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FIRST ORDER LINEAR DIFFERENTIAL EQUATIONS

Some Definitions

Differential Equation: an equation that contains the derivatives of one or more dependent
variables with respect to one or more independent variables.

Ordinary Equation: A differential equation with ordinary (as opposed to partial) derivatives of
one or more dependent variables with respect to a single independent variable.

Order of an Equation: The highest derivative in an equation.
Linearity: An equation is linear if (a) all the powers of y and its derivatives is 1 (b) There are no
nonlinear functions of y present in the equation and (c) The coefficients of y and its derivatives are

functions of x only.

Examples: Determine the order and linearity of the following equations. If nonlinear, explain

why.
(a)(1-x)y'"-3xcosxy''-(3y+4)y'=6x
.d'y {dy]
byx’—+x"|—| =In
(= dx* ol ()
()5 +4x"y-L =0
.1'
(a’)xff—}: + Sat
dx y
Solution:
(a) Order = 3. Linearity: Nonlinear due to coeﬂ' cient of y".
(b) Order = 4. Linearity: Nonlinear due to (¥’ )’ and In(xy) — a nonlinear function of y.
(c) Order = 7. Linearity: Linear.
(d) Order = 1. Linearity: Nonlinear as (4/y) is a nonlinear function of y.
www.gradesavers.net chet@gradesavers.net 514.941.2438

2




rv-.
-~ _ s—
GHADE AVEHES NET Ve Copilioe A4 10 Panl Biile KOG oibieal £ RIS

U0 R NG

hnlntlluml Fu Illl!t-rvlnillﬂ Faquntions: A function Vo0 b solition o piven ditterentin
cquation if the equation is satisfied 1 you plagin y md s derivatives

I'-\:lrljl’lt'; hhnf\' hat vy = Creasdtand vy = Camin i are boll solutions fo i eguation ba e e
combination of vy and vy also o solution of V" 1+ Oy =0}

Solution:

¥, = C cosy S AT

X ‘= =30, sin i Pyl 3O, CON \
», "= =9C, cos ¥, "= 00 Rin M

plug into cheek if equation is satisfied : s i to check if equation ivsatisficd

LHS : =9C, cos 3 + 9(C cos My=0=RIS LHS 00 min Moo min )y =0 = INTAY

Lincar Combination !

y=Cr Gy

y=C cosdt+C, sin M

3= =3C, sin 3 4 3C, cos M
¥,"'= =9C, cos 3t = 9( ", sin M

plug into cheek if equation is satisfied
LIS : =9C, cos 3 =9C, sin 3 4 9(C, cos 34 Cysinde) = 0= RIS
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SOLVING FIRST ORDER DIFFERENTIAL EQUATIONS

Separable Equations

often the easiest ones to solve.
parable before applying other te

Given & differential equation you should

Separable equations are ‘ ;
chniques. Solving separable equations is

always first check it is se€
a simple 3 step process:
Step 1: Look to separate the variables: Get the x's on one side and the y's on the other do that you

end up with:
fly)dy = f(x)dx

e dx or dy in the denominator.
e p(x) and f{(x) = constant for it to

Note —a) you can’t hav
£ the form dy/dx + p(X)y = f(x) must ha

b) an equation 0
be separable

both sides of the equation:
If (y)dy = If (x)dx

e for the constant of integration.

Step 2: Integrate

Step 3: Use initial conditions to solv

Examples: Solve the following differential equations
(a) yﬁ =2xe" ,v(0)=1
- a-a'x = €3 Lo
./(EJ) LI I ’
e
(©) (4x+3)y'-y=0
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First order differential equations: Integrating Factor

e we b y 18 ol e, T . > i .
As we know 17 order linear differential equations take the form Cy(x) v' + Ca(x)y = 22). Like

gzc.paml‘wlc cquations, _snl\'mg first order equations is a mechanical process and can be solvad by
following the following 5 steps.

Sth i hn_surc that the coefficient of y'is 1. That is, divide the entire equation by C(\) to obtain
the following form:

TE st ern geagbeady liawm Ane Tagperanin
|

J L
Y+ p(x)y = fix)

Step 2: Compute the integrating factor:
I

Ipulds;
H=e

Step 3: Multiply the entire equation by p. By doing so the left hand side of the equation will be the
derivative of py (product rule backwards):

{
= () = 4 ()
dx
Step 4: Integrate both sides and solve for y:

o = [ pf (x)dx

y= = f M (x)dx
H

Step 5: Use initial conditions to solve for the constant of integration.

4 . 5 & £ , e 1 » “the inteveral,
Notes — sometimes computing the integral is hard_. leave your answer in terms of the integral
— you do not need to include a constant of integration when computing p.
_ all terms in the final answer that tend to 0 as the independent variable tends to « (i.e.
terms with negative exponents) are known as ransicnt terms. The rest are called steady

state terms
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Examples: Solve the following differential equations

(@) (x+ Dy Hx+ 2y =2 a(0=3

-

ba v
lf"'l —xy=2
ax

The exact equation is 2 very particular type of aquation and usually very easily recognized by its

torm:

=
:}"' ¥
s
=
b

Mx. vidx = N(x. )y =0

There are 2 methods for solving this eguation The first method involves the following steps:

Step 1: Make sure that the equation is in the form above and ensure that it is in fact exact, that is:

&M &N
Q cx
Step 2:
L I =N
cx oy
So f, = [.!.!:it%—g{_r) Sof. = f.\'ci1'+ h(x)

Step 3: Now the answer is simply a the sum: f; + fs= C. The only trick here is to be sure to
include common terms between f; and f> only once and you are set.

he two integrations are difficult. in this case method 2 is more

Method 2: Sometimes one of t
f both methods is the same, things differ from the 2™ step

convenient to use. The first step 0
onward:
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Step 2

Let -(—j[ =M
ox

So f = _[Mn’.r +g(y)

Step 3t Use the answer above to solve the following equation. This will allow you to solve for
1y
4
I.erﬁi =N
ay

Step 4: Replace £(v) in step 3 and write your solution in the form f{x, y) = C

Examples: Solve the following differential equations

(@)(x+ y}:d.\‘ +(2x + X =Ddy=0
(2w = veM)dx +(x* +4y" —xe™)dy =0

Optional: Non Exact Equations — Making them Exact.

Sometimes non exact equations can be made exact by first multiplying the entirc equation by an
integrating factor. The following formulas allow you to calculate the integrating factor, as long as
it is calculated to be a function of a single variable, the equation can be made exact.
M =N, N,=M, gt
j 2y e

i S 55 y
Mo

bog WAy plx)=e Y p(y)=e

LY
V6 ooaly T

7 an yead :
In the equations above Myand N, are used to denote the partial derivatives with respect to the
subscript.

Examples: Solve the following differential equation

(@) avdx +(2x* +3y* =20)dy =0
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SOLUTIONS BY SUBSTITUTION:

Many differential equations that initially appear difficult can be simplified considerable by making
a stmple substitution. There are many such substitutions but three are most common,

TYPE1: Ax+By+C

Step 1: Letu = Ax + By + C, then u' = A +By', solve for y' and substitute back into the equation.
It should simplify into something vou know how to solve.

Step 2: Solve the equation and substitute back for u.

TYPE 2: HOMOGENEOUS

Homogeneous equations usually take the form of exact equations, so after checking whether or not
they are exact we can see if they are homogeneous and follow the steps outlined below.

M(x, y)dx + N(x, y)dy=0
Step 1: Determine whether or not the equation is homogeneous by substituting all x’s with Ax and
all v's with y. Factor out the highest power of % in both M and N and as long as you are able to
re-attain your original equation, the equation is homogeneous.
Step 2: Substitute y = ux (or x = uy) and dy = udx + xdu (or dx = udy +ydu) and simplify. Usually
if N(x, y) seems harder, make the substitution in brackets. The equation should simplify into a

separable equation, which you can now solve.

Step 3: Substitute back and simplify your answer.

TYPE 3: BERNOULLI

The Bernoulli equation is the simplest to recognize. The equation takes a form similar to the first
order linear differential equation except it has a nonlinear term on the right hand side:

% +p(x)y =Gy’

www.gradesavers.net chet@gradesavers.net 514.941.2438
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permoulli equations are generally long to solv
gimplify into first order linear differential equ
follows:

¢ so you should practice many of these. They always
ations. The steps to solve these equations are as

Step 1: Make sure the equation is in the correet form (as above)

1-n ~ .
Step 2: Letu =y 7, solve for y and y*

it (remember to use the chain rule - you must have a u’ term
when you solve for y")

Step 3: Substitute and simplify. The equation should reduce to a first order linear differential
equation. Solve.

Step 4: Substitute back and simplify.
Examples: Determine which of the following equations is homogeneous and solve it

(@) Qxy=x")dx=ydy=0

(b) (v +x0)dx+x*dy =0

Examples: Solve the following differential equations

dy

(@) =—=y(xy' =)
dx
(b) ‘—‘;~‘l=2+.1_‘~—2.1-+3
({AY
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LINEAR MODELS: 1% Order

| equations is that many real life
uch models that ofien show up are
ou have time, you should look into

The whole motivation behind leaming to solve differentia
situations can be modelled using differential equations. Three s
outlined below. This is not an exhaustive list of models and if y
solving ather models such as population, growth and decay ctc.

Newton's Law of Cooling

Solving cooling/warming problems amounts to solving the following differential equation:

LT
dt

where k is a constant of proportionality (that you usually have to solve for first), Ty, is the

temperature of the surrounding environment, sometimes you have to assume a value for Trn. The
solution to the above equation always takes the following form:

T(t)y=Ce™ +T,

You can probably memorize this solution and plug in givens to solve of the constants but it is not
difficult to derive. Solving such problems is demonstrated by means of the following example.

Example: A small metal bar, whose initial temperature is 20° is dropped into a container of
boiling water. How long will it take the bar to reach 90° if it is known that its temperature
increases 2 in one second?

www.gradesavers.net chet@gradesavers.net 514.941.2438
10 R




r"h..

- =
GRADESAVE SN | arter 3410 Po,
PUESAVERS) Le Cartior 3410 Poel, Suite 505, Montreal QC, H3A 1H3

Mixtures

Rate In: Concentration x inflow
In order to understund mixture problems, it iy helpful o first
understand the followiny: dingram, 11 we can visualize unltllh
mateh the problem to the variables in the picture the problem
becomes easier o solve. The differential equation related (o
the problem tukes the form:; Initial
Conditions

dy
dt

Oncee again the best way to understand how to solve this I

equation is by means of examples:

Rate Out; Concentration x outflow

Examples:

() The air in a meeting room of 150000" has a smoke content of 20 ppm. An air conditioner is
turned on, which brings fresh air (with no smoke) into the room at a rate of 1200ft* per minute and
forces the smoky air out at the same rate. How long will it take to reduce the smoke content to
Sppm?

(b) A tank contains 200 gallons of brine that contains 31bs of salt per gallon. Brine containing 21bs
of salt per gallon flows into the tank at a rate of 5 gallons per minute, while the mixture runs out at
the same rate, Find the amount of salt as a function of time, what happens as t = o?

(¢) Five grams of chemical is dissolved in 100 litres of alcohol. A 10% mixture is added at the rate
of 2 litres/min at the same time solution is being drained at the rate of 1 litre/min. Find an
expression for the amount of chemical mixture at anytime. How much of the chemical is present

afler 30 min?
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First Order Circuits

It turns out that cireuits containing either a capacitor or an inductor (not both) can !“’ modcled by a
first order differential equation. Depending on the case the dependent variable is unhcl: the current
in the cirenit or the charge in the cireuit. There are 2 specilic series circuits that you \“-’1” probably
be responsible for, more complicated circuits are taught in ELEC 273/275. The circuits and the
corresponding differential equations are given below,

i =0 i {=0

e SRR P __—_*__0/0——{
A + 1 + -

E() |

|

.y
VY'Y
i

R (1) T - __ Vp—<.
S vy o i TN el

L c

dg 1

f.ﬂ*i-f\'f:f:‘(r} R +Eq=ff(!)

di E.'_

Here, R, L and C represent the resistance, inductance and capacitance respectively. Basically they
are numbers that you will plug into the correct equation. E(1) is the voltage as a function of time.
Both of these equations are solved by cither separation of variables (E(t) = 0) or by using an
integrating factor.

Example: A 100-volt electromotive force is applied to an RC-series circuit in which the resistance
is 200 ohms and the capacitance is 10™ farad. Find the charge q(t) on the capacitor if ¢(0) = 0.
Find i(t). [Hint: 1 = ¢']
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