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[8 marks] 1. Let W = {1,2,3,4}. The relation B is =1 p=2 y=3 yp=4
defined on W by x B y if and only if the
accompanying table contains an X in the =] X X X
cell (z,y). Answer the following questions
about the relation B. Justify your answers. T=2 X
' %= 3 X X
(a) Is B reflexive?
M'& ’ gécfuuu — 2 \g 2z L= 4 X X

&) e 369)

(b) Is B symmetric?
N |24¢,( = L 6 2 L~J‘ — 241

Y/ (e 3u bet T HED)

(c) Is B antisymmetric?

Ne. Bee 2DB3 ord 2b2 (LA 25)
Lz/) (W- 4L emd LA (Lt *‘(.«u),\

(d) Is B transitive?
N (’; 1 83_0,.‘,( 1/?%, L\-/—"/'lﬁg

& R
J

*
[5 marks] 2. (a) Let B be any relation on a set W. Prove that if B is complete, then B is also refleetive.
R*f ;wV) " {) @\/‘L"*' X )?\j o~ ‘)ﬁl@

(I,VMA e with {‘évj\v;)‘ary;“ ;l‘i:> . /)’L»-\ a.ﬂ./t/ivr<7 ng PO @;«) -_) (S“

Qjé) /n\zfvfw *w g £l = B I N - qk,/(

(b) Consider the relation of B of #1. Can you use 2(a) and your answers to #1 to determine
whether B is complete?

\(/e,o, yp B e cleNM, IS e b o ,M%/@ox,,«#(l,) f)_(.,,,)
&\7} Bwf VQ) Y o :«z///L'Zy s (L> 1(.~‘|). id (M Romy % ,(,\)

( wm f; P o (.er,(_(;(, : i

If B is a relation on W, then
B is reflezive if x B x for all zx € W.
B is irreflezive if x ~B « for all x € W.
B is symmetric if ¢ B y impliesy B z forallz € W and y € W.
B is asymmetric if_ai_gky/implies y ~B z for all z € Wand y € W.
B is antisymmetric if an yand y B z implies z =y for allz € W and y € W.
B is transitive if ¢ B y and y B z impliesz B z forallz € W,y € W, and z € W.
B is complete if for every x € W and y € W, either x B y or y B .

B is weakly complete if for every x € W and y € Wsuch that « # y, either z B y or y B .
Over
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[6 marks] 3. Assume a weak preference relation >~ on a set W, i.e., assume that > is reflexive, transitive,
and complete. Define a strict preference relation > on W by

x >y if and only if > y and —(y > z)

for any z,y € W. Assume that r,s,t € W and that r = s and s > t. Prove that r >~ ¢.

[Hint: Carry out the following steps: (i) Prove that r > ¢. (ii) Show that the assumption
that ¢t > r leads to a contradiction. ]

1 (L) (é*‘z’orcw S >-£I \]‘ V\"Lui{ L/ tl( Cotrn J'L«w/ S ?,‘ +
{ Cas omd X o hamidbon, ¥ EE.
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Cy BJ‘ Lb) by o P red, » szt A = (4 =1
T e A o o HA ’—,(-[B,f)_
'". v & ‘{’ '-"*w/{ — ({ }:,r\' fo v }‘J’

[8 marks] 4. Your utility for an increase in wealth of $z, where 0 < z < 100, is given by
u(z) =vVzr+9-—

Consider the lottery L; =< $0, Ys; $40, ' >, in which you win $40 with probability Y, and
$0 with probability .

(a) Find EL,, the expected value of L.

(b) Find Eu[L,], the expected utility of L.

(c) Find CE(L;), the certainty equivalent of L;. Your answer should be correct to the
nearest cent.

(d) Using only your answers to (a), (b), and (c), determine whether you are risk-averse,
risk-acceptant, or risk-neutral with respect to L.

(e) Let Ly =< $0, Y4; 87, Yo; $72, Y4 >. Calculate Fu(L,), and use your answer to determine
whether you prefer L; or Lo, or are indifferent between them.

D@ Ey= iff0] + il |
EL)= Lulo) + Laleo) = 110\ ¢ {[z@ 5

© b 2
\¢) CE(Ll } = l )(v o ___,( - 8“' ~~~‘~—'g‘:} —
8 1“]/”“? 3 = Yars =¥

/

(3)

(>

W, S
E ~ eyt
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[8 marks] 5. If possible, solve the bimatrix game G5 by iterated elimination of dominated strategies. When
a strategy is dominated, indicate all strategies that dominate it, and whether the dominance
is strict or weak. [Hint: Be certain to find all dominated strategies before reducing the
bimatrix.] What kind of dominance-solvability, if any, applies to GS.

&
? c1 Co C3 Cy
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(4 marks] 6. Find all pure-strategy Nash Equilibria of the bimatrix game Gs. [For convenience, Gj is
reproduced below.]

G
: 1 Co C3 Ca
- % | e
Ti _279_ O,Q O’Q /,62? (.b
¥ N W o AvA
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[4 marks] 7. If player I plays mixed strategy z = (0, Y, %5, 0), determine II's expected utility for each of
IT’s pure strategies. Which pure strategy is II’s best response to x?

b E“L(W"C;)"’ o 3 j[l]-‘:)[,)éo = |

) EGe) -t 72 g

) B o () EE ‘,
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[12 marks] 8. (a) In the game Gy, assume that player I's mixed strategy is (z,1 — ) and that player II's
mixed strategy is (y, 1 —v), as shown in the game matrix. Show that I's expected utility
Eu, and IT’s expected utility Euy are given by

Euy(z,y) = 2—3z—2y+ Szy
Euy(z,y) = z+y—ay

(b) On the axes provided, sketch the players’ best response correspondences. Label each
correspondence clearly.
(c) Using the best responses, determine all Nash Equilibria of Gs.

(d) Indicate whether each Nash equilibrium is a pure-strategy or a mixed-strategy equilib-
rium, and calculate the players’ expected utilities.

Gg A Y 6(1 \‘]Z NE
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[4 marks] 9. In a two-person strategic-form game, player I's strategy set is S and player II’s is T". Recall
that dominance for I is a relation on S, and that s; € S dominates s, € S if and only if

(1) u(sy,t) > u(se,t) forallt € T, and
(2) there exists t* € T such that u(sy,t%) > u(sg, t").

Show that dominance is an asymmetric relation.
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[11 marks]) 10. For each of the two-person zerosum games Gig, and Giop,

(a) Identify all saddle points, if any;
(b) Find all optimal strategies for both players, and the value of the game.
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(10 marks] 11. Let W denote the set of all possible outcomes in a game with two players, called I and II. If

\
x_
x

pay
L
B4 ©

w € W, denote player I’s utility for w by u;(w) and player II’s utility for w by us(w). Recall
that w, € W is Pareto-superior to w, € W if and only if u;(w;) > wu;(wy) for i = 1 and 2,
and u;(wy) > u;(ws) for i =1 or 2. Also, w; € W is Pareto-optimal if and only if there is no
outcome w € W such that w is Pareto-superior to w;.

(a) Prove that Pareto-superiority is an transitive relation. I
SU‘(,W L\/l") f?u—t/(\*-—?\q(a./\h{\ WL{, Wkw ()¢4JV~I‘-“ s ("“'k
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(b) Suppose that W = {w;, ws,...,ws}, and that the players’ utilities are as given in the
table below. For example, at w,, the utility profile is [4, —3].

w w1 Wo W3 Wy Ws Weg wr wg
uy (w) 0 4 -2 2 -1 2 2 k!
ug(w) 0 -3 1 -2 -2 0 1 -1

(i) Find all outcomes that are Pareto-superior to ws.
(ii) Find all Pareto-optimal outcomes.
(iii) Prove that Pareto-superiority is not weakly complete by finding a counterexample

from W. 1
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