
221-202 Final Exam - Review Sheet

1. TRUE or FALSE

(a) If 0 is an eigenvalue of A, then A is not invertible.

(b) The eigenspace of an eigenvalue λ of a matrix A consists of all the eigenvectors corresponding to λ.

(c) Suppose that A is a 222× 222 matrix. Then det(−A) = det(A).

(d) If 1 is the only eigenvalue of A, then A must be the identity matrix.

(e) If "v and "w are linearly independent eigenvectors of the matrix A, then "v + "w must also be an eigenvector

of A.

(f) If an n×n matrix A is diagonalizable, then every vector "v in Rn can be expressed as a linear combination

of eigenvectors of A.

(g) If A is a square matrix such that ATA = AAT , then ker(A) must equal ker(AT ).

(h) The dot product "v̇"w = 0 if and only if at least one of "v or "w is the zero vector.

(i) If W is a linear subspace of Rn, then W and W⊥ have no vectors in common.

(j) If a vector "x is orthogonal to vectors "v and "v + "w, then it is orthogonal to "w.

(k) If {"v1,"v2,"v3} is an orthogonal set of vectors, and if c1, c2, c3 ∈ Rn, then {c1"v1, c2"v2, c3"v3} if an orthogonal

set.

(l) If a square matrix has orthogonal columns, then it also has orthogonal rows.
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2. Consider the matrix A =




3 −2 5
1 0 7
0 0 2



. Show that 1 is an eigenvalue of A. Find the charactersitic poly-

nomial of A and the remaining eigenvalues of A. What is the algebraic multiplicity of each eigenvalue? Is A

diagonalizable? If not, why not? If so, find a diagonal matrixD and an invertible matrix A so that A = P−1DP .
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3. Suppose the weather in a certain city is classified as either rainy or dry. Based on extensive record-keeping,

the probability of a rainy day following a rainy day is 90%, and the probability of a rainy day following a dry

day is 4%.

Let "wn =

(
rn
dn

)
be such that rn is the probability (expressed as a decimal number ≤ 1) that the nth day of

2015 is rainy, and dn is the probability that the n day of 2015 is dry. Based on the data, find a 2×2 matrix A so

that "wn+1 = A"wn. Suppose that January 1, 2014, is a rainy day; then what is the probability that January 3,

2014, is rainy? What is the approximate probability that January 1, 2016, is a rainy day? Or, in mathematical

terms, what is the state of equilibrium for this system? (Your solution should involve an eigenvector with its

interpretation.)
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4. Find a basis for (Row(A))⊥, where A is the matrix




−3 6 −1 1 −7
1 −2 2 3 −1
2 −4 5 8 −4



.
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5. Let W be the linear subspace spanned by the vectors










1
1
0
−1









1
0
1
1









0
−1
1
−1









. Find the matrix for

orthogonal projection onto W . Find a nonzero vector which is orthogonal to W .
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6. Find a least squares solution to A"x = "b, where A =




1 5
3 1
−2 4



 and "b =




5
−2
−3



.
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7. Find a linear function p(t) = a+ bt with a, b ∈ R that best fits the data (2, 3), (3, 2), (5, 1), (6, 0).
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8. Suppose that the matrix of a dynamical system "xn+1 = A"xn is

A =

(
0.5 0.6
−0.3 1.4

)

Classify the origin as an attractor, a repeller, or a saddle point. Find a closed form for "xn if "x0 =

(
1
1

)
.
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9. The amounts for two types of cereal, Cereal X and Cereal Y , of calories, protein, carbohydrate, and fat, are

listed in the table below. Suppose we want a mixture of the two cereals that contains exactly 295 calories, 9

g of protein, 48 g of carbohydrate, and 8 g of fat. Set up a vector equation for this problem, keeping track

of what your variables represent. Express this as a matrix-vector equation, and then determine if the desired

mixture of the two cereals can be prepared.

Nutrient Cereal X Cereal Y

Calories 110 130
Protein 4 3
Carbohydrate 20 18
Fat 2 5
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10. Consider the plane 2x + y − z = 0. Find a nonzero vector which is orthogonal to this plane. Suppose that P

is the matrix representing orthogonal projection onto this plane. What is the nullspace of P?
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11. Suppose that W is an m dimensional subspace of Rn, with m < n. Let P be the standard matrix for orthogonal

projection into W . Is P invertible? Why or why not?
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12. A farmer with 1200 acres is considering planting three different crops, corn, soybeans, and oats. The farmer

wants to use all 1200 acres. Corn seed costs $20 per acre, soybean seed cost $50 per acre, and oat seed costs

$12 per acre. The farmer has $40,000 available to buy seed, and would like to use it all for this purpose. Set up

a system of linear equations from this data whose solutions are the choices the farmer can make for quantities

of each crop. Suppose that when the crops mature, the farmer brings in $100 for each acre of corn, $300 for

each acre of soybeans, and $80 for each acre of oats. How many of each crop should the farmer have bought to

maximize profits?




