1) u 2 2

(Absolute value sign can be omitted).
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(viii) I—dx X+ X+5=+1f+4. u= +1,u'=

X2 +2x+5 2

N

1 2 1 1 10 1 1
—dx=| ————du=—| ———— du=—| —— du=—arctan u+ C
jx2+2x+5 j(x+1)2+4 ZI(x+12 2[ U+ 1 2
2

+1
—larctar( X+ 1] C.
2 2

(ix) J- 3x-5 dx 3x-5 =3(x+ 1)-8
X +2x+5 X +2x+5 X+ 2x+5
J' =5 J' x+1 —8.[—1d>c—3ln(>%+2>&5)— 4arcta6i1j+ C
NG +2x+5 X + 2x+5 X+ 2x+ 5 2 2
(X)J. dx u=1+e,u =€ e=u-1.
2X
| € dx= j lemj du-.[—l d=u-Inu+C
1+¢ 1+ é é u u

-In(1+€)+C". C —1+C.

(xi) _[ ex+e_xdx. u=€-e’u=€e+e™
e-e
eg+e” 1 y
[ =——=dx=] —du=In| &- & |+ C
e -e - e
(xii) j dx u=1++/x,u=—— 1
2Jx’

di

LFZI (Ul—Jl)3 due ZJ' U-30+3u-1

u

[ " —dx=] " —(@/x)du=2 Xy

1++/x 1+/x 1++/x

=2(I uzdu—SI udu+3j du—j 1 dqzz -3 8+ 64 2In |
u 3

=§(1+&)3—3(1+&)2+ 6(1+ v X )= 2In(t~/x }+ C.
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:§(1+3\/§+3x+ X/2)= 3(1+ 2/ x+ X} 6(H x> 2In@EV x¥ C

=2Jx - x+§ x/ X— 2In(1+ \/_x)+ C.

(xiii) Icos2 Xdx. co§x:%(1+ cos(X ).

j cos xdx=%j (1+ cos(X )ﬂx=%(j dx*j cos(X )j)<. u=2xu'=2.

%(J' dx+j cos(2x)d>§:—$( x+—;j cosudq:—; *711 sin(2x3 C

(xiv) I tanxdx. u = cosx, u' = -sinx.

'[ tanxdx:j sinx dx ——_[ sinx_ 1 du= —_[ 1 du=-In|cos xi C
cosx COX Sirx u

(xv) I Sin® x cos xdx. U = sinx, u' = COSX.

J'sinzxcoéxdx=.[ Siff X COB x——— du:j siﬁxcdsxdla:_[ a €l a )19} Wi w
COSX 3 5
=Esin3x—}sir15x+ C.
3 5

Using variable substitution to find definite intaty:

J.:f(X)dX:J.g(b)f(X) Ig(bf(l)du: H6D- H OR

( g'(x)

Examples

e
()jm+3 _IJ_ (2Vx+1)du= 2 \/XT1+3dL,

Sinceu = +/x+1+3,x+1=(U-3f% x=(U-3F-1=u’>-6u+8.

5 xWx+1 |, _es(P-6u+8)(u-3), .5 U0-9d+ 26u- 24
'[\/x_-l-1+3 L u du-2j4 u au
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5
_2j [u -9u+ 26— {———+ 26u- 24In |u}|

u=4

= §—48In—
3 4

(ii) j:’zcos" xdx. u=sinx, u'=cosx. u(0) =0,u(rr/2)=1

1

j:/2c0§xdx=jsco§ VL du=I: co%deFj: @ d )du{ u—zﬁ} =—23.

COSX uso

dx. Letu=x% u'= X

du= 1[arcsln l}”z o

0 \/1_ .[ \/_ .[ \/_

II. Integration by Parts (8 5.6)

Integration by parts are used to find the integfalome function that are product of two
functions:f F(X)g(x¥) dx. The idea is to integrate one factor first, themother.

Stepl. Choos@(x) to integrate first with rules of thumb: (a) Ftina g(x) is easy to integrate,
and (b)F(x) has a simple derivative.

Let G(X) be an antiderivative af(x). Then write

[ FYg(9dx=[ Ry dG x.

Step2. Use the formule{ F()AG(X = K3 G x—j G X dE X.
Step3. Write the differentiaiF(x) = F'(x)dx. Letf (x) = F'(x), we have

IF(X)dG(>9=F(>96(>I-j G X dif x= E)<G)>ej G)x (f)x «

The last integraG(x)f (x) should be easier than the original integral.

To make the formula easier to memorize, def@x¢ by u and denoté&(x) byv. Then the
formula becomes
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j udv= uv—j vdt.

Don't abuse this method: (a) Try it only if thethwed of variable substitution failed. (b) Use
this method only to problems similar to examples §ou have seen.

Examples

a. Basic examples

(i) j xe' dx= &(x - 1) +C,

(i) I xcosxdx= cosx+ xsinx+ C.

2 00) 2 w20 ws o 2 wm A
(iii) J'\/;Inxdx=.[ln xc{g ﬁ’j—é X'In x—gj' X d)vs—3 X4n 3 X2+

X
cos X

(vi) J' dx= j xdtan x= xtanx—j tanxdx xtanx In|cosx| (
b. Use this method twice:

(v) j x2e dx= &0 - 2x + 2) +C,

(i) .[xzsinxdxz—)@cosx+ a' xcosxdx - % cosx (2xsinx.|' sinX():

= —x? cosx + 2 sinx + 2 cosx + C.

c. Use integration by parts to functions with oohe factor mainly in the cases where the
integrand has a simple derivative:

(vii) [Inxdx= xin x- x+ C

X

V1-x2

(viii) jarcsinxdx= xarcsinx—j

= xarcsinx++ - ¥ + C.

2xInx
X

o1 1
dx= xarcsikd¢=| — di
2I Ju

(i) [(Inx)*dx= x(n >92—j dx= n )<2—2j|n xd=X(INX)?=2(xIn Y+ 2x+ C

®) [ In(x++x +1)dx= xn(x+y % +1)- [ xo(m( % §<+1))
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= xin(x+% +1) - [ ——— dx

X2 +1

Use variable substitutiom= %, u' = 2x.

= xIn(x++/ ¥ +1)—%j %du:: An( v &+1)-v x+1+ C
u

d. Recursive:
x)

f e*sin xzj sinxdé = ésin kj & cos xdx ’esin —xj cos xde " e(sin-x cos—q “esin .
‘- e .
_[ e sin xdx=z(sm x— cosx) C.

(xi) jcosz” xdx=f cod" ! xd sinx= sinx cd§* >e_[ sixd c&s'
=sinxco$" ' x+ (h- 1} sifx co® ? xdx= six cds' x (@ Il) «1 cosx )&0$ xd

=sinxcos$" " x+ (h- 1j co$ ?dx- (2 ]'.) cd5 xds.
2n_[ cos" xdx= sinxco€ ™ x+ (- 1) cds % xd..

sinx cog" ! x
2n

_[ cos” xdx= + 2;; ]‘[ co8" 2 xd».

Whenn = 1,I cos xdx:% sinx cosx+%f dx:—; sinx cos&—; ®* C

Whenn = 2, J' cos' xdle Sinx co3 x+—3I cozsxdx:—1 Sirk ci*)sxr—3 SiX 005—3 x|
4 4 4 8 8
e. Combine integration by parts and variable stuitismn:

(i) j siny/xdx= 2J' usinudu= - 2/ xcos/ ¥ 2sid ¥ (u =+/x.

(xii) [ x*cos(< )dx:% [ ucosudu:—; (k sink ¥ cos& ) ¢



MAT1320 Techniques of Integration Fall 2011

(xiv) I e dx= 2I ud du= 2 &W x 1+ ¢

Definite integral with integration by parts:

We may find the indefinite integral first, and these the fundamental theorem of calculus, or,
use the formula:

[JFoodey=[ A3 a3, -] @ X dE x
Examples

4lnx
xv) Evaluate| —dx.
(xv) L

SinceJ' idx:I XHM2dx=2 %2+ C,

j *In de [Inxd2%?)=2[ ¥?In §_-2[" %% d= 44 {f%;: 8ln- 4

lrllx3

1+x 12 0 x?

(xvi) I x? arctanxdx= I arctan«{ 3J:_ R arctax.] - j

Useu = 1 +X? to evaluate the last integral:

2U- 1 _ _ 1.
j01+x j u-In J’_ _—2(1 In2).

. 1 mo 1 1
Finally, | xX*arctanxdx=-—-= (+ In2r— fri— 2 2In2.
y JO 12 6 ( F 12 d

[11. Partial Fractions (App. G, 8 5.7)

1. Partial Fractions

P(¥)

A rational functionisf (x) = m whereP(x) andQ(x) are polynomials. It is properrational
X

function if the degree d?(X) is strictly smaller than the degree@(); it is improper, otherwise.
If f (X) is an improper rational function, dividirR(x) by Q(x) by long division, we can write

P _ R3
o PPy

, Wherep(x) is a polynomial an(x) is a proper rational function.
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The method of partial fraction is used to find thegral of proper rational functions.

Letf (x) = P be a proper rational function. Factor2&) into linear and irreducible
X

guadratic factors. Then this function can be espes the sum of a numberpairtial fractions

+ . ., .
of the form K or Mx+ N wheren is a positive integer, ari{, M andN are

(ax+b)" (@ +bx+ Q"'
constants, which can be identified by equalitythiea second cask? — 4ac < 0. By completing
the square, using a variable substitution, we daaye write it in the form

Mx+ N :Au+B
(¢ +bx+ Q" (F+1)"

Example 2x—-3 _ 2x—3 _ -3 Letu = 3x-1
(9x* —6x+5F  ((3x— 1y + 4Y ((3x=1Y? 2
4 5 +1

Thenx = %(Zu +1).

2 117
2x-3 -3 _ x-3 _GArb=s uo

Ox2 —6x+5¢  ((3x— 1}+ 4} 2 Y 16+ 1 B
(9 —6x+5F (3 1 + 4 42[(3x21j +1} ¢+d ¢+ D

2. Standard Forms

A linear factor of the formax + b)" in the denominator corresponds to a sum

A + A St A , and a irreducible quadratic factor of the foa®(+ bx + c)"
ax+b (ax+ B (ax B

in the denominator corresponds to a sum

Ax+*B [ AxB . AX¥ B
ad+bx+c (aX+ bx }¥ = (ak+ bx )&

X°—2x°+3
X(Xx=5)* (¥ — x+ 2)

Example Letf (X) = . Then the standard partial fraction is

X°=2x*+3 _é_'_ B N C + Dx+ E+ B¢ G
X(2x-5 (¢ - x+2P x 2x5 (2x 5] %- % 2 (x- x 2§
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3. Integrating Standard Forms

() [ ——dx=In|ax+ b+ C,
a a
1

= +C,n>1,
(i I X+ b) a( n-1)(axt H*

1

==In(/* +1)+ C,
2
:—I v'dv= V" +C=- = —+C,, wherev =% + 1,
2( -n) 2n- D¢ + 1)
andn> 1.
(v) j 1 du=arctanu+ C,
u®+1
(vi) _[ 1) du,n> 1. (The case will be covered later with trigoreric substitution).
4. Examples
Single roots:
. 2x° —11x% — 2x+ 2
(i) j dx.
2x° + x-1
2 -1 - 2x+ 2_ L x4
2x2 + x-1 (2x— 1)(x+ 1)
5x-4 A N B _ A(x+ 1)+ B(2x 1)

x-D(x+1) 2x-1 x+1 (2 1+ 1)
5x -4 =A(x+ 1) +B(2x - 1).

Letx=1/2.-3/2=(3/2\ A=-1. Letx=-1,-9=-3B, B = 3.

J- 2 —11¢ — 2x+ 2

v dx _j(x 6)dx—j—dx+3j X+1

10
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X2

:E—Gx—lzln | 2x— 1+ 3In |[x+ 1#C.

(..)J~ 23+ X - x+10 «
X(x=1)(¥ — 2x+ 5)

2x*+ x> - x+10 _A B _CxD
X(Xx-1)(¥-2x+5) x x1 X-2% 5

2¢ + X —x+ 10 =A(X — 1)(¢ — 2x + 5) +BX(¢ — 2x + 5) + Cx + D)x(x — 1)
=(A+B+C)xC-(3A+ 2B+ C—-D)X + (TA+ 5B — D)x - 5A.

Compare both sides:

A+B+C=2,
3A+2B+C-D=-1,
7TA+58-D=-1,
—5A = 10.

Hence A =-2. Plug in this value to the other equations. N&fee

B+C=4. 1)
2B+C-D=5. )
58 -D = 13. 3)

(2)-(1): B-D=1. (4)
(3)- (4): B=12,B=3.
D=2C=1.

or

Letx=0. 10 =5A A=-2.

Letx=1. 12=8,B=3.

Letx=-1. 10=3224-2C+2D. -C+D =1.
Letx=2. 286=10+30+L£ +2D. 2C+D =4.

C=1D=2.

J- 23+ x* - x+10
X(x—1)(¥ — 2x+ 5)

Completing the square and et (x—1)/2,u'=1/2,anck=2u+ 1.

1 1 + 2
dx:—ZI —de+ 3.|. X—_ldx+_[ )%)_(Tsdx

Fall 2011

11
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J' X+2
X2 —2x+5

=%U u? +1

——In(x —2x+5)+3arcta X~ +C
2 2 2

Multiple roots:

Techniques of Integration

X+ 2

(x-17 + 4

X
(iii) j mdx

X

B

duj =—1In( 0+ 1)+—§arctanu+ C

(x+2(x-1)

X=AXX+ 2)(x — 1) +B(x — 1) +C(x + 2).

+ +
X+2 (x+ 2

x=1:1=¢. C=1/09.
Xx=-2: -2=-3B. B=2/3.

Xx=0: 0=—2A+(2/3)C1)+4/9=2A-2/9. A=

1
dx= _—9‘[

J' X
(x+2)*(x-1)

Fall 2011

X+ 2
:—lln|x+2|—— = j+—1ln|x—1|+C.
9 3\x+2) 9
() [ XX 5180, g
(x+2)°(x*+1)
X'+ x-5x-16_ A ,_ B _Cx D_ A% 2)(k+ 1)+ B %+ 1 (Cx [)(-xzi
(X+2°(X*+1) x+2 (x+ 2)2 X+1 (x+ 2§ (X + 1)

A(x+2)(Z +1)+ B(X® + 1)+ (Cx+t D x 2F=x3+x* - 5x - 16.

Letx=-2. B=
Letx=0. A+B+4D
Letx=1. A+2B+9C+ D
Letx=-1. 2A+2B-C +D =-11.

(2) + 3% (3): &+6D

-8+4+10-16 =-10. B=-2.
=-16, A+ 4D =
=-19,A+9C+ D

=-152A+3C+3D =-
A-C+D=-7.

=-26, A+ 3D =-

12
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(4)-4 x(1): -5D = 15,D =-3.
From (1): A=-7-2D =-1,
From (3)C=7+2A+D=2.

X+ x-5x-16_ 1 2 - ¢
=- - + ,a
(x+2)*(x*+1) X+2 (x+2f X+1

Then nd

x*+ x> —5x-16 1 1 X 1
dx=—-| —dx-2| ———dx+| — dx3| —— d
-[ (X+2)*(x*+1) Ix+2 -[(x+ 2Y I X+1 -[ X+1

=—In|x+2|+

42r2 + In(¢ + 1)- 3arctarx+ C.

V. Approximating Definite I ntegrals (8 5.9)

Find an approximation of the definite integﬂlglf (x)dx.

Givenn = number of subintervals.

h=(b—-a)/n: length of subintervals.

Xo=axy=a+h, .., x=a+ih, ...,x,=a+nh=h.

Left Rule

[ =L(n) =h(f(x) +f(x) +f(x) + ... +f (Xs-1)).

Right Rule

I=RM) =h(f(x) + ) +fxg) + ... +T(x))).

If f (X) is increasing ond, b], L(n) is an underestimate, andriR(s an overestimate.
If f (x) is decreasing ora[ b], R(n) is an underestimate, andn).{s an overestimate.
| RM) - L(n) | =h|f(b)-f(a)|is an error bound,

Trapezoidal Rule

| =T(n) = LEFT() + RIGHTM) = (h/ 2)[f (X)) + 2f (%) + & (X3) + ... + & (Xn-1) + T (Xn)].

Midpoint rule

13



MAT1320

Techniques of Integration Fall 2011

I = M(n) = h(f (x¢*) + f (%) + ... +f(%*)), wherex* is the midpoint of-; andx;:

X*=(X-1+Xx)/2=a+({-1/2h.

If f (X) is concave up org[ b], M(n) is an underestimate, andnJ {s an overestimate.

If f (X) is concave down ora[b], T(n) is an underestimate, and Mi{s an overestimate.

Simpson'Rule

n=2mis an even numbeh = (b-a)/n.

I=SM) = (1/3)(2MM) + T(n))
= (/7 3)[F(xa) + 4 () + & (Xa) + 4F (Xa) + & (Xo) + ... + X (X2) + 4 (Xo-) + T (X))

Examples

1. 1
1. [ sinxdx=[-cosq,_ =1~ cos 1= 0.4596976

i sin(x)

0 0.000| 0.00000(
0.125| 0.124674

1 0.250| 0.247404
0.375| 0.366273

2 0.500| 0.47942¢
0.625| 0.585097

3 0.750| 0.681639
0.875| 0.767544

4 1.000| 0.841471
L(4) 0.352117

R(4) 0.562485

T(4) 0.457301

M(4) 0.460897

S(4) 0.459708

Error of S(4)= 0.00001.

...n=8,h=0.125.

14
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2.fX)=x/(1+x). a=1,b=4,n=6,h=0.25.

2

4 X
j dx = 5.4162907...
1x+1

i X X /(x+1)
0 1| 0.50000(
1.25| 0.694444

1 1.5]| 0.90000d
1.75| 1.113634

2 2| 1.333333

2.25| 1.557697
3 2.5| 1.785714

2.75| 2.016667
4 3| 2.250000
3.25| 2.485294

5 3.5| 2.722222

3.75| 2.960526
6 4| 3.200000
L(6) 4.745635

R(6) 6.095635
T(6) 5.420635
M(6) 5.414130

S(6) 5.416403

Error of S(6)= 0.00011.
V. Trigonometric Substitution (8 5.7) (not covered in second midterm)
Trigonometric substitution is the second type ofalale substitution. Instead of using an

intermediate variabla = g(x), letx = g(u). Here functiorg(x) must have an inverse. In most
casesg(u) is a trigopnometric function, called trigonometsigbstitution.

The problem is to finoj f (x)dx.

(i) If f(x) containsya® - x*,a> 0, consider use=g(x) =asinu, —

NNy
IN
[
IN

Ja? - ¥ = a/1- sin? x= a cosx.

(i) If f(x) containsya®+ x*,a> 0, consider use=g(x) = atanu, —7—2T< u <7—27. Then

Ja? + ¥ = a1+ tar? x=_—2&_
COSX

15
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(iii) If f(x) containsyx* —a*, a> 0, consider use= secu, 0<u< 77/ 2, or7r/ 2 <u< 7z Then

tanu, O<su<rm/2
—tanu,Tr/2<u<m

I -1=+/seGu- 1=+ taﬁu:{
Stepl. Letj f(x)dx=j f(% g(y di. Note thatx/du=g' (u).
Step2. Writef (X)g'(u) as a function ofi: f (x)g'(u) =f (g(x))g'(x) = h(u).
[ foodx=] f(Rg(9gdwe=| Kyd.

Step3. Find an antiderivativid(u) of h(u).

J f09ax=] f(3d(y d=[ B ) d=H()+C.

Step4. Use the inverse functiare g (x). The integral i$4(g™(x)) + C.

In partial fraction we have one case left: We warfind the integralj' du,n>1.

(u2 + 1)n

Use variable substitutiom=tang, — 77/ 2 <8< 7/ 2,U' = . Then

cos @

1 1 1 1

- =cos" 4, and du=| cos"@

(u*+1)" seé"@ -[ (U? +12)" I cosd

integral can be solved recursively. The final Soluis expressed in terms of sitand co.

dé?:j cod"PY@edg. The last

Since tand=u, sin@= L, and cosu = .
1+ u? 1+u?
4x
Example | ————dx.
P I (x=D)( + 1)y

4x _ A +Bx+ C+ Dx+ E
(x-D(¢+1)?* x-1 X+1 (X+1y

AGC + 1Y + (Bx+ C)(x — 1)(¢ + 1) + Ox + E)(x — 1) = 4.
Letx=1. A=4. A=1.
A+B)X'-B-C)+(2A+B-C +D)x*-(B-C+D-Ex+A-C-E=x.

B=-A=-1,C=B=-1,D=-2A-B+C=-2,B-C+D-E=-4E=4+B-C+D=2.

16
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X _ X 01 2X 1
j (X—l)(><2+1) I_dx +1OIX j X+ 1d)ej (@+ 1y dxrzj (X+ 1y d

'[ idx=|n | x=1|+C,
x-1

[ X dx=2in(¢+1+C,
X“+1 2

I 21 dx= arctarx + C,
X“+1

2X _ 1
,[ 2 de— 2
(x*+1) xX“+1

_[ de 2=_[ = seéudu:j codudu=2 sini cost = - = ;( + 2 arctam ¢
(x* +1) sedu 2 2 2+ 1) 2
'[delenw—ﬂ——l In(¥ + 1)- arctan><+—21 +——+ arctant+ C
(x=-1)(¢ +1) 2 X¥+1 x+1
| X - 1| X+1+C.
‘\/x +1‘ x* +1
Examples

(i) Ioavaz - x*dx= aJ‘Oawll— (X 3*> d. Letx=asinu, -/ 2<u< 71/ 2.

o 2 p 2 2
azj " cog udx:a—j . (1+ cos( ))JIu:i ur sin(2u) el :
0 27J0 2 2 us0 4

. 1
ii — = dx
) I X2 X2 + 4
_ 1 _ 1 _ cos
I +4 Jatarfu+ 4 2/ tah+ 1 2

1 _ 1 cosl 2 _ 1 com ., _ _ 1
J.XZ\/XZ+4dx—.|' (4tanzuj( 2 j( coéujdu_ ﬁ sifiu du E siujJr ¢

Letx =2 tanu, -77/ 2 <u< 77/ 2. X' = 2 / cod u.
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=- 1 +C. Since tau=x/2, sinu= x/2 S S
4sinu \/1+ (X/Z)Z \/Xz +4

Rrazil
J\/X—.|r 4x

(iii) .[llz—dx Letx = sinu, -7/ 2<u< 71/ 2. (1-x°)*?=codu.

)3/2

1/2 1 716 16 \/é
———dx= d =—,
I X I u=[tand_ 3

0 (1-x?)*? 0 cosZU

(iv) .[4dx Letx =secu, 0su< 7/ 2,0rm/ 2 <u< 7t /x* —1=|tanu|.

X2 X2 -1

tanu
secu tarudu=j cos—— du

J' = dx=J' L
X -1 secu [tau | |tao |

When 0O<u< 77/ 2, this integral is.[ cosudu= sinu+ C. In this interval, sim, secu =x and

x* -1 \/X—
X

cosu = 1 /x are positive. Hence, sin= v1-cosu = —i \/

2

Whenrr/ 2 <u < 7z this integral isJ' (—cosu du= - sinu+ C. In this interval, siu is positive,
secu =x and coxs = 1 /x are negative. Hence,

2 _ 2 _
sinu=+1-cosu = /1—%:\/X 21:—\/)( 1.
X X

X

1 dX:\/xz—l
N X

Note that sometimes ordinary variable substitutimmks, and you don't have to use

+ C.

Finally, in both cases_[

trigonometric substitution. For example, mtegfal—dx can be solved easily by variable

Vi-%

substitutionu = 1 - X°.
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