MATI1341 Lecture Notes

MAT1341-LECTURE NOTES-BY ERIC HUA

§ 2.5.1,2.5.2,2.5.4 Complex numbers

Complex numbers:

A complex number is of the form a+bi, where a and b are real numbers and i is imaginary,
i=+-1,i*=-1.

If we have a complex number z, where z=a+bi then a would be the real component (denoted: Re
z) and b would represent the imaginary component of z (denoted Im z). Thus the real component
of z=4+3i is 4 and the imaginary component would be 3. From this, it is obvious that two
complex numbers (a+bi) = (c+di) if and only if a=c and b=d, that is, the real and imaginary
components are equal.

The complex number (a+bi) can also be represented by the ordered pair (a,b) and plotted on a
special plane called the complex plane, the horizontal axis is called the real axis and the vertical
axis is called the imaginary axis.

Operations

Addition: (a+bi)+(c+di) = (a+c)+(b+d)i.
Multiplication: (a+bi)(c+di) = (ac-bd)+(ad+bc)i.

Properties: commutative laws, associative laws, distributive laws, zero, unit, inverse.

Conjugate: If z=a+bi, then Z=a+bi=a—Dbi.
Properties of conjugate:

(1) =17,

(i) z+w=zZ+w;

(i) zw=zw;

(v) Ifz#0, (w/2)=w/7Z;
(v) zisrealif and only if 7 =z.

Division: (a+bi)/(c+di) = [(a+bi)(c-di)J/(c*+d?)
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Modulus (absolute value):

| z1=01if and only if z = 0;

IzZ1=1zl

lzwl=1zllwl,

Ifz#0,lw/zl=lwl/lzl;

lz+wl<lzl+Iwl.

Examples. 2+3)+(—1+0),i—Q-0); 1+ —-0); 2Q+3)1+0); (1 -0 /(1 +10);
(1 +2i)/3—4).

Quadratics

ax2+bx+c:0, A = b® — 4ac: two different real roots, when A > 0; two same real roots, when A = 0;
two conjugate complex roots, when A < 0.

Example. Find a real irreducible quadratic with 5+12i as a root.

Roots of a polynomial
Any polynomial of degree n has n roots.

-1
ax"+a x" +.+ax+a,=a,(x—2z)..(x—2,).
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§ 3.1. Geometric Vectors

Algebraic representation of vectors:

e InR%:v (orv)=]a b]T, or (a,b), where a,b are components.

The zero vector 0 =[0 0 O]T.

InR" [a; a; ... a, ]T, it is called n-vectors.

IR v (orv)=Jab C]T,Where a,b,c are components.
[a b c]T is any directed line segment from (X,y,z) to (x+a,y+b,z+c).

Position vectors: [a b c]T is called the position vector of the point (a,b,c).

Length (magnitude) of v=[ab c] is: Ivll=va’ +b*+c* . lIvII>0,and Il vII = 0 iff v = 0.

Let A=(a;, ay, a3) , B= (b;, bs, bs). Then A_B> =[ b;-a; by-ay bs- a3]T. The point A is called the

tail of AB, the point B is called the tip of AB.

Arithmetic:
b b X+ X
Letx=|x, |,y=|Yy, | ,thenx+y=|x,+y, |, cx=|cx,

X3 V3 X3ty CX;

Properties:
a+b=Db+a,
a+(b+c)=(@+b)+c,
a+0=a,
a+(-a)=0,
c(a+b)=ca+ch,
(c+d)a=ca+da,
(cd)a = c(da),
la=a,
a//b iff a=mb.

Standard basis of R>:i=[1 0 0]",j=[0 1 0", k=[0 0 11"

Position vectors can be expressed in terms of standard basis vectors: [a b c]' = ai+bj+ck.

Unit vectors: v/ Il vll is a unit vector, if v # 0.
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§ 3.2. Dot Product and Projections

X Y
Dot product: Letx= | x, |, y=| y, | , then X'y = x;y; + x2y2 + X33
X3 Y3
Properties:
asa=llal
a*b = bea,

a* (b + ¢) = a*b + a-c,
(ca) *b = c(a*b) = a* (cb),
0ea =0.

Angle between two vectors: cos @=aeb/(Ilallll b ll), always assume 0 < < 7.
Orthogonality: a L b iff asb=0.
Vector projection: vector projection of b onto a, proj, b is defined as:

-
[

—

proja b =

-2
lall

x
General dot product: :2 : y:z =Xy Xy, .. +tXxy,.

xn yn
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§ 3.3 Lines and Planes

Lines in space through the point ro=[xo Yo zO]T and paralleltov=1[a b c]T:
e Vector equation of aline: r=ro+tv,v=:[a b c]T is a direction vector, te R
e The parametric equation: x =xo + at,y =yo + bt, 7 =70 + ct.
X=Xy _ Y=Y _ 2%
a b c

*  Symmetric equations:

Example. Find the line goes through p; = (x1, y1, z1) and p2 = (x2, ¥2, 22).

Leta=x;—x2, b=y, —yy,and ¢ =71 — 25.
r=px+tlxi—y x—y x3—yl"
r=p;+1Ip — 1P,
r=mp+ (1 -0pte R.

9

Whent=0,r=py;t=1,r=p;.
Example. Find the line segment between p; = (xi, y1, 1) and p, = (x2, y2, 22)-
Solution: r = p; + (1 — H)p2, 0<t <1.
Determine whether two lines intersect:
r=r;+1tv,r=r;+svp.
If they intersect, there exist t = t* and s = s* such that r; + t*v; =, + s*v,. This gives three
equations with two unknown #* and s*. If this system of equations has a solution, these two lines

intersect. Two non-parallel lines that do not interest are skew lines.

Example 1. Determine whether Li: x =1+t y=-2+3t,z=4—-tand L, : x=2s,y=3+s,2=
—3 + 4s intersect.

1+t=2s,-2+3t=3+s,4—t=-3+4s.

t=2s—1: 2+65—3=3+5->55=8,5s=8/5.
4—-2s+1=-3+4s,65=8,5s=8/6.

These two lines do not intersect.
Example2.L;: x=1+t,y=-2+3t,z=4—-t.1,: x=2s,y=3+s,72=-3 +3s.
1+t=2s,-2+3t=3+5,4—t=-3+4s.

t=2s—1: 2+65s—3=3+5->55=8,5s=8/5.
4—-2s+1=-3+5s5,65=8,5s=8/5.
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t=2s—1=11/5.
These two lines intersect at (16/5,23/5,9/5).
Distance from a point to a line
Distance from a point p to a line L: Take a point q on L. r =p — q is the vector from q top. u=
projy r is the projection of r onto the direction vector v of L. The distance from p to L is the
length of r — u.

Example. Find the distance from p = (3, -2, 5)to L: [0 0 11"+ #1 1 17"

Letq=(0,0,1). r=p—q=[3 -2 4" v=[11 11" u=@v/IvI®v=[5/3 5/3 5/3]"
Thusr—u=[4/3 -11/3 7/3]"
The distanceisd=Illr—ull=(1/3)/186.

Planes

The normal form (vector equation): A plane passing through ry with normal n has equation:
n:(r — ro) =0, or n°’r = n'ry.

The scalar equation:
la b " [x=x y—yo z—20]" =0,
a(x —xo) + b(y — yo) + c¢(z — z0) =0, i.e., ax + by + cz = axy + byy + c2o.
If we have the scalar form of the equation, ax + by + cz=a,thenn=1[a b c]T.
Examples
1. Equation: 2x—y + 3z =5, a normal vector is [2 —1 3]".
2. Normal vector [-1 3 2]T, point P = (4, 0, —2). Equation: —x + 3y + 2z =-8.
The angle between two planes equals the angle between their normal vectors. Two planes are
parallel if the normal vectors are parallel. Two planes are perpendicular if their normal vectors

are perpendicular.

Distance from a point to a plane:
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¢ Formula: The distance from a point P = (x,, y,, z,) to a plane ax+by+cz+d=0 is given
lax, + by, +cz,+d |

\/ a+b>+cd
e Method 2: Finding the distance from a point p* to a plane I1

by D=

Let the vector form of the plane be n* (p — po) = 0. Then py is on the plane. Let vector u = p* —
po- Then the length of the projection r = proj , u is the distance from p* to /1. The point on /7
that is closest to p*isu—r + pp = p* —r.

e Method 3: Let q be the point on the plane that is closest to p*. Then the equation of the
line joining q and p* has the equation p = p* + m. Hence q = p* + m for some ¢. If the
equation of the plane is rn = d, then gqn = d. Hence, qn=p*n+¢linl? t=(d—p*n) /|
n P

Examples. p*=(1,-1,2),II: 3x—y—z=5.

po=(1,-1,-1). u=p*—pp=(0,0,3).n=3,-1,-1). r=proj,u= (un /IInIIZ)n=

3
—1—31 —1|. The distanceis lr =3/ J11. The point on P that is closest to q = p* —r =
| -1
1] 3 20
-1 +i -1 =i —-14 .
11 11
2 | -1 19

An alternative solution:

1 3 20
t=5-2)/11=3/11. q=p*+(@3/11)n=| -1 +1—31 -1 :% —14 |. The distance from p*
2 -1 19

to this plane is the distance between p* and q.

The Cross Product

Definition: Ifa=[a; a» as],b=[b; by bs]', then

i j k
axb= [a2b3 - a3b2 a3b1 - Cllb3 Cllbz - azbl]T =\|a a, da.
bl b2 b3

Example. [1 3 4"x[2 7 -5"=[-43 13 1"

Properties:
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1. axa=0.
2. (axb)LlLa,(axb)Lb:

ai(axbs — azby) + ax(aszby — a1bs) + asz(a1b, — axby) = 0.

Finding the equation of a plane containing three given points:
A = (x17 yl’ Z1)7 B = (-x27 }72, ZZ), C = (-x3, y3, Z3)'

Note that AB and AC are perpendicular to the normal vectors. A normal vector of the plane is
AB x AC.

Examples.

1. Find an equation of the plane that passes through the three points P(1,2,3), Q(1,3,2) and
R(2,4,3).

Solution. PO =[01-1]", PR=[12 0]". Hence
k
—1|=2i-j—k
0

_—

ji=POXPR=

=
O

The equation is:
2(x-1) + -1(y-2) + -1(z-3) =0, i.e., 2x-y-z=-3.

2. Find the symmetric equation of the intersection of x + y + z=1,x -2y + 3z=1.

The direction vector is perpendicular to both normal vectors:

i j Kk
v=[l 1 1/=5i-2j-3k
1 -2 3

To find a point on the line, letz=0. x+y=1,x—2y=1. x=1,y=0. Hence, (1,0, 0) is on
Yoz

this line. The equation is x_—lz =—.
5 -2 3
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§ 3.5 The Cross Products

In this section we only consider 3-dimensional vectors.

More Properties:

1. ax0=0.

2. axa=0.

3. axb=—(bxa).

4. (ca) xb=c(axb)=ax(ch).
5. ax(b+c)=axb+axec.
6. (@a+b)xc=axb+axec.
7. ax (b xc)=(ac)b— (ab)c.

8. Lagrange Identity: | x x y I =l x IPll y I* — (x-y)*.
9.laxbll=I1lallllbllsin 6, the area of the parallelogram.

Since x+y = lIxIl llyll cos 6, Ixxy ¥ = x Py I* — (x-y)* =l x IPll y I — IIxI* llyll* cos® 6=
lIxII? Iyl sin® 6.

10. a//b<>axb=0. a, bnon-zero.
I1.u(vxw)=w-(uxv)=v(WXxu).

12. lu+(v x w) | is the volume of the parallelepiped spanned by u, v, and w. If the mixed product
is 0, then these three vectors are in the same plane.

fu=1[x; y zl]T, v=I[x2 y» 22]T, w=1[x3 3 z3]T, thenu (vxw)=1|y, y, Y.

4 4L 4
13. ixj=k, jxk=i, kxi=j.
Examples.

1. Find the area of the triangle with three vertices P(1,2,3), Q(1,3,2) and R(2,4,3).
Solution. PQ = (0,1,—1), PR = (1,2,0) . Hence
j k
1 —1=2i-j—k
2 0
J6

The area of the triangle = %n POX PR ||:%|| 26 -j—kl= R
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2. Find the volume of the parallelepiped spanned by
u=[1 2 3", v=[1 3 2], andw=[1 2 2]

Solution:
1 2 3

u-(vxw)=|l 3 2/=-1.The volume is [u-(v x w) | =1.
1 2 2

10
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§ 1.1 Matrices

Terminology

A matrix is a rectangular array of numbers. Each number is called an entry.

ay  ap a,
a a a
21 22 2n
M= =la ij]a or [a zfi]mxn'
aml am2 amn

M is called a matrix with size mXxn . The (i,j)-entry is a ;
T
M=[C,Cy... Ci]=[R) Ry...R,] .
Special matrices: matrices with a single row or a single column, square matrices, zero matrices.

Equality of matrices: Same size and same corresponding entries: a ; = b ;; for all i and j.

Matrix Addition and Scalar Multiplication

Addition: A+B = [a ;+b ], Scalar multiplication: cA = [ca ;].
Properties:

A+B=B+A,
A+B+0O)=(A+B)+C,
0+A=A,

A+(-A)=0,
c(A+B)=cA +cB,
(c+d)A=cA +dA,
(cd)A = c(dA),

1A=A,
(DA =-A,
cA=0ifandonlyifc=0o0orA =0.
Example. If

0 9 8 2
A= 2 -3 B=|-7 0 C=|-2

-1 1 4 -1 10 -6
Then

11
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Transposition

Definition. If A=[a ] » then AT = =[a;i]uxm
Properties:

A" = A,

A+B)=A"+B",

(cA)" = cA”.

Symmetric matrices: Matrix A is symmetric if A" = A.

If A and B are symmetric, then A + B is symmetric.

Identity matrices: All entries on the main diagonal are 1, other entries are O.

12
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§5.1 Vector Spaces and Subspaces

Definition. Let V be a set of vectors. If operation addition and operation scalar multiplication
are defined in V satisfying the following axioms:

Al. Ifu,ve V,thenu+ve V.

A2. Ifu, v e V, then u + v=v+u.

A3. Ifu, v,w € V, then u +( v+w)=(u+v)+w.

A4. There exists an element, denoted by 0, in V, such that 0 + u = u for every u.

AS. For every u € V, there exists an element, denoted by —u, in V such that u + (—u) = 0.

S1. Operation scalar multiplication is defined for every number ¢ and every uin V, and cu € V.
S2. Operation scalar multiplication satisfies the distributive law: c(u + v) = cu + cv.

S3. Operation scalar multiplication satisfies the second distributive law: (¢ + d)u = cu + du.
S4. Operation scalar multiplication satisfies the associative law: (cd)u = c(du).

S5. For every elementu e V, lu=u.

Then V is called a vector space.

Examples

(1) R" = {all n-vectors (aj, ay, ..., ay)}.

(i) P=the set of all polynomials, P,=the set of all polynomials of degree at most n.

(ii1)) M,,,, = the set of all m by n matrices.

Properties

(1) w+ v=u+ vimplies w=u.

(i) Ov=0.

(iii) a0 =0.

(iv) av=01impliesa=0orv=0.
V) (-Dv=—v.

(vi) (—a)v=—(av) = a(-v).

Subspaces

A set U is a subspace of a vector space V if U is a vector space with respect to the operations of
V. U is a subspace of Vif

(1) the zero vector is in U,

(i1) if xisin U, then ax is in U for any scalar a, and
(iii) if x, y arein U, then x + y is in U.

13
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Examples
(1) {0} is a subspace. A subspace that is not {0} is a proper subspace.

(i1) A line through the origin in the space is a subspace; A plane through the origin in the space
is a subspace.

(iii) S;={[s 2s 1]"; s €R} is not a subspace.

@iv) S ={[s sz]T; s €R} is not a subspace. It does not satisfy (ii).
W) S3={lx y]T; X = y2} is not a subspace. It does not satisfy (iii).
(vi) Sa={[s+1t 25—t 31" s, te R} is a subspace.

(vii) R"is a subspace of itself.

(viii) P, is a subspace of P. {1, x, xz, ..., X"} is a spanning set of P,.
(ix) {p € Py; p(3) =0} is a subspace of P;.

(x) {p e Py; p(3)=1}1is NOT a subspace of P;.

a
(xi) Let U be the set of 2 by 2 matrices {

b
} such thata + b+ ¢+ d=0. U is a subspace of
c

Mz,zi

00
0= {O 0} satisfies the condition. 0 € U.

ke kd

a
IfM:{
c

b ) ka kb
J € U, and k is a scalar, then kM = .

Sinceka+kb+kc+kd=kla+b+c+d)=0,kMe U.

¢, d, c, 5 ¢ +c, d +d,
Since (a1 + az) +(b1 + bz) + (Cl + Cz) +(d1 + dz) = (a1 + bl +c1+ d1) + (a2 + bz + Ccy + dz) = 0, M,
+ M, e U. U is a subspace of My .

b b + b +b
IfMI:{al dI]Mzz{az dz}e U,thenM1+M2:{al I 2}.

(xi1) Let M, be the vector space that contains all 2 x 2 matrices, and let v be a non-zero vector
in R%. Consider the set S of all matrices A in M, such that v is an eigenvector of A. Show that
S is a subspace of M.

14
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Solution. Let Ap be the 2 by 2 zero matrix. Since Agv =0V, the zero matrix is in S.

Assume matrix A isin S, i.e., AV =kV for some number k, where k is an eigenvalue of A. Then
(cA)V =c(Av)=ckv = (ck)v. Vector v is an eigenvector of cA corresponding to eigenvalue ck.
Hence, cA is also in S.

Assume matrix A and B are in S, i.e., AVv=k Vv, BV =k,V for some k; and k,. Then
A+B)V =AV +BV =kiV +kv =(ki + k) V.

Hence, v is an eigenvector of matrix A + B corresponding to eigenvalue k; + k>, and A + B is in
S.

(xiii) Let A be an m by n matrix. The set of matrices in M,, , that are commutative with A is a
subspace of M, ,..

.
(xiv) LetA = L 1l The set of matrices in M, ; that are commutative with A is a subspace of

M.

a b .
Proof. For any [ in M,
c d

a b1 2_1 21a b a+3b 2a—b_a+2c b+2d
c d||3 =1 |3 =1|lc d||c+3d 2c-d| |3a-c 3b-d|
Hence,a+3b=a+2c,c+3d=3a—-c,2a—b=b+2d,2c—d=3b—d.

3b-2¢=0,3a-2c-3d=0,2a—-2b-2d=0,3b—-2c=0.

0 3 -2 0 1 -1 0 -1 1 -1 0 -1 I -1 0 -1
3 0 -2 3|-»/3 0 -2 3|=-»|0 3 -2 0|—=|0 3 -2 O
2 =2 0 2 0 3 -2 0 0 3 -2 0 0 0 0 O

c=s,d=t,b=Q2/3)s,a=b+d=2/3)s+1.

a b)_[@3s+r @3] _[2/3 23] 1 0],
c dl | s P T B R

15
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§ 4.1 Subspaces and Spanning

The set of all linear combinations of a set S = {vy, vy, ..., vk} < Vector space V is a subspace of

V, called the span of S, denoted by span S.
span S= {c;v{+Covo+ ...+CxVil Cy,...,cxk € R}
Examples
(1) The span of a single non-zero vector in the space is a line through the origin.

(i1) The span of a two non-parallel non-zero vectors u and v in the space is a plane through the
origin with normal vector u x v.

Let A be a subspace, and let S be a subset of A. If span S = A, then S is a spanning set of A. In

particular, A itself is a spanning set of A. A subspace generally has more than one spanning set.

For example, for a non-zero vector u, every subset that contains a non-zero member of the
subspace A = {ku; k €R} is a spanning set.

Properties
(1) If x € S, then x € span S.
(i1) If a subspace W contains every vector in S, then W contains spanS.
As an example of using the second property, span {X + Y, X — Y} =span {X, Y}.
(ii1) If b is a linear combination of ay, ay, ..., a,, then

span {b, a;, a5, ..., a,,} =span{aj, ay, ..., a,}.

(iv) R" =span{E,, Es,..., E,}.

(v) null A = {x: Ax=0} = the span of the basic solutions of Ax=0.
(vi) im A = the span of the columns of A.

Examples

(i) Verify that [120-1]"isinspan{[2 1 2 0]",[0 -3 2 2]" }.
Solution: [120-11"=0.5[2 1 2 0]"-0.5[0 -3 2 2]".

(ii) Verify that the set of vectors S = {[1 2 3]",[-1 0 1]1",[2 1 -1]"} spans R’.

16
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Solution: For any [a b c]"in R,
[a b c]"=(3.5a—6.5b+3.5¢)[1 2 3]" +(0.52-2.5b+1.5¢) [-1 0 1]" + (-a+2b-c) [2 1 -1]".

Remark. Later we will study the method to get coefficients as follows :

1 -1 2 la I -1 2 | a 1 0 0 I35a-6.5b+3.5¢
2 0 1 1b|—=|0 2 -3 1 b-2a 0 1 0 105a—-25b+1.5c|.
31 -1 1¢ 0 0 -1 la=-2b+c||0 O 1 | —a+2b-c

(iii) Find a,b such that X =[a b a+b a-b]" is in span{X|, X», X3}, where X, =[1 1 1 11", X, =
[1012]",X;5=[-1010]"

(iv) P does not have a finite spanning set.

S 2 2|1 O
M, », which is spanned by 3 ollo 110

1
(v) LetA = {3 J . The set of matrices in M, that are commutative with A is a subspace of

17
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§ 4.2.1, 4.2.3 Linear Independence

Motivation. Reduce the number of vectors in a panning set of a subspace.

Independence Sets of Vectors:

Let S ={a;, a,, ..., a,,} be a set of vectors. An a; is a linear combination of the other vectors if
and only if there exist ¢y, ¢z, ..., ¢ , not all zero, such that ¢ a; + ¢ca; ... + cpa, =0.
Definition. A set of vectors S = {ay, ay, ..., a,} is linearly independent (or simply independent)
if

cia;+ca ... +cua,=0
implies ¢y =c; = ... = ¢, =0. Otherwise, S is linearly dependent.
Alternative definition. A set of vectors S = {ay, ay, ..., a,} is linearly dependent if one of the
vectors in S can be expressed as a linear combination of the other vectors in S. Otherwise, S is
linearly independent.
Properties
(1) If 0 € S, then S is linearly dependent.
(i1) If S={u}, and u # 0, then S is linearly independent.
(iii) S ={wu, v} is linearly independent if and only if u and v are not parallel.
(iv) If S has two parallel vectors, then it is linearly dependent.
(v) If S is linearly independent, then any subset of S is linearly independent.

(vi) If S is linearly dependent, then any superset of S is linearly dependent.

(vii) A linearly independent set has the minimum number of vectors among all spanning sets of
its span.

(viil) Every vector in its span has a unique representation as a linear combination of the vectors
in the spanning set.

Independence Test

(1) Construct a linear combination with variable coefficients, and let the combination be the zero
vector.

(1) This set is linearly independent if and only if all the coefficients are 0.

18
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Examples. (i) Test whether the following set of vectors is linearly independent:
S={[1 23156 -11",[3 2 1]"}.
x[1 2 31"+y[5 6 -11" +z[3 2 11" =[0 0 01" .

This set is linearly dependent, since x=-1, y=-1, z=2 satisfies the equation above.

(i1) If a, b are linearly independent, show that a + 2b, and 2a — b are linearly independent.

x(a+2b)+y(2a-b)=0,

(x+2y)a+(2x—y)b =0,

x—2y=0,2x—-y=0,

x=0,y=0.

(1) LetS={v,,v,,v,,V, } be a set of four vectors in R’. This set is linearly dependent.

(iv) If a set of vectors contains zero vector, then this set is linearly dependent.
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§ 4.3 and 5.2 Independence and Dimension

Basis

Let S = {v1, v2, ..., Vi } be a set of vectors in a subspace V. S is called a basis of V if
(1) span S =V;
(2) S is linearly independent set.

Dimension of a subspace is the number of vectors in a basis of the subspace.
Examples

(i) {1, x, ..., x"} is linearly independent, which is called the standard basis of P,. Thus
dmP,=n+1.

(i) dim P =co.

a
(ii1) Let U be the set of 2 by 2 matrices {
c

b
} such thata + b+ ¢ +d=0. U is a subspace of

M, . Dimension of U is 3. Show the spanning set is linearly independent.

1
(iv) LetA = L J . The set of matrices in My, that are commutative with A is a subspace of
M>,. Dimension of this subspace is 2. Show the spanning set is linearly independent.
(v) {p e Py p(3)=0}is asubspace of P,. Letp = ax’> +bx+c. Then9a +3b +c = 0,c=-9
—3b. Hence, p = ax” + bx — 9a — 3b = a(x* — 9) + b(x — 3). This subspace is spanned by x* — 9
and x — 3. Since {x* -9, x—3} is linearly independent, the dimension of this subspace is 2.

(vi) The set
1 O 0 O 0 1 0 O
V., = VvV, = VvV, = vV, =
Ploof 1o 7 loo] o1
1s a basis for M»,, and is called the standard basis of M,,. Thus dim Mj,=4.

(vii) The set of all m by n matrices with exactly one non-zero entry equal to 1 is a basis for
M, and is called the standard basis of M,,,. Thus dim M,,,=mn.

Remark. Let U be a subspace of R". A basis of U is a linearly independent spanning set of U.

Fundamental Theorem: If a subspace U is spanned by m vectors v,v,,....,v, ,and S =

{u,,u,,...,u, } is a subset of U, with k > m, then S is linearly dependent. This theorem may also
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be expressed as: If a subspace U is spanned by m vectors, and S is an independent subset of U
with k vectors, then k < m.

This is a homogeneous system with m equations and & variables. Since k > m, this system has
non-trivial solutions. S is linearly dependent.

Invariance Theorem. All bases of a subspace U have the same number of vectors. This number
is called the dimension of U, denoted by dim U.

Proof. Let By and B; be two bases of U. | By | =m, | B | =n, m >n. Since U is spanned by B,
with n vectors, and B has m > n vectors, B) is dependent, a contradiction.

Corollaries

(1) If U has a finite dimension, any independent subset of a subspace U can be extended to a
basis of U.

(i) Every finite spanning set of a subspace U contains a basis of U.
(iii) If U and V are subspace of R", U c V, then dim U < dim V. If dim U = dim V, then U= V.

(iv) If U is a subspace with dim U = d, then an independent set of d vectors is a basis, and a
spanning set of d vectors is a basis.

Examples
(1) dim {0} =0.

(i1) The dimension of a line through the origin in the space is 1. A plane through the origin in
the space is a subspace of dimension 2.

Bases and Dimension of R"

Let E; be the i-th column of the identity matrix 7,. Then {E,, E,, ..., E,} is a basis of R", called
the standard basis of R".

dim R" =n.

A spanning set of R" with n vectors is a basis of R”, and an independent set of n vectors is a basis
of R".
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§ 1.2 Linear Equations

1. Terminology and Notation

General form of a linear equation with n variables (unknowns xj, x, ..., Xp):
ax, +a,x,+..+ax,=b

where a,,a,,...,a, are called coefficients, b is the constant term.

A solution of the linear equation is a set of numbers sy, sy, ..., Sy, S0 that if we set x;=s;,
X2=S3, ..., Xy=Sp then the linear equation will be satisfied.

System of linear equations. General form of a system of m linear equations with n variables.

a, x, +a,x, +..+a, x, =b,
Ay X, + Ay Xy +...+a,, X, =D,

A solution of the system of linear equations is a set of numbers s;, 52, ..., s, so that if we set
X;=S8j, X2=S2, ..., Xx,=5, then the system of linear equations will be satisfied.

Consistent and inconsistent systems: A system is inconsistent if it has no solution. Otherwise,
the system is called consistent.

Three cases for a linear system: Unique solution, infinitely many solutions, no solution.
Examples.

(1) 2x + y =3, x—y = 0. Unique solution.

(1) 2x + y = 3, 4x + 2y = 6. Infinitely many solutions.

(1) 2x +y =3, 4x + 2y = 2. No solution.

Geometric interpretation of the three cases with two variables.

(Av) x1 =2 +3x3+x4=-3,2x1 —x2 + 3x3 — x4 = 0.

For any values of s and ¢, the solutionx; =¢t—s+ 1, x; =t + 5+ 2, x3 =5, X4 = t, is a solution of
the system, which is in Parametric Form and called General Solution of the system, s and ¢ are

parameters.

A system has a solution of the parametric form if and only if it has infinitely many solutions.
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Coefficient matrix and augmented matrix:

ay  ap a, ay  ap a,, b
ay 4y a,, ay 4y a,, b,

. . b . .
aml amZ amn aml amZ amn bm

2. Elementary Operations

Equivalent systems: Two systems have the same set of solutions.
Elementary operations on a system:

(1) Interchanging two equations.

(i) Multiply an equation by a non-zero number.

(i11)) Add a multiple of an equation to another equation.

The matrix form of elementary operations:

() Interchanging two rows: R, <> R ;
(i) Multiply a row by a non-zero constant: R, = cR,,c #0;

(ii1) Add a multiple of a row to another row: R, = R, +¢R;.

3. Gaussian Elimination

(1). Row Echelon Form and Reduced-Echelon form of a Matrix

(Row-)Echelon form of the augmented matrix:

(1) All zero rows are at the bottom;

(i) Each row has a leading 1 (first non-zero entry in a row from left);

(iii)) The leading 1 in a row is to the right of the leading 1 in rows above it.

If, in addition,
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(iv) Each leading 1 is the only non-zero entry in its column,

then this matrix is in reduced echelon form.

Examples.

1 2 -1 =2 471000 4771 2 -1 =2 4
00 1 3 =2/10010 =200 0 0 0
00 0 0 1/7]l0o00o0oO0 10100 0 0 of
00 0 O O/l0OOOOO[|0OO O 0 O

The second and the third are in reduced-echelon form.

Non-echelon form:

1 2 -1 2 471 000 4][1 2 -1 =2 4
00 1 3 2((0000T1//00 0 0 O
00 0 0 -3"|/00O0O0OT1]'l0O0 O 0 1]
00 0 O O[|00OOOGO/|0OO O O O

(2). Gaussian Algorithm

Every matrix can be carried to echelon form by the following steps:

Step 1. If the matrix has all zero rows, stop.

Step 2. Find the first column that has a non-zero entry. Move the row with a non-zero entry in
this column to the top. This row is called the pivot row, and the non-zero entry is called the
pivot entry.

Step 3. Divide the pivot row by the pivot entry to create a leading 1.

Step 4. For every row below the pivot row, add a multiple of the pivot row to make the entry
below the leading 1 zero. (If we also make the entries above the leading 1 zero, then we will
have the reduced echelon form.)

Step 5. Repeat steps 1 - 4 for the rows below the pivot row.

Example. Solving the following system with Gaussian elimination with back-substitution

2x1 — 2x% + 4x3 + 6x4 = 8§,
—4)C1 + 5X2 — 2)C3 — Txy = —10,
2x1 + Xy + 22)C3 + 26X4 = 36,
=3x; + S5x — 4xz3 + 1llxy = 10.
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Solution: At first we reduce the augmented matrix to echelon form by Gaussian elimination:

2 2 4 6 8 1 -1
-4 5 2 -7 -10| =& —%Rl -4 5
2 1 22 26 36 2 1
-3 5 -4 11 10 -3 5
1 -1 2 3 4]
R;—R;—3R,
R, —>R,-2R, 0 1 6 5 6 Ry &R,
. S "N 3 4
0O 0 0 5 10
0 0 -10 10 10|
1 -1 2 3 4
Ry R, 0O 1 6 5 6 R—R,
—10 5
0O 0 1 -1 -1
0O 0 0 5 10
Now we get an equivalent system
X1 — X2 + 2x3 + 3x4 = 4,
X, + 6x3 + Sx4 = 6,
X3 - X4 —1,
X4 2.

xa=2,x3=—1+x4=1,%=6—6x3—5x4=—10, x1 =4 + x, — 2x3 — 3x4 = —14.

We can reduce augmented matrix further to a reduced-echelon form:

R =R +R, 1 0 8 8 10
Ry —R;—3R;
R, —R,~2R, 0 1 6 5 6 RyOR,
: ;
00 O 5 10
0 0 -10 10 10
108 8 10] ,open
R3—>_L10R3 01 6 5 6 R, —%&
0 01 -1 -1
0 0 0 5 10

R, >R, +4R,
R;—R;—2R,
R, >R,+3R,

2 3 4
-2 -7 =10
22 26 36
-4 11 10
1 -1 2 3 4
0 1 6 5 6
0 0 -10 10 10
0O 0 0 5 10
1 -1 2 3 4
0 1 6 5 6
0 0 1 -1 -1
0O 0 0 1 2

10 8 8 10
01 6 5 6
0 0 —10 10 10
00 0 5 10
1 0 0 16 18
010 11 12
001 -1 -1
000 1 2

1 -1
0 1
0 3
0 2

2 3 4
6 5 6
18 20 28
2 20 22
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Ri—R-16R, 1 0 00 —-14
S e |01 0 0 -10
0010 1
0001 2

Then the solution can be obtained directly from the reduce-echelon form of the augmented
matrix: x; =—14, x, =—10, x5 =1, x4 = 2.

In this example, each of the first n columns has a leading 1, and the system has a unique solution.

(3). Gaussian Elimination

Step 1. Carry the augmented matrix of the system to reduced row echelon form.

Step 2. Assign the nonleading variables (free variables) as parameters. The variables
corresponding the leading 1’s are called the leading variables.

Step 3. Use the equations corresponding to the reduced row-echelon form to solve for the leading
variables in terms of parameters.

Example. Find the solutions of a system if the echelon form of its augmented matrix is

1 2 -1 -2 4
00 1 3 =2
00 0 0 O
00 0 0 O

Solution. Reduce to echelon form:

1 2 -1 =2 4 1 201 2
00 1 3 =2 0 01 3 =2
_)
00 0 0 O 0000 O
00 0 0 O 0000 O
The system becomes:
X1+ 2%+ x4 =2,
X3+3X4 =-2.

Letx,=s,x4=¢t. Wehavex;=2—-2s—t,xo=8,x3=—-2—3t,x4=1.
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(4). Rank

When a matrix M is carried to an echelon form, the number of leading 1’s is the rank of the
matrix, denoted by rank M. If a matrix has p rows and g columns, then rank (M) < min (p, g).

1 2 -1 2 4
00 1 3 =2
Example. rank =3.
0 0 0 -3

00 0 0 O
If the rank of the coefficient matrix of a system equals the rank of the augmented matrix that
equals the number of variables, then the constant column does not have a leading 1, and this
system has a unique solution.
Look at other cases:
Let r be the rank of the augmented matrix, and let 7* be the rank of the coefficient matrix of a
system with m equations and n variables.
e Thenr=r* r<min (m,n+ 1), r* <min (m, n).
e [f r>r* i.e., the constant column is a leading column, then this system is inconsistent,
1.e., it has no solution.
e Otherwise, i.e., r = r*, i.e., the constant column does not have a leading 1. Then this
system is consistent.

If a variable column has a leading 1, it is a leading column, and the corresponding variable is a
leading variable; otherwise, the column is a free column and the variable is a free variable.

If r = r*=n, every variable is a leading variable, and the system has a unique solution.
If r = r*< n, then there are n — r free variables, and the system has infinitely many solutions.
In this case, the general solution can be expressed in parametric form:

Let every free variable be a parameter. (Hence, there are n — r parameters). Solve the system for
leading variables, which are expressed in terms of parameters.

Examples
(1) Solve the system of linear equations:
x+y—z=4,2x+y+3z=0,y—5z=2.

Solution. Reduce the augmented matrix of this system to echelon form:
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11 -1 4 11— 4] 1 1 -1 4
21 3 0|]—2=R2k 10 -1 5 —8|—L=2BR 101 -5 8
01 -5 2 01 -5 2 00 0 -6

We see that the constant column has a leading 1 (dividing it by —6). This system is inconsistent.

(i) For which value(s) of p and ¢ does the following system have a unique solution, infinitely

many solutions, or no solution?

2x=2y+z=1,

xX+y—2z=-3,

3x—-y—-pz=gq.

2 2 1 1 I -1 1/2 1/2 I -1 1/2 1/2

1 1 -2 3|->|1 1 -2 =3|->|0 2 -5/2 =7/2 |—>
13 -1 -p ¢ 3 -1 -p ¢ 0 2 —-p-=-3/2 g-3/2
1 -1 1/2 1/2 1 -1 1/2 1/2

0 1 -5/4 =714 |—»|0 1 =5/4 -7/4

0 2 —-p-3/2 q-3/2 0 0 —-p+1 g+2

The system has a unique solutionif -p+ 1 #0,0orp # 1. If p=1 and g = -2, the system has
infinitely many solutions. If p =1, and g # —2, the system has no solution.

When p =1, and g = -2, the echelon form of the augmented matrix is

I -1 1/2  1/2
0 1 -5/4 -7/4|.
0 O 0 0

The solutionis x3 =1, x, =7/4 4+ (5/4)t, x1 =112 + x, — (1/2)x3 = 1/12 + 7/4 + (5/4)t — (1/2)t
=9/4 + (3/4)t.

(i11) For which value(s) of a and b the following system has (a) a unique solution, (b) infinitely

many solutions, or (c) no solution:

x+y+z=1,
xX—y+z=3,
x+ay+a2z=b.

1 1 1 1 1 1 1 1 1 1 1 1
1 =1 1 3[=>|0 =2 0 2 |>|0 1 0 -1 |—>
1 a d* b 0 a-1 a*-1 b-1 0 a-1 a*-1 b-1
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1 1 1 1

0 1 0 -1

0 0 a>°-1 b+a-2

This system has a unique solution if a* # 1,ora#+1. When a* = 1, this system has infinitely
many solutions if b=2—a. le.,ifa=1,b=1;if a=-1, b =3. Otherwise, this system has no
solution. In other words, this system has no solutionifa=1and b # 1, ora=-1 and b # 3.
Example. Given a system of linear equations
x+2y+ (B-kz= 4,

3x— y+ Sz= 2,

dx+ y+ (K —-12)z=k+2,
determine the value(s) of k so that this system
(1) has a unique solution,
(i1) has no solution,
(i11) has infinitely many solutions.

Solution. Bring the augmented matrix of this system to an echelon form:

2 3-k 4 1 2 3—k 4
3 -1 5 2 |=>|0 -7 -4+ 3k -10
4 1 k=12 k+2 0 -7 k’+4k-24 k-14

I 2 3—k 4 I 2 3—-k 4
-0 1 (@4-3k)y/7 10/7|—=(0 1 @4-3k)/7 -10
0 -7 k’+4k-24 k-14 0 0 kK*+k-20 k-4

(1) This system has a unique solution if K+k—20%#0. k=4, k#—5.
(i1) This system has no solution if K+k—20=0andk—4#0. k=—5.
(iii) This system has infinitely many solution if ¥’ + k—20=0and k— 4 =0. k=4.

When k = 4, the echelon form of the system becomes

1 2 -1 4 1 0 9/7 24
01 -8/7 -10|—=|0 1 =8/7 -10].
00 O 0 00 O 0

29



MATI1341 Lecture Notes

The solutions are

x3=t,x2=10+ 8/7)t, x; =24 — (9/7)t.

Remarks:

(1) The reduced echelon form is unique, so is the leading Is.

(i1) The general solution includes all particular solutions, but not more.
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§ 1.3. Homogeneous Systems

Homogeneous equations and homogeneous systems: all constant terms are zero.

A homogeneous system is always consistent, since x;=0, x,=0, ..., x,=0 is a solution, which is
called trivial solution, other solutions are non-trivial solutions.

If n (number of variables) > m (number of equations), a homogeneous system has infinitely many
solutions.

Addition and scale multiplication:

X y X, +y cx
Letx=| . ,y= 2 , then x+y = > ,CX = 2
X, Y, X, Y, cx,

Properties of solutions to a homogeneous system:

(1) If x is a solution, then, for any constant ¢, cX is a solution.

(i1) If x; and x, are solutions, then X; + X» is also a solution.

A linear combination of columns vy, Vo, ..., V,, 1S C1V] + C2V2 + ... + CyVin-

If v; are solutions to a homogeneous system, then any linear combination is a solution to this
system.

Determine whether a column is a linear combination of a set of columns:

Examples

-2
2, Ccl = 3. v= 3V1 + 2V2.

1 -2 -1
(1) V1=|: :|,V2=|: :|,V=|: }.01—2C2=—1,—261+362=0. 01=302/2,—C2/2=—1. Cyr =

0 2 1
) v,=|1[,v,=|0],v=|1|. 2c0=1,¢c1=1, ¢; + ¢ = 1. This system has no solution. v is
1 1 1

not a linear combination of v, and vj.

Finding solutions of a homogeneous system with » variables:
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If the coefficient matrix has rank n, then this system has only the trivial solution.

If the coefficient matrix has rank r < n, then this system has infinitely many non-trivial solutions.
The general solution has n — r parameter.

Example. Suppose the coefficient matrix of a homogeneous system is reduced to echelon form:

1 -2 0 0 1
cC=/0 0 10 4
0O 0 0 1-3

X2 =139,
X5 =1,
x4 = 3x5 = 3¢,

x3 = —4xs = —4t,
X1 =2x-x5=25 — 1.

The general solution can be expressed as a linear combination of two solutions:

[2s—t] [2s] [-t] [2] [-1]
s s 0 1 0
x=| —4t |=| 0 |+| -4t |=|0|s+| 4 |[t=X15 + Xof.
3t 0 3t 0 3
ot ] O] [t ] 0] |1

These two solutions x; and x; are called the basic solutions. In general, the general solution of a
homogeneous system can be expressed as a linear combination of a set of particular solutions,
each corresponds to a parameter. This set of solutions is the set of basic solutions.

Number of basic solutions = number of parameters = number of variables — rank of coefficient
matrix.
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§ 1.4. Matrix multiplication

X N
| X% Y2

Dot product: | | |7 | = x5y +xy,+..+x,y,.
Xy Y

Matrix multiplication: Let A be m by n, B be n by p, then AB is defined to be a matrix whose
(i,j)-entry is the dot product of the ith row of A and the jth column of B.

If A=[qa;],,> B=[b;],,, then AB=[c¢;],,,, where
c; = ailblj + aizsz +...+ ambnj .
Examples.
-1 2 -1 2

|1 0 -1 1 0 -1 1 0 -1 -2 2
@) 0 1|= 0 L=

-2 3 2 -2 3 2 -2 3 2 0 -1

1 0 1 0

-1 2 -1 2 -1 2 -1 2 -5 6 5
.. I 0 -1 1 0 -1
| o0 1 =10 1 00 1) _,|0 1 =-2 3 2|

-2 3 2 -2 3 2

1 0 1 0 1 0 1 0 1 0 -1

- -1 2| _
1T 0 - -2 2
(111) 0 1= .

-2 3 2 0 -1

(. 1 O (-

-1 2 -5 6 5
. 1 0 -1
av)| 0 1 =|-2 2

-2 3 2
|1 1 -1

Powers of square matrices: M O=1 M"™'=MMm".
Properties of matrix multiplication:
(1) Let A be an m be n matrix. I,A =A, Al, = A.

Suppose the dimensions of the matrices are compatible with operations performed.
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(ii) A(BC) = (AB)C,

(iii) A(B+ C)=AB * AC,
(iv) (B+ C)A=BA + CA,
(V) (cA)B = c(AB),

(vi) (AB)" =B"A".

(vii) AB # BA even both are defined.

R | e T R

(viii) AB=AC or BA = CA does not imply B = C.
121 1] [-1 =1]f2 31 1] [-1 -1
-1 1| =1 =1] |=2 =210 2|-1 =1| |2 =2|

1 0
Example. Find all 2 by 2 matrices that are commutative with B = L J.

b+2d -d 2a-b 2c—-d
=0. b+2d=2a—-b. 2b+2d=2a. a=b+d. A matrix A that commutes with B if and only if A

a ¢ a+2c -c a c
LetA = b d . Then AB = =BA= . Hence,a +2c=a, and ¢

b+d 0
is of the type A = { 5 d}’ where b and d can be any real number.

Matrix equation of a linear system:

The following system of linear equations

a, x, +a,x, +..+a,x, =b,

Ay X, + Ay X, +...+a,, x, =b,

a,x +a, x,+..+a, x =b,
can be written as a matrix equation

AX=B, where
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a4y ag, X b,

a; Ay a,, X 0. . . b
A= : 1, X =1 | 1s called the matrix of variables, B =

aml am2 amn xn bm

matrix of constants.

AX=0 is called the associated homogeneous system.

is called the

Theorem. If Xjis a particular solution of AX=B, and X is the general solution of AX=0, then X

+ X, i1s the general solution of AX=B.

Block multiplication:

Let A=[A1 Ay ... A,], X =[x1 X2 ... xn]T . Then AX =x1A| + x2A2 + ... + XA,
Properties:

(1) A(x+y)=Ax+ Ay,

(i) (cA)x =A(cx) = c(AX),

(ii1)) (A + B)x = AXx + Bx.

i Chr . X X +C12)C2 +...+c1nxn
Cry Cp o Gy || X _ Gy X + CrX, +..+ G, X,
Cot Coun - Coll X, C.1% + C,nX, +...+ ConXn

AB=A[B| B, ... B,]=[ABy AB, ... AB,].
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§ 4.4 Rank
Row Space and Column Space
Recall that the rank of a matrix is the number of leading ones in its echelon form.
Definition. Let A be an m by n matrix.
row A = span{the rows of A} c R”,
col A = span{the columns of A} R".
null A (or ker(A)) = {x: Ax =0}
Properties:
(1) If N is obtained from A by a row elementary operation, then row N = row A.

If N is in echelon form, then the non-zero rows of N are linearly independent. They form a basis
of row N =row A. Hence,

(i1) dim (row A) = rank A.
(i11) If N is obtained from A by a column elementary operation, then col N = col A.

(iv) col M = im M. A basis of col M is also a basis of im M.

a,, ap a,,
Gy Ay ay, . . )
Proof. Let M = . A vector v is in col M if and only if
aml amZ amn
a, a,, a, ca, tca,+..+ca, c
a a a €,a, +C,ay +...+c,a c
21 22 2 1721 2722 2 2
V=g +c, +.tc,| = =M
a,, a,, a,, ca, +ca,,+..+ca,, c,

Hence, col M = im M.
Rank Theorem, Null Space and Image
dim (col A) =dim (row A) =rank A. When A is reduced to echelon form, the non-zero rows

form a basis of row A, and the columns in A where the echelon form have leading 1s form a basis
of col A.
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Example. Find a basis of the row space, a basis of the column space and ker(M) of the matrix

<
Il
[\ T S

1
0
1

DD W
(Y, BN US I 9]

Carry M to echelon form:

1 3 1 2 1 3 1 2 1 31 2 1 0 -2 5
120 3|-/0 -1 -1 I|-»/011 -1|—=]0 1 1 -—1}.
2515 0 -1 -1 1 000 O 00 0 O

A basis of row M is {(1, 3,1,2),(0,1,1,-1)}. Abasisofcol Mis {[11 215,110 1]T}. The rank
of M is 2.

Ker(M) = 4| 7 |:x, —2x,+5x, =0, x, +x;, —x, =0 .

Properties of the rank of a matrix:

(i) rank A =rank A",

(i) If U and V are invertible, then rank A = rank UA =rank AV.

(1i1) An n by n square matrix A is invertible if and only if rank A = n.
(iv) rank AB < min{rank A, rank B}.

(v) Let A be m by n matrix. Then
dim(null A) = n — rank A.

dim (null A) + dim (im A) = n.

(vi) The basic solutions of a homogeneous system Ax = 0 form a basis of null A.

1 -2 0 0-2
Example. LetA=|{0 0 1 0 4 |.The solution set of Ax =0is
0O 0 01-3
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[2s+2t] [2 2 2 2
s 1 0 1 0
x=| -4t |=|0|s+|—4|t.Thenull spaceof Ais nullA=<|0|s+|—4|t; s,tell
3t 0 3 0 3
ot | 10 | 1] 0] [ 1]

Since the basic solutions are linearly independent, they form a basis of the null space of A. The
dimension of the null space is 2.

The dimension of the null space = the number of solutions in a set of basic solutions = the
number of parameter variables = the number of variables — rank of the matrix.

The image space is

a
1 -2 0 0 -2], a—2b—d +4e
imA=</0 0 1 0 4 |cl|ab,cdecR;= c+2d-2e | a,b,c,d,ec R}
0 0 01 -3¢ d-3e
e
1] [-2][o][0][-2
Let {vy, V2, V3, V4, v5} =<| 0 |,| O [,|1],10],| 4
0|0 ]]0o][1]]|-3

This set is linearly dependent because v, = —2vy, and vs = -2v| + 4v3 — 3v,.
Since vy, v3, and v4 are linearly independent, this set is a basis of im A, and dim im A is 3.

im A = span{vy, Vo, V3, V4, Vs} = span{vy, v3, V4}.
Properties: The following statements are equivalent for an m by n matrix A (m = n):

(a) rank A = n;

(b) row A =R";

(¢) The columns of A are linearly independent;

(d) A”A is invertible;

(e) There exists an n by m matrix C, CA = I,, C= (A’A)" AT
(f) fAX =0, then X = 0.

Properties: The following are equivalent for an m by n matrix A (m < n):

(a) rank A = m;
(b) colA=R";
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(c) The rows are linearly independent in R";

(d) AA"is invertible;

(e) There exists an n by m matrix C, AC = I,,, C= AT (aA"!".
(f) AX = B is consistent for any B in R".
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§ 1.5 Matrix Inverses

Definition. Let A be a square matrix. If C is a square matrix such that AC = CA =1, then C is the
inverse of A, denoted by A" If A has an inverse, then A is invertible.

In fact, we need only AC =1 or CA =1. The inverse of a matrix is unique.
Properties of the inverse of a matrix:

() r'=1,

(i) A7) =4,

(ii1) (AB)_1 =B'A™, (if both A and B are invertible square matrices)
(iv) If A is invertible, then A* is invertible and (4%)™ = (47",

(v) If A is invertible, then A” is invertible, and (A7) = (4™,

(vi) If a is invertible, then cA is invertible, and (cA) " = (1/c)A™".

a b
2 by 2 matrix: Let A:{ d} . We define the determinant detA and the adjugate adjA as:

c

) d -b
detA=ad-bc, adjA =

—-c a
b1 d —b ;
Then a = ! = adj A .
c d ad —bc|—c a detA

Matrix inversion algorithm:

[AIT] > [I1A™,
where the row operations on A and I are carried out simultaneously.
1 -1 17 [-1 2 1

Example. Showthat [1 0 -1 =l =5 1 2.

3
2 -1 3 -1 -1 1

1 -1 1T 1 00 1 -1 1 1 0O 1 0 -1 0 1 O
1 6 -1o010f-»0 1 -2 -110{—=/01 -2 -1 1 0
2 -1 3 0 01 0o 1 1 -2 01 00 3 -1 -11
1 0 -1 O 1 0 1 0 0 -1/3 2/3 1/3
-0 1 -2 -1 1 0 |—=|0 1 0 =5/3 1/3 2/3
00 1 -1/3 -1/3 1/3 001 -1/3 -1/3 1/3
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Inverses of triangular matrices:

ay  dyp o 4y, a, O 0
0 a a a a 0

2 2 21 2

U= : 1, L= :
O O ann anl an2 ann

A triangular matrix is invertible if and only if no entry on the main diagonal is zero.

The inverse of an upper (lower) triangular matrix is also an upper (lower) triangular matrix.

Inverse and Linear system:

If the coefficient matrix A of an n by n system Ax = b has an inverse, then x = A™'b.
Properties: For a square matrix A of an n by n, the following statements are equivalent:
(1) A isinvertible.

(i1)) The homogeneous system of linear equations Ax = () has only the trivial solution.
(iii) The system of linear equations Ax = b has a unique solution for every b in R".
(iv) Every b in R" is a linear combination of the columns of A.

(v) A can be reduced to I.

(vi) There exists B such that AB = 1.

(vii) There exists B such that BA = 1.

Matrix Inverse and Matrix Transformation

Inverse transformation. If 7x = Mx is a matrix transformation, and M is invertible, then T 'x =
M'x is the inverse of T.
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§4.2.2 Invertibility of Matrices

Let A be n by n matrix, the following statements are equivalent:

(a) A isinvertible;

(b) The columns of A span R";

(c) The rows of A are linearly independent;

(d) The columns of A are linearly independent;
(e) The rows of A span R".

Examples. Test whether the following set of vectors is linearly independent:

s={[1 23156 -11",[3 2 11}

Solution: Calculate the determinant of the matrix formed from the three vectors.
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§ 4.5 Orthogonality

1. Dot product in general

_'xl_ Y
X
Suppose X = :2 , Y = y.2
RN Yu
_x1_ Y
Xy Y2
Dot product: | 7| - | "7 | = )+ 5y, +..+X,Y,.
[ Xn ] [ Vn
2. Length of X is defined as: IXIl = /x> +..+x,° .
Properties:
XY=YX,
XY+2)=XY+XZ
(aX)Y = a(X'Y);
XX=IXIP
IX1=0and I XII=0iff X=0;
laXll=TlalllXIl

I X-YI<IXIYI; (Cauchy Inequality)
X+ YI<IXII+1YI; (Triangle Inequality)

Distance between two vectors:
dX,Y)=l1X-YI.
Properties of distances:

dX,Y)20and d(X, V) =0iff X=Y;
d(X,Y) =d(Y, X);
dX, Y)<d(X, Z2) + d(Z, X).

3. Orthogonality in general and Pythagoras' theorem

Definition. X are Y are orthogonal if X-Y =0, X, Y # 0. A set of vectors S = { X, X,
orthogonal if X; and X; are orthogonal for every pair i # .

...,Xk} is
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Example. The set {X;, Xo, X3, X4}, where X, =[1 1 1 =11, X,=[1 01 21", X3=[-1 0 1 0]",
Xs=1[-1 3 -1 1]T is orthogonal.

Properties: (i) An orthogonal set is linearly independent.

Indeed, if 1 X; + c2Xo + ... + ciXp =0, then X; (c1X1 + c2Xo + ... + cX) = ¢l X; P = 0. then ¢; =
0.

(1) If S = {X1, X», ..., Xk} is orthogonal, then

DX+ X0+ ... + X IF =1 X 12+ 11 X5 1P + ... + 11 X II”. (General Pythagoras's Theorem)
Definition. S = {X1, Xa, ..., Xk} is orthonormal if S is orthogonal and Il X; Il = 1 for every i.
The standard basis {E}, E», ..., E,} is orthonormal.

If S is an orthogonal set, X; # 0, then we can normalize this set.

Example. Normalize the set {X;, X», X3, X4}, where X; =[1 1 1 =115, X,=[1 0 1 2]", X3=[-1
010", Xg=[-1 3 -1 11" is orthogonal.

NX, =2 11X 1=6,1X;1l=+2.,11X,11= J11. The set

Mr11-1%, [1ot121%6, [-1010]"/~2, [-13-11]"/4/11} is orthonormal.
4. Expansion Theorem

Let B = {Xj, X», ..., X;»} be an orthogonal basis of a subspace U. Since B is a basis, every vector
X in U is a linear combination of vectors in B:

X=cXi+cXo+ ...+ X,

which is called Fourier expansion. Since X-X; = ¢; Il X; II2, and so ¢; = X' X;/ Il X; II2, which are
called Fourier coefficients.

Example. Expand X =[-4 13 2 7]T as a linear combination of the set { X, X», X3, X4}, where X,
=[111-11"X%=01012"X=[1010]", Xa=[-13 -1 1]".

cr=XX WX P =4/4=1,c; =XXo I 1 X, 1P =2, ¢c5=3, cu= 4.

X:X1+2X2+3X3+4X4
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Gram-Schmidt Algorithm

Let {Xi, X, ..., Xx} be a basis of a subspace U. We construct an orthogonal set as follows:

Fi=Xi;

Fr=X>— Xo'F, | Fi IP)Fy;

Fi=Xi—(X¢F L I WF I = (X F ol N Fy I, — .. — (XiF iy /| iy IP)Fiy,
Fi=Xi— XeF 1 I FL IDF = XeFa IV F2 IDFs — o = (X F ey 1l Fioy IP)Fiy.

Then {F, F>, ..., F}} is orthogonal.

Letj<i. FjF;=Fr((Xi—(XeF 1/ FiIP)F) = (XeFo /N Fy P)Fy— ... = (X F iy /| Fioy IP)Fiy)

=F;X;— (X;F; /| F;I))F7F ;= 0.
{F\, Fa, ..., F}} is linearly independent, hence it is a basis of U.
Example. Use the Gram-Schmidt algorithm to convert the given basis
B={[10120120" [00-11]"}

into orthogonal basis.

QR-Factorization
Theorem. If A is an m by n matrix with linearly independent columns, then
A=QR

where Q is an m by n matrix with orthonormal vectors, and R is an invertible upper triangular
matrix.
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§ 4.6 Projections and Approximation

Let U be a subspace of R". The orthogonal complement of U is
U= {XinR%; X-Y=0forall Yin U}.
Properties: Let U be a subspace of R".
(i) Let Usspan{F), F», ..., Fi}. Xin USiff X-Fi=0,i=1,2, ..., k.
(ii) U*is a subspace of R".
(iii) dim (U) + dim (U") = n.
Finding U™:
U=span {[1 -1 2 01,1 0 =2 31"}. U*={X;X[1 -1 2 0]"=0,X[1 0 -2 3]"=0}.
X=X+ 2x3=0,x; —2x3 + 3x4=0.
1 -1 2 0 1 -1 2 0 1 0 -2 3
[1 0 -2 3}_{0 1 -4 3}_{0 1 —4 3]
X3=8,Xxa=1,x1=25—3t, xo =4s — 3t.
Ut =span {[2 4 1 01",[-3 -3 0 1]"}.
Orthogonal decomposition
Let U be a subspace of R". Every vector X in R" can be expressed as a sum of two vectors:
X = X + X», where X}, called the orthogonal projection of X on U, is in U, and X; is in U,
Indeed, let U = span {F}, F>, ..., Fi}, where {Fy, F>, ..., Fi} is an orthogonal basis of U. Then
Xi =projuy(X) = X-F /N FiIPDF + XFo /N F ID)F+ ...+ (X-Fi/ | F IDFy
X, =X-X, is in U
Proof. X, Fi=X F\ =X, - Fi=XFi— (X-F /| F, I)F, - F, =0.
It can be shown that this decomposition is independent of the choice of the spanning set.

Example. Let U = span {[] O O]T, [0 1 1]T}. Decomposite the vector X=1 0 O]Tinto two
vectors, one is in U, one is in U
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Solution: Let Fi=[1 0 0], F,.=[0 1 1] . Note that the two vectors in U are orthogonal. So
Xi =projuy(X) = X-F i/ FiIP)F, + (X-F2/ | F, I)F, =F, +3F, =[1 3 3]".

X=X-X,=[0 -1 17"
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§ 2.1 Cofactor Expansion

a,, 4y ay,

) . . |Gy Ap Ay
Determinant of a square matrix. Let A be nXnsquare matrix ;

anl an2 o ann

Sub-matrix A; denotes the (n—1)x(n—1) matrix obtained from A by deleting the row i and the
column j. C; (A)= (—1)i+jdet(A,-j-) is the (i, j)-cofactor.

Cofactor expansion along i-th row or j-th column:

det(A) = aj; Cis (A)+ aip Ciz (A)+...+ ai Cin (A)
=ajj C]j (A)+ az;j ng (A)+...+ Apj an (A)

Example. Down the first column:

1 -2 1
1 -1 -2 1 -2
2 1 -1=1 -2 +1 =2-0+1=3.
4 -2 4 2 1 -
1 4 =2
Across the second row:
-2 1
-2 1 1 1 1
2 1 -1l|==2 +1 +1 =0-3+6=3.
5 4 =2 1 =2 -2 4

Example. Along the second column:

1 0 2 1
1 2 1 1 2 1 1 2 1
-1 2 -1 0
=22 1 -1+2|-1 -1 O|+1}-1 -1 O
2 2 1 -1
1 4 =2 1 4 =2 2 1 -1
1 1 4 =2
-1 -1 1 2 -1 -1 1 2
=2x3+2|1 +(-2) +[1 +(-1)
1 4 -1 -1 2 1 -1 -1

=6+2(-3+6)+1+3=16.

Special case: The determinant of a (upper or lower) triangular matrix is the product of diagonal
entries. In particular, the determinant of an identity matrix is 1.

Elementary operations and determinants:
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Let M be an nXn square matrix.

e [f Nis obtained from M by interchanging two rows or two columns, then det (N) = —det

(M).

Corollary: If M has two identical row (columns), then det (M) = 0.

e [f Nis obtained from M by multiplying a row (or a column) by a constant k, then

det (N) = k det (M).
Corollery: det (kM) = k" det (M).

If N is obtained from M by adding a multiple of a row (column) to another row, then det (N) =
det (M).

If N= M7, then det (N) = det (M).
a b c a+x b+y c+z

Exampsle.G) If |p g r|=6,find | 3x 3y 3z
Xy z -r -9 —r

a+x b+y c+z a+x b+y c+z a b ¢ a b c a b c
3x 3y 3z |=3] x y z |=3lx y z|=-3|x y z|=3|p q r|=18.
4 —-q -r 4 —-q -r -p —q —r p q r Xy z

(i) Use the properties to find determinant:

1 0 -2 1| {1 0 -2 1 1 0 2 1
-1 2 -1 0 :0 2 3 1(R3—>R3+R2)=0 2 3 1(C3%C3+C4)
2 -2 1 -1 0 2 5 3 00 2 =2
1 1 4 2110 1 6 =3 01 6 -3
1 0 -1 1
0 2 -2 , , ‘2 —2‘
= (Expand across first row, then third column) =2 =16.
00 0 -2 1 3
01 3 -3
1 x x°
@(iii) Find 1 y y?|.
1 z 22
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1 X x* 1 x

1 x x*
1 vy y=l0 y—x Y =x*|=(y=-x)(z-x)[0 1
1 z 22 0 z—x Z22—-x° 0 1

= -0Z-x(z—-y).

2

X 1 x
y+x{=(y—x)(z—x)|0 1
Z+x 00

2
X

y+x
=)y
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§ 2.2 Determinants and Inverses

Product Theorem: Let M and N be nxn square matrices. Then det (MN) = (det M)(det N).
If N=M "', then (det N)(det M) = det I = 1. Hence, det M #0, and det (M ') = 1/ det (M).
M has an inverse if and only if det M # 0.

det M" =det M.

M =M" Mis orthogonal. If M is orthogonal, than (det M)(det M h= (det M)(det M _1) =det
I=1=(det M)2. Hence, det M = + 1.

The cofactor matrix of M is [c;}(M)].

Adjugate (adjoint) of M: is defined as adj M = [C,'j(M)]T.

Example.
(-1 > -1 2 1 T
4 =2 1 -2 1 4 ’
1 -2 1 2 3 7 2 0 1
) -2 1 1 1 1 -2
adj|2 1 -1|=|- - =0 -3 -6| =3 -3 3
4 =2 I =2 1 4
1 4 =2 1 3 5 7 -6 5
-2 1 1 1 1 -2
|1 -1 2 - 2 1]
If det M #0, then M ™' = adjM .
detM
1 =2 17 [2 01
Example. |2 1 -1 =% 3 =3 3.
1 4 =2 7 -6 5
1 2 3 4
. i 0 2 3 3
Example. Find (3,2)-entry of M, where M= .
0 3 1 2
0 0 01
1 2 4
Solution: (3,2)-entry is C,,/detM =(=1)**det|0 3 2 |/(-7)=3/7.
0 0 1
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Cramer's Rule

det A (b)

Consider a system Ax = b, where A is an n by n matrix. If det A # 0, then x; = det A , Where
e
A;i(b) is the matrix obtained from A by replacing the i-th column by b.
Example. Solve the system by Cramer’s rule.
2x=2y+z=1,
xX+y—2z=-3,
3x—y+2z=2.
Solution: (i) Find the determinant of the coefficient matrix:
(2 -2 1 2 0 1 2 0 1
det|1 1 2|(C,—=C,+C))=det|1 2 -2|(R,—>R,—R))=det|1 2 -2
13 -1 2 3 2 2 2 0 4
2 1
=2 =12.
2 4
(ii) Find Ay(b), Ax(b), As(b):
1 -2 1 1 -2 0 | o
detA(b)=det| -3 1 -2|(C,;,—>C,-C,)=det|-3 1 1 =—‘2 1‘=—3.
2 -1 2 2 -1 0
2 1 1] 2 1 0] 5 1
detA,(b)=det|1 -3 -2|(C;,—=C,-C,)=det|1 -3 1 :—‘3 2‘=—
3 2 2] 13 2 0
(2 2 1] (2 0 1]
detA;(b)=det|1 1 -3|(C,—>C,+C))=det|1 2 -3|(R,—>R,—R,)
3 -1 2] 13 2 2|
2 0 1
2 1
=det|1 2 -3(=2 =16.
2 5
2 0 5

Therefore, x=-3/12=—-1/4,y=—-1/12,andz=16/12=4/3.
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§ 2.3 Diagonalization and Eigenvalues

(1) Motivation: Let M be an n by n matrix. Sometimes we need to calculate M, k-th power of
M.

(2) Eigenvalues and Eigenvectors

Let Tv = Mv be a linear transformation from R" to R". We want Mv = Av for some A and v # 0.
Then (A — M)v =0, and det (I1 — M) = 0. Polynomial det (/4 — M) is called the characteristic
polynomial, denoted by cj(A). The equation

det IL-M)=0

is called the characteristic equation of M. Ais an eigenvalue of M and v is a corresponding
eigenvector, called A—eigenvector. All eigenvectors form the eigenspace.

Examples. Finding Eigenvalues and Eigenvectors

) {1 2} F—l
1) M= A -M =
4 3 —4

A=51=—-1.

/1_3] det U-M)=(A-1)(A-3)—8=1—-41-5=0.

4 2 1
When A=5,51-M = { 4 9 } . An eigenvector is v = {2}, which is a basic eigenvector.

-2 =2 . ) 1
When A=-1,-1-M = nt An eigenvector is v = i
1 -1 2 A-1 1 -2
@ M=|-2 1 0|. A-M= 2 A-1 0 |.
1 0 1 -1 0 A-1

det U-M)=(A-1P -4A-1)=(A- 1) =-21-3)=0,4 =1,-1, 3.

0 1 2] [1 0 0
When A=1,I-M=|2 0 0|=|0 1 -2|.
-1 0 0] [00 O
2 1 2] [1 -1 0] [t -1 0
When A=—-1,-I-M = |2 -2 0 |=|-2 1 -2|=|0 1 2|
-1 0 -2 [-1 0 -2 [0 0 O
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2 1 =2
When A=3,-I-M =|2 2 0 |—>
-1 0 2
7 1 2 A-7
(i) M 3 3 6|. AI-M= 3
2 2 2 -2
det A -My= (A-T7)|" _
et ( M) = ( ) 5 H_z

Lecture Notes

1 1 0

2 1 2|—

-1 0 2
-1 2
A-3 -6
-2 A-2

3

A- 2 —2

A=3
-2

1
S O =

O = =

S o O

=(/1—7)(/1—3)(/1—2)—12(/1 T +3(A-2)=12-12+4(A-3) =2 — 122> + 36

1=0,6,6.
-7 -1 2 11 1 11
When A=0,-M=|3 -3 —6|—>|3 -3 -6|=[0 -6
2 =2 2| |-7 -1 2 0 6
-1 -1 2 1 1 =2
When A=6,6I-M=|3 3 —6|=|3 3 —6|—
2 -2 4 -1 -1 2
2 4 3 A-2 -4 -3
(iv) M=|—-4 -6 =3|. AI-M=| 4 A1+6 3
33 1 3 -3 A-1
det (- 1) = (2 2)l+6 3], 04 3 4 A+6
e - =(A- -
3 A-1 -3 A-1 -3 =3

1 I 1 1
-91—=(0 1 3/2].
9 0 0 O

-2

0

0

=(A-2)A+6)A-1)+9A-2)+16(1—-1)+36-36-9(A+6)=1 +31-4=0.

A=1,-2,-2.
1 4 3] [1 4 3
When A=1,I-M=|4 7 3|—=|0 -9 -9|-
-3 -3 0 0 9 9

1

0
0

4 3
I 1].
0 0
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—4 -4 -3 1 1 1 111
WhenA=-2,2/-M=|4 4 3|54 4 3|50 0 1/
3 3 3| |4 -4 3] [0 00

.. . . . 2
Geometric interpretation of eigenvectors in R”:

Let v be a non-zero vector in R?, and let L, be the (unique) line that goes through the origin and
contains v. Ly = {tv; t is a real number}.

Let A be a 2 x 2 matrix. Ly is said to be A-invariant if X is in Ly implies that Ax is Ly. In other
words, x = #;v implies AX = t,v. When 1, # 0, A(t;v) = tov, Av = (¢, / t;)v. Vector v is an
eigenvector of A.

On the other hand, if vector v is an eigenvector of A, the Ly is A-invariant.

Reflection about line y = mx has this line as invariant line. Every vector in this line is an
eigenvector of its matrix. Rotation through an angle that is not a multiple of zhas no invariant
line. Hence its matrix has no eigenvectors.

(3) Diagonalization

Motivation: Let A be an n by n matrix. Sometimes we need to calculate A", k-th power of A.

A 0 0
) ) 0 4 - 0 ) ) .
Diagonal matrix: D = : N diag (A1, A, ..., Ay). All entries off the main diagonal
0O 0 - A

n

are zero.
The sum and product of diagonal matrices are still diagonal matrices.

Definition. Let A be an n x n matrix. If there is an invertible matrix P such that D = P"'AP is a
diagonal matrix, then A is said to be diagonalizable, and P is a diagonalizing matrix of A.

If A is diagonalizable, then AP=PD. Write P = [C; C; ... C,] = (a;), an n x n matrix, and D = (4,
A, ..., Ay), then

a, a, .. a,l|l4 0 .. O a A apA ... a4,
ppo| B Gn o 0 4 .. 0 _ a A apd, ... ay A,
a, a, .. a,|[0 0 .. A a A a,A, .. a, A

55



MATI1341 Lecture Notes

=(ALCy LG ... 4,C)).
Then AC; = A4,C;. In other words, /; is an eigenvalue of A and C; is an eigenvector of A.
Properties. Let A be an n X n matrix.

(1) A is diagonalizable if and only if we can find n eigenvectors Cy, C», ..., C, such that P =
[Ci C, ... C,]1is invertible.

(2) If A has n distinct eigenvalues, then A is diagonalizable.

(3) If (A — 4)" is a factor of the characteristic equation, /4; is said to have multiplicity k. If,
every eigenvalue with multiplicity & has k basic eigenvectors, then P is invertible.

Diagonalization algorithm: To diagonalize an n X n matrix A:

Step 1: Find the distinct eigenvalues of A.

Step 2: For each eigenvalue A, compute basic eigenvectors from basic solutions of the
homogeneous system (AI-A)X=0.

Step 3: A is diagonalizable if and only if there are n basic eigenvectors in all.

Step 4: If A is diagonalizable, then the matrix P with these n basic eigenvectors as columns is a
diagonalizing matrix for A.

Examples.

1 2
1) Diagonalize A = .
(1) Diag { 4 3}

A-1 =2

Solution;: Al —A =
-4 A-3

}, det(AI—A)=(A-1D(A-3)-8=1—-41-5=0.

A=5A=-1.
4 -2 . . 1 . .
When A=5,51-A = 4 ol An eigenvector is v = 5| which is a basic eigenvector.

-2 =2 1
When A=-1,-I-A= . An eigenvector is v = .
4 -4 ~1
| O T S 50
P= P = 2 . PAP= .
2 -1 32 1| 0 -1
I -1 2
) A=|-2 1 0]
1 0 1

det AU—A)=(A-1°-4A-1)=A- 1) =-21-3)=0,4 =1,-1, 3.
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Lecture Notes

0 1 =2 0 0
When A=1,I-A=[2 0 0 |=|0 1 =2]|.
-1 0 0 00 0
2 1 =2 1 -1
When A=—1,-I-A =2 -2 0|=|-2 1
-1 0 =2 -1 0
2 ) 1 1 0
When A=3,-I-A =2 2 0|2 1 =2
-1 0 2 -1 0 2
0 -2 2 1o 2
P=|2 =2 —2.P‘1:§2 1 =2|. PlapP=
1 1 1 -3 6
01 2
Gii) A=|0 1 0.
0 0 1

Solution. det (AI—A)=A(A-1)>=0,4 =0, 1, 1.

0 -1

When 4=0,0/-A=|0 -1
0 0

11 2 1 -1
P={0 1 Of,P"'=|0 1
0 0 1 0 0

2]

0 |—

_1_
-2

1

Remark. This A is not invertible.

2 4 3
(iv) A=| -4
303 1

eigenvector, e.g., [-1 1 0] T

Remark. This A is invertible.

00
0|,D=|0 1
0 0

. WhenA=1,1-A =

I -1
0 O
0 O

-2
0
0

—6 -3 is not diagonalizable. A= 1, -2, —2. When A = -2, it has only one basic
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Finding Power of a Matrix
P'AP=D. (P'AP)' =P 'A'P=D". A*=PD'P".

0.8 0.1
02 09

N TS 0 P PSS R T 10
A=0.71s . LetP = . P = . PAP=D= .
1 2 1 2 -1 0 0.7

-1+2(0.7%) 1-0.7*
—242(0.7%) 2-0.7"|

1
Example. A = { } . Eigenvalues: A= 1, 0.7, eigenvector of A =1 is {2} , eigenvector of

Af=pDfp! = {

Whenk — o=, M" — .
-2 2

(4) Similar matrices

A and B are similar if there exists an invertible P such that B= P"'AP. We write A~B.
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§ 4.9 and 5.3 Linear Transformations

Transformations R" 2 R"

For every vector v in R", a transformation T assigns a unique vector w in R”, to be the image of
v, denoted by w = T(v), while v is called the pre-image of w. We denote this by 7: R" - R".

Examples
(i) For every vector v in R”, T(v) = v. This is the identity transformation.
(ii) For every vector v in R”, T(v) = 0. The zero transformation.

Matrix transformation: Let A be a mxn matrix. For every vector v in R”, T(v) = Av is a matrix
transformation induced by A. The matrix A is called the standard matrix of T.

Examples of R* > R*:

1 ol

Reflection about y-axis: [a bI* > [-a b]": = 0 1 Z .
) ] T T 1 0]a]

Reflection about x-axis: [a b] =2 [a -b] : = o -1lsl

. . T T 0 1 a
Reflection about line y=x: [a b] ->[b a] := { o .

. . T T 0 _1 a
Reflection about line y=—x: [a b] ->[-b —a] = L oollsl

Rotation counterclockwise about the origin through 7/ 2:

1 B R I
R, = ,or R_,:(a, b)y ->(=b,a) = .
b 1 0| a 1 0] b]

-1 0 |a
Rotation counterclockwise about the origin through 7. (a, b > (—a, —b)T = }{ } .

0 1}la
Rotation counterclockwise about the origin through 37/ 2: (a, b)" -> (b, —a)" = { | OM b} :
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Linear transformation: A transformation 7: R" —R" is a linear transformation if
(i) T(cv) = cT(v) for every number ¢ and every vector v € R”, and
(i1) T(u + v) = T(u) + T(v) for all vectors u, v € R".
Examples
(i) n=m=2,T(a b]")=[b a]".
xX+y

X
(i) n=2,m=3, Tﬂ D: x—=2y].

y

y
(i11)) Every matrix transformation is linear.
(iv) Every linear transformation from R" to R™ is a matrix transformation.
Indeed, let T be a linear transformation. Let
I =[E E,...E|]

where { Ei,..., E,} is called the standard basis of R".
Denote TE;=c¢;,i=1, 2, ..., n, and let

M=[TE, TE, ... TE,].
Then for any x = [x; x; ... xn]T, since 7 is linear, 7X = ¢1x] + Cox3 + ... + CuXx,, = MX.

(v) If U is a subspace, then projection operator T(X) = projy(X): R" —R" is a linear
transformation.

In fact, let { Fy, F>, ..., F} be an orthogonal basis of U. Then

T(X) = proju(X) = (X-F /| FY I)Fy + (XFo I N Fy ID)Fs + ...+ (X-F /| F IP)Fy
Properties

(1) 7(0) = 0.

(i1) T(=v) =-T(v).

(111) T(a1V1 + avy + ... + Clka) = alT(Vl) + azT(Vz) + ...+ akT(Vk).

(iv) Let {Fy, F, ..., F,,} be any basis of R", and let {Z,, Z,, ..., Z,} be any n vectors in R™ . Then

there is unique linear transformation T from R" to R" such that T(F;)= Z..
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Proof. For any X in R" , X = a\F1+ axF>+ ...+ a, F,. Define T(X):
T(X) = a\Z\+ arZo+ ...+ an Z,,.

Example. T([a b]T) =la+1 b]T is not a linear transformation.
xX+y
X
Example. Find the matrix M that induces the transformation 7 q D =l x—-2y]|.
Yy

y

Composition of matrix transformations:

Let T} (v) = M;v be a matrix transformation R" = R™, T, (v) = M,v be a matrix transformation
R™ > R, Then T (v) = T»(T; (v)) = MoM,v is a matrix transformation R” -> R, called the
composition of T, and T}, can be written as 75°7}.

a

1 0
Example. T is the reflection about the y-axis. T1({ }) = {0 J{ b

Z }: (a.—b). T is the

0 —1fa
rotation counterclockwise about the origin through 77/ 2: T,( {Z}) = { }{ } = (=b, a). Then

R A
ensh-[0 ST ST ofieo

Inverse of matrix transformations:
If Tx = Mx is a matrix transformation, and M is invertible, then T 'x = M'x is the inverse of T.

2

1
Example. Let T be the reflection about the y-axis. 7( {;j) = {0 J {;j = (a+2b, —b). Then
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Linear Transformation on Vector Space

Let V and W be vector spaces. Then a linear transformation from V to W is a function with
domain V and range a subset of W satisfying

1) Tw+v) = L(u) + L(v) 2) T(cu) = cL(u)
for any vectors u and v in V and scalar c.

Example. Let V be the vector space of (infinitely) differentiable functions and define D to be the
function from V to V given by

D) = £'(t)
Then D is a linear transformation since

D(f(0) + g(®) = (1) +g(t))" = £'(t) + g'() = D) + D(g®))
and

D(cf(t)) = (cf(t))" = c£'(t) = cD(f(1))

Example. Define T from M, to P; as follows:
a b 3 5
T( Y=ax” +bx" +cx+d .
c d

Then T is a linear transformation

Example. Let V = P; and let W be the real numbers. Then T from V to W defined by
L(at’ + bt + ¢) = ab+c

is not a linear transformation.

Properties: Assume that T is a linear transformation from a vector space V to a vector space W,
and u, v, vy, Vv, ... ,vyare vectors in V. Then

1. L) =0
2. L(u-v) = L) - L(v)
3. L(civi+ cova + ... + CpVn) = ciL(vy) + col(va) + ... + cull(vy)

4.LetS = {vy, V3, ... ,vp} be a basis for V. Then T is completely determined by the image of the
basis S.
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Example. Let T be the linear transformation from P; to M, such that

mﬁ)-[l 0} T t)-{o 1}
“lo o1l T )

Find L(3 +t).
Hint: Write 3+t = 2(1+t)+(1-t)
Kernel and Image Spaces

If - V— Wis linear, we define the kernel and the image or range of fby
ker(f)={zeV: f(x)=0}

m(f)={weW :w=flz),z eV}

ker(f) is a subspace of V and im(f) is a subspace of W.

Rank-nullity theorem:

dim(ker( f)) + dim(im( f)) = dim (V).

The number dim(im(f)) is also called the rank of f and written as rank(f); the number dim(ker(f))
is called the nullity of f and written as null(f).

If V.and W are finite-dimensional, bases have been chosen and fis represented by the matrix A,
then the rank and nullity of f are equal to the rank and nullity of the matrix A, respectively.

63



MATI1341 Lecture Notes

MATI1341-Lecture Notes-by Eric HU@ ........coocuiiiiiiiiiiiiiiceeeeeee e 1
§2.5.1,2.5.2,2.5.4 ComPIEX NUMDETS ....cccouviieriiieeiieeeiieeeieeesieeesteeerireeesereeeereesareesnseeesanes 1
COMPIEX MUMDETS: ....eiiiiiiiiieeiie ettt e eb e st e st e e st e e sabee e saaeeesbeeeas 1

(0 116 115 (o) 2
Ro0ts Of @ polynomial...........oooiiiiiiiiiiiie e 2
SRRTN R € (103 1 1= 6 (o A= e1 10 - S 3
§ 3.2. Dot Product and ProjeCtions ...........cccueeeruieeriiieiniiieiniieenite ettt 4
§ 3.3 LINES AN PLANES ..o 5
LUIIIES ettt ettt e et e s bt e st e e st e s bt e e ebeeesabteeebeeea 5
PIANES ...ttt et et e et e et e e e tb e e enaaeeenaeeenbeeeenaeeeereeeans 6
The Cross PrOQUCT.....ccc..iiiiiiiiiieee ettt st sttt e e 7

§ 3.5 The CroSs PrOAUCES ......oooieiiiiiiiiiee ettt e e et e e e e e e e e esaaareeees 9
§ 1.1 VIALIICES eteuuueeeeeeeeee e e et ettt e e e e e ettt aa e eeeeeeeeeesaaaa s seseeesssssannnsesseesssssannnseseeseens 11
TEIMINOLOZY ..o euttieeiieeeiee ettt et e et e et e et e e eabeeeabeeessseeensseeensseesnsseesnsneesnseeennseeas 11
Matrix Addition and Scalar MultipliCation..........cccueeeriierniienniiienieeeieeeteeee e 11
TTANSPOSTHION. ¢...tteeeiiieeeiieeeite e ettt e eteeeeteeestee e ebeeesaaee e sbeeessseeessseeensseeansseesnsseesnsneennseeennseees 12
§5.1 Vector Spaces and SUDSPACES .....ccccuueeriuiiiiiiiiiiiieeniie ettt ettt siee e e 13
D] 1181610 o TSRS 13
SUDSPACES ...ttt ettt ettt et e e st e et e e e et e e ebbee s bt e e eabbeesabaeesbeeesabaeea 13

§ 4.1 Subspaces and SPANNING .......cccueeeriieeiiieeiiieeiiee et eeieeesreeesaeeesteeeseseeessreesssneesseeens 16
§4.2.1,4.2.3 Linear Independence...........cocueeiiiiiiiiiiniiieniieeieeeiee et 18
Independence Sets Of VECIOTS ......cccuiiiiiiieiiieeiie ettt eeeree s 18

§ 4.3 and 5.2 Independence and DIMENSION ........ccccueieriiieriiiiiniieeniieeeee et 20
BaaSIS ittt et e et e et e e e tb e e etaeeeateeennaeeenaaeeenbeeennbaes 20
Fundamental TheOrem: .........cooouiiiiiiiiiiiiie et 20
INvariance TREOTEML. .......ccoviiiieiiieciie e e e et e et e e s e e eebeeeenree s 21

§ 1.2 Linear EQUALIONS ......coovtiiiiiieiiiie ittt ettt ettt et s e esbte e st e e sabee e 22
1. Terminology and NOTAtION .......c.eeeiiieeiiieeiiee et e eieeeeiee e e e steeeseaeeeaaeeeaneeeaeeessneenns 22

2. Elementary OPErations. ........ccecueerruteeriiieeriieeniteesieeesieeesiteeesiteessiteestteesbeeesseeesseeeas 23
3. Gaussian EIMINAtiON ........cc.oiiiiieiiiiieiiiieciieeeite e eeeeesree e e e eeeaaeeetaeesaeeesnsaeenes 23

§ 1.3. HOMOZENEOUS SYSLEIMS .....eeeiuiiieiiiieeiieeeitee ettt e eite et esitee ettt e s bt e siteesbbeesabaeesabeeenas 31
§ 1.4, MatrixX MUItIPHCATION ...eeeivieiiiiieeiiieeiieeesee et et e e eieeeeaee e beeesabeeesaeessneesnsneesnseeenns 33
§ 44 RANK ..ottt sttt st 36
Row Space and Column SPACE ........eeeeeriiiiiiiiiiiieeeieeee ettt e 36
Rank Theorem, Null Space and IMage ..........ccceeeriiiiiiiiiiiiieiieecceeeeeee e 36

§ 1.5 MALLIX INVETSES .. ssnans 40
§4.2.2 Invertibility Of MAtrICES .....coviutiiiiiieiiiie ettt ettt 42
§ 4.5 OrthOZONALILY .....eeeeiiiieeiieeeiie ettt ettt et e et e e st e e e beeesabeeesseeessneesnsaeesnseeenns 43
Gram-Schmidt ALZOTItRM .........oiiiiiiiiii e 45
(0) 28 aF: Yol o) u V2215 1o} 1 WERRURRU PR 45

§ 4.6 Projections and APProXimation ..........c..eeerueeerrireeniiieeniieeenieeenteeesreessireesireesieeesneeeas 46
§ 2.1 Cofactor EXPanSION.......cccccuieiiiieiiiieeiieeesitee ettt e sieeesieeesveeesteeeneseessseessssessnsneesseeenns 48
§ 2.2 Determinants and INVEISES ......ouuuueeriiiiiiiiiiieee et ettt eeeeeeettaaaeeeeeeeeesssaaasaeseeseens 51
§ 2.3 Diagonalization and Eigenvalues...........ccccuveeriiieriiiieniiieeiiieesiee et 53
§ 4.9 and 5.3 Linear TranSfOrmMationS.........ooevviiviuieeeeieeeeiiieeeeeeeeeeeeteetaeeeeeeeeeertsaaieeseseeeeens 59
Transformations R" = R . ...ttt 59



MATI1341 Lecture Notes

Matrix tranSfOrMAION: .......c.eeiiiiiiiiieeriie ettt ettt et e st e e st e e st eesabeeesabeeesabee s 59
Linear tranSfOrmMation: ..........ceccuiieeiiiieiiieesieeeeiteeetee et e et e et e e e e e eaaeeesaeessaaeesnseeesnseees 60
Composition of matriX transformations: ..........c.eeeruierriierriiieriiee et 61
Inverse of matrix tranSformMAtiONS ........c.veerciieeriiieeriieerieeeriee e e ereeeareeerreeeaeeeeaeeeeareees 61
Linear Transformation on VECtOr SPACE........cccueeeiiieiriiieiiiieiiieeriieeeiieeete et 62
Kernel and TmMage SPaCES.....cccuiieiuiiiiiiieeiieeee ettt ve e e e e e taeeebaeesaeeesnnaeenes 63

65



