
INNER PRODUCT, LENGTH, and
ORTHOGONALITY

Definition: Let U =
Un

and v =
vn

be two vectors in Rn. Then the inner product
of U and v is

U·v
uT v = [ u 1 u2 ... Un]·

vn

= ulvl + u2v2 + ... + UnVn·
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Example: Let U = I -1 , v = -2 I. Then
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U . v = uT v = [3 - 1 - 5] I -2
3L

3·6+ (-1) . (-2) + (-5) ·3
- 18 + 2 - 15 = 5, and



3
v . u = VT u = [6 - 2 3] I -1

-5

6·3+ (-2)(-1) + 3· (-5)

18 +2 - 15 = 5.

So, u· v = v . u

Properties of the inner (dot) product
Let u, v, and w be vectors in Rn and c be a
scalar. Then,
l)u·v=v·u

2) (u+v)·w=u·w+v·w

3) (cu)· v = c(u . v) = u . (cv)

4) u·u>O and u·u=O~u=O.



Definition (the length of a vector):
If v = (Vl,V2, ... ,Vn) in Rn, then the length (or
norm) of v is defined by

Ilvll = y'v· v = Vvf + v~ + ...+ v~

Then, IIvl12 = V· v.

A vector whose length is one unit is called a
unit vector.
Example: Let v = (2, -3,1). Find the length
of v and a unit vector in the direction of v.
Solution:

IIvl12 = V· v = 22 + (-3)2 + 12 = 14,

Ilvll = Vi4
A unit vector in the direction of v is

~(2 -3 1) - (2 -3 1) - uVi4 ' , - Vi4' Vf4' Vf4 - .
The process of creating u from v is called
normalizing v.
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Example: Let W =span~ I -1

2
" L

Find a unit vector v which is a basis for W .
..•1

Solution: let u = I -1 I. Then,
2

1
1 _ 1 -1

v = V6u - V6 2

Another unit vector is

-1/V6
-v = I 1/V6 I •

-2/V6

1/V6
-1/V6

2/V6



Definition (Distance between u and v): Let
u, v in Rn. Then the distance between u and v
is the length of the vector u - v. That is

dist(u, v) = Ilu - vii.

Example: Let u = (1,2, -1) and

v=(2,1,1) in R3. Then

dist(u, v) = Ilu - vii = 11(-1,1, -2)11

V(-1)2 + 12+ (_2)2 = V6.

Definition (Orthogonal vectors): Let u and
v be two vectors in Rn. Then u and v are or­
thogonal to each other (u..l v) if u· v = O. Note
that zero vector is orthogonal to every vector.



Example (The Phythagorean Theorem):
Let u and v in Rn. Show that

u..l v ¢=> IIu + vl12 = IIul12 + Ilv112.

Solution:

Ilu+vl12 = (u+v)·(u+v)

Ilu+vl12 = Ilull2+llvll2+2u.v (*)

If u ..1v, then u . v = 0, and (*) gives

IIu + vl12 = IIull2 + Ilvll2.

If Ilu + vl12 = IIul12 + Ilv112, then (*) gives that

u . v = o.

Exercise: Let u and v in Rn. Show that

u..l v ¢=> IIu + vl12 = Ilu - v112.

Hint: Consider the equations
Ilu + vl12 = IIul12 + IIvll2 + 2u· v and
IIu - vl12 = IIul12 + IIvl12 - 2u· v



Question: Does

IIu + v + zll2 = IIul12 + IIvll2 + IIzll2

imply that {u, v, z} is an orthogonal set?
Answer: No. Consider the vectors

U = I ~ 1· v = r -~ 1 and z = r ~ "

Then,

IIu + v + zl12 = 11[2,1, 1]T112 = 6,

IIul12 = IIvll2 = IIzll2 = 2, and thus

Ilu +.v + zl12 = IIul12 + IIvl12 + Ilz112.

But {u, v, z} is not an orthogonal set.



Definition: A set of non-zero vectors S is called

an orthogonal set if each vector in S is orthog­
onal to other vectors in S, Le,

S = {VI, v2, ... , vp} is an orthogonal set

<¢=:::;> Vi . Vj = 0 if i ¥= j.

• An orthogonal set in which each vector has
length 1 is called an orthonormal set.

• A basis consisting of orthogonal vectors is
called an orthogonal basis.

• A basis consisting of orthonormal vectors is
called an orthonormal basis.



Example:
1
o
o

o
1
o

o
o
1

is an orthonormal basis for R3.
1

-2 I'
3

-2 5
2 , 4
2 1

is an orthogonal basis for R3.

1/VI4 -2/V12
-2/VI4, 2/V12 I ,

3/VI4 2/V12
is an orthonormal basis for R3.

-11 2
2 -1,
2 2

is an orthogonal set in R3 .

. - -1/3 2/3
2/3 , -1/3
2/3 2/3

is an orthonormal set in R3.

5/042
4/042
1/042



-1
2
2

2
-1

2

2
2

-1
is an orthogonal basis for R3.

-1/3 2/3 2/3
2/3 , -1/3, 2/3
2/3 2/3 -1/3

is an orthonormal basis for R3.

2 0 -2
220
4 ' -1' 1
011

is an orthogonal set in R4.

2/V2"4

2/V24
4/V2"4 I ,

o

o
2/V6

-1/V61 ,
1/V6

-2/V6
o

1/V6
1/V6

is an orthonormal set in R4.



Theorem: If S = {Ul, U2, ... , up} is an orthogonal
set of nonzero vectors in Rn, then S is linearly
independent.

Proof: Let 0 = Cl Ul +C2U2 +...+cpup for some
scalars Cl, C2, ... , cpo Then,

o = Cl Ul . Ul + 0 + ...+ 0,

since Ui . Uj = 0 if i i= j.

o = clilull12which gives Cl = 0

since Ul i= o.
Similarly, we can show that C2 = O, ... ,cp = O.
Thus, S is linearly independent.



Theorem: Let {Ul, u2, ... , un} be an orthogonal
basis for Rn. Then for each x E Rn,

x . Ui- ,
Ci - Ui . Ui

i = 1, 2, ...,n.

Proof: For a fixed i, 1 < i < n,- -

which gives x· U·'I,

U· . U·'I, 'I,

(since Ui 1= 0, Ui . Ui 1= 0)



Example: Let
-
-1 2 2

Ul = I 2 ,U2 = -1 ,U3 = 2
2 2 -1

1
and S = {Ul, U2, U3}· Express x = I 2 I as a

3L
linear combination of the vectors in S.

Solution: Clearly Ui . Uj = 0, when i =1= j.
So, S is an orthogonal basis for R3.

_ X'Ul _-1+4+6_9_
Cl - ---- ----- - - -1,

Ul . Ul 1 + 4 + 4 9
x . U2 2 - 2 + 6 6 2

C2 - --- - ----- - - - -
- U2' U2 - 4 + 1 + 4 - 9 - 3'

x . U3 2 + 4 - 3 3 1
C3 = =----

U3 . U3 4 + 4 + 1 9 3

x = Cl Ul + C2U2 + c3u3,

~ 1 = 1 r -~ 1 + ~r -~

1+­3
2
2

-1


