MAT 1320 Applications of the Chain Rule

Applications of the Chain Rule
(8 3.5, 3.6, 3.7, 5.3 revisited, 5.4 revisited)

I. Fundamental Theorem with Chain Rule (8 5.4)
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1. iJ'xeadt: e,

dx’o

2. if_lezx dx=-¢&".
du-u

3. iJ'Sinxcostdt= iJ'uc:OSdtj( dsin sz CO8l cos= Ccos(sM )cCa.
dx? 72 du’a dx
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. arctarx | . 1
4., — sintdt = ——I sintdt = — sin(arctarx -
adx ¥ arctamx dx? o i

5. j Intdt = 2xIn(>¢) - In x= (4 x-1)In ».

I1. Implicit Differentiation (8§ 3.5)
Implicit function: F(x, y) = G(X, ).

Finding derivatives by implicit differentiation:
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(i) Take the derivative on both sidegh respect to x. In this stepy is regarded as a function
of y. Hence, the derivative of a functionyofo x is found by the chain rule.

(i) Solve the equation for .
Examples
(1) ¥ +y*=1. ZX+34%' =0.y =-2x/ (3y%). Whenx=0,y' =0, whery=0,x==+1,y' = 0.

(2) C+y —3xy+2Xx-2y=0. 3¢+ 3y -3y-3Xy'+2-2y'=0.
Yy =—(C-y+2)/(F-x-2). At (0, 0)y = 1.

(3) sin k+y) = 2/y. [cos k+Y)(1 +Y) = 20/~ xy) /Y. y’cosk+Y) (1 +Yy) = 2y = 2xy".
y' =y’ cosk +y) — 2y]/ [y’ cos & +Y) + 2.

At (0, 7,y =(F+2m ] (- =—(m+2)I T

(4) @-x=0.y'¢-1=0.y'=1/¢. Sincey=Inx,y'=1/e"*=1/x.

(5) Find the equation of the tangent line of theve sinx + cosy = sinx cosy at (0, 77/ 2).
Find the derivativey,': cosx —y'siny = cosx cosy —y'sinx siny. Whenx = 0, andy = 77/ 2,
1-y'=0.yx=1. The equation has the foyrs x +b. Whenx=0,y=7/2. b= 7/ 2.
Therefore, the equation of the tangent ling #sx + 77/ 2.

I11. Inverse Trigonometric Functions and Their Derivasi\(8 3.6, 5.3)

1. Inverse Trigonometric Functions

- A function has an inverse if and only if it iseoto one.

- Functionsy = sinx, y = cosx, andy = tanx are NOT one to one.

- Restrict the domain of these functions to malkstficted” sin, cos, and tan function. They are
one to one functions.

- Inverse trigonometric functions are inversesrestricted” trigonometric functions.

Two notations: arcsin versus sin

The graphs of arcsin, arccos, arctan:
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y=nl2
1, nl2)
1.7 y = arctanx
> 0, 2
0.0 (0, 2)
y=-nl2
(_1, —77/ 2) N

1,0
Properties of inverse trigopnometric functions frdmeir graphs
Domain, range, monotonicity, concavity.
sin(arcsinx) = x but arcsin(sirx) is not necessarily.

cos(arccos) = x, but arccos(cog) is not necessarily.
tan(arctarx) = x but arctan(tam) is not necessarily.

cos(arcsin) = V1-x° .

tan(arcsirx) =

X
V1-%°
sin(arccos)) = V1-x° .
a2
tan(arccox) = 17x .
X
, X
sin(arctarx) =
1+ x°

cos(arctarx) =
1+x

]H

Derivatives of Inverse Trigonometric Functions
(1) y = arcsinx

siny=x,y'cosy=1.y'=1/cosy. When-m/ 2<y< 71/ 2, cosy = 0.
1

1-x

cosy = \1-sify =y1-x* . y' =

> "

(2) y = arccox
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cosy=x,-y'siny= 1.y =-1/siny. When (y< 7z siny >0, siny = \/1—co§ y=4/1-%*.

(3) y = arctarx

y

—L =1 y'=cody=1/(1+tafy) =1/ (1 +Hd).
cosy

tany = x.

Integration formulas

dx=arcsinx+ C (or, —arcosx + C)

J' 1
J1-%

'[ 1 > dx=arctanx+ C
1+x

Examples

(1) y=xarctanyx. y' = arctan/x +x/ [(1 +X)2xF = arctan/x + +/x / [2(1 +X)].

1 1 _ 1
cod (arcsinx) /1-x2  (1-x?)%¥?°

(2) y=tan(arcsirx). y'=

(3) y=arcsinx + arccox. y'=0.

—L\/l— X? — arccos« -
(4) y=2reeox .o V1= x* V1-% _ _\/1— X2 — Xarccosx
N 1-x? (1- 2 )2

J'll 1- X)dX [arCSin)ii:_l_%T:n—/Z_ Cmi2y-mil2=ml.

(5)JJ—d—

1= X+ X 1 B Lo
(6) I-l—x2+ dx —I_l(x—1+ x2+1] dx= —2+[arctan>]xz_l— 2 l& m l45m 12 .

IV. Derivatives of Logarithmic Functions (8 3.7, 5.3)
y=Inx,x>0.y'=1/x. y=In(=x),y =1/x

=In(X),x<0.y'==-(1/(x)=1/x
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Putting togethery = In |x|,x# 0,y' = 1 /x.

y=logax=Inx/Inay = .
(Ina)x

Integration Formula:
1
j —dx=In| x|+C.
X
The numbee as a limit:

_ vas _ 4 _r Inl+h)=-1Inl
y—Inx,y(l)—l—urﬁ)#

lim £1+£j =e.
X - 00 X

Examples

=Ilimoln(1+h)h. Hence,lim(1+ h""=¢€ =€ Or

() y=xX(Inx=1). y'=(nx-1) +x (1 /x) = Inx.

o o 1 ). 1
® =)yt

(x-1)°
X

(iii) j dx:j (x=2+1/ x)dx:§—2>& In| xj+ C.

V. Logarithmic Differentiation

Logarithmic differentiation is use in two cases:

Case 1. The function is a complicated product@mgiiotient:

Examples

() y=x"E+ 1)/ (X + 2.

Iny=Inx*+1n (& + 1)—In (3 + 2 = (3/4)Inx + In (¢ + 1) 5 In (X + 2)

yIy=@B14AK + () (E+1)-15/ (X + 2).
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y =[0G+ 1) 1 (X + 2PN(37 4L /X) + () 1 0&+ 1) 15/ (3 + 2)].
(i) y=sirf xtarf x/ (& + 1Y

Iny=2Insinx+ 4 In tanx — 2(¢ + 1).

y'/y=2cosx/sinx + 4/ (coéx tanx) — 4x/ (¢ + 1).

y' = [sirf x tarf' x / 0¢ + 1Y][2 cosx / sinx + 4 / (cosx sinx) — 4x / (¢ + 1)].
(iii) y= 3° 2252y

Iny=(0¢-2x+2)In 3+ (3 + 3X)In 5 + Inx
3

=(n3+2In5¢+ (-2In 3 + 3In 5 + 2In3 + Inx = In(3>< 52)x2 + In(s—} X+ 2In3+ Inx.

32

(Iny) =y'/y=(In 7%)x + In(l—f;:)j+—1.

X

yl - 3X2_2X+252X2+3XX [(h’] 752 )X+ In(%Sj +_1]
X

Case 2. The function is of the fofrfr)9%.

(i) y=x" Iny=xInx. y'/y=Inx+ 1.y = (Inx+ 1"

(i) y=x". Iny=VxInx. y'/y=xYnx/2 +x"?/x= (2 + Inx) / (2v/x).

y' = x* (2 +Inx) / 2Vx).

(ii) y=(sinx)*. Iny=xsinx. y'/y=sinx+xcosx. y' = (sinx)*(sinx + X cosx).

(Vl) y= XInX_ |ny: (ln X)Z. yl /y: 2 Inx/x. y' - (2 InX)XInX/X_



