
MATRIX OPERATIONS

An m X n matrix A is a rectangular array of
numbers with m rows and n columns.
Let

[123] ,B=A = 4 5 7 2x3

[ 3 5 0] .C = -1 2 1 2x3

4 0
1 3
8 6

3x2

and

Then

A+C= [1+3 2+5 3+0] = [4 7 3]4-15+27+1 378 '
2x3

A + B = can not be done.

If A and B are matrices of the same size, their
sum A+B is a matrix of the same size formed
by adding corresponding entries in A and B.



AB
[ 1 2 3]457

2x3

4 0
1 3
8 6

3x2

[1.4+2.1+3.84·4+5·1+7·8

[ 30 22]77 57 .
2x2

1.0+2.3+3.6]4·0+5·3+7·6

A2X3C2X3 = can not be done.

C2x3A2X3 = can not be done.

In general, I AmxnBnxk = Cmxk I·

To multiply two matrices A and B, the num­
ber of columns of A must be the same as the
number of rows of B.



Example: Let

... 2 5 [13 1]A = I -1 -3 and C = 1 0 -1 .2 4

25

= [~ ~LX2'[1 3 1]
-1

-3
CA = 1 0 -1 2x3 2

43x2

2 51

[1 3 1]
AC = 1-1 -3

1 0 -1 2x32 4 3x2
7

6 -3
-4 -3

2
6 6 -2 '3x3

AC and CA not only different, but also they
have different sizes.



100

13x3 = 13 = I 0 1 0 I is the identity matrix
001

of size 3 x 3.

for any n > 1, Bnx313 = Bnx3.
-

1 0
0

1 I is not an identity matrix.
0

0
.J

0
00

0
0o I is a zero matrix.

0

00
-0 0

0
o I is aIso a zero matrix.

0

0

An m x n matrix whose entries are all zero is
a zero matrix.



We denote an m x n matrix A as

= (aij) 1< i < m
l<j<n

The entry in the ith row and jth column is
called the (i, j)-entry of A. If m = n, then
A is called a square matrix of order n, and
the entries all' a22, .. ·, ann form the
main diagonal of A.

The identity matrix of size n x n is a matrix
such that all the main diagonal entries are 1,
and all other entries are O.

If A is a matrix and c is a scalar, the product
cA is a matrix of the same size as A in which
every entry is multiplied by c.

Example:

5 [-; ~] [ 5 . (-1)5·2 5 . 0 ] [-5 0]5 . 3 - 10 15 .



,­.

Example: Let

[ -1 0] [1 2]A = 2 3 and B = 3 0 .

A+B=[~ ;]=B+A.

AB = [-1 0] [1 2] = [-1 -2]2 3 3 0 11 4

BA = [1 2] [-1 0] = [ 3 6]3 0 2 3 -3 0

We see that A + B = B + A but AB ¥= BA.
-,,;-

Example: Let

A=[g ~], B=[~ ~].
Then,

AB=[g ~][~ ~]=[g g].

So, AB = 0 but A ¥= 0, B ¥= o.



AB=AG
B;j=G

Example: Let

A=[g;] B=[;~] C=[~ ~].

AB = [g ;] [; ~] = [~ :]

AC = [g ;] [~ ~] = [~ :]

Homework: Let

[ 7 0 -1]A = -1 5 2 ' [ 1 4 1]B = 5 -3 0 '

Determine if each of the following matrices
is defined:

-2A, B + 4A, AG, CD, A + B,
3G - E, GB, EB.



1 -11
Example: Let A = I 0

1 -1 I.

0
01L

Find A2, A3 and A4.
Solution:

-
1 -1 11 -111 -23

A2= 10
1-1 01 -1-01 -2-

0 01001 001

1 -111 -23
A3 = AA2 = 10

1 -101 -2
0

01001
L -1 -3 6

A3 = 101 -3 I.

0
01

L
Similarly,

A4 = AA3 =

Exercise: Let A = [~
Make a guess for An.

1 -4 10
o 1 -4 I •

001

i].Find A4,



[ 3 -4]Example: Let A = -5 1 and

B=[~ :].
For what value(s) of k, AB = BA?
Solution:

AB

BA

[ 3 -4] [7 4]-5 15k

_ [21 - 20 12- 4k ]-35 + 5 -20 + k

[1 12- 4k ]-30 -20 + k

[ 7 4] [ 3 -4]5 k -5 1

[ 1 -24]15- 5k -20 + k

Then AB = BA ¢:} { 15 - 5k = -30 and }12- 4k = -24.

Thus, AB = BA ¢:} k = 9.



Example: Let

[ 1 -2] [ -1 2 -1]A = -2 5 and AB = 6 -9 3 .

Determine the first and second columns of B.

Solution: Let B = [~ : f]' Then,

AB = [ 1 -2] [a be] = [ -1 2 -1].-2 5 d e f 6 -9 3
This gives that

[ 1 -2] [a ] [ a - 2d ] [ -1 ]-2 5 d - -2a + 5d - 6·

-2
5

The augmented matrix is

-2 -1] f'..J [1 01 4 0 1

So, a = 7 and d = 4, Le, [~] = [ ~] .
To determine the second column of B is left
as an exercise.



The transpose of an m X n matrix A is the
n x m matrix whose columns are the corre­

sponding rows of A, and denoted by AT.

Example:
-

3 -1 2 360
A= 16

7 8=> AT =-1 71
0

1 5 285
-

B = [a be] * BT = l: : . d e f
c f

Properties of Transpose:

(AT)T = A

(A + B)T = AT + BT

(rA)T = rAT

(AB)T = BT AT.



Example: Let

A = [_~ i] and B = [-; i]·
Then,

BT AT = [-1 3] [4 -1] = [2 4 ]2 1 2 1 10 -1 '

AB = [ 4 2] [-1 2] = [2 10]-1 1 3 1 4 -1 .

Thus, (AB)T = [1~ _~].

So, we have (AB)T = BT AT = [2 4 ]10 -1 .
Example: Let

A_[13] [320]- 0 7 and B = 1 4 5 . Then,

6 7
14 28 I •

15 35



Inverse of a Matrix

Definition: Let A be an n x n square matrix.
If there is a matrix B such that AB = BA = In
then A is said to be invertible and B is called
the inverse of A.

Theorem: Let A = [~ ~].
A is invertible {::}ad - be ¥= O.

A-I _ 1 [d -b]- ad - be -e a .

If ad - be = 0, then A is not invertible.
det A = ad - be is called the determinant of
A.

Example: Let A = [~ ~].
ad - be = 1 . 4 - 3 . 2 = -2 ¥= 0,

so A is invertible.

-1 1 [ 4 -2] [-2 1 ]A = -2 -3 1 = 3/2 -1/2 ' and

-1 [1 2] [ -2 1 ] [1 0]AA = 3 4 3/2 -1/2 = 0 1 = 12·



Theorem: If A is an invertible n x n matrix,
then for each bERn, the equation AX = b
has the unique solution

X = A-lb.

Example: Solve the equation

AX = [-; -1; ] [:~] = [ ~] .
Solution:

detA = ad - be

-5·7-3·(-11)
-35 + 33

- -2 ¥= 0,
so A is invertible, and

X = [:~] = [-; -1; r1[ ~ ]

(-1/2) [ 7 11] [ 1 ] = [ -9 ]-3 -5 1 4 .



Elementary Matrices

An elementary matrix E is a square matrix
obtained by performing a single row opera­
tion on an identity matrix.

Example: For each of the following row op-
eration, find the corresponding elementary ma-trix.I) R2 (

I I

) R3 II) Rl = 4Rl III) R2 = R2-7Rl
Solution: I)

1 0 0 1

r 1 0 0
I = I 0 1 0 R2 (

) R3 0 0 1 I = El
001

010L
II) -

100 400
II = 10 1 0Rl = 4Rl01 0 I = E2

o 0
1 o 01L

III)
100

100
I o I =E30 10R2 = !l2 - 7Rl.,-7 1

o 0
1 v-

o 01a21=-7



ab

Let A = led I. Then, e f

..•

100
ab ab

EIA =
I 0 0 1c d

-e f-
010 e fc d

400

ab 4a 4b
E2A = I 0 1 0c d

-cd-
001 e fef

lOO1rab

ab

E3A = I -7 1 0 c d

-c-7a d-7b-
001 ef

ef

Note that the matrices EIA, E2A and E3A are
the matrices obtained from A by performing
the elementary row operations I, II and III,
respectively.



Each elementary matrix E is invertible. The
inverse of E is the elementary matrix of the
same type that transforms E back into I.

Example:
...

100
El = I 0 0 1 I =* Ell =010

.J

Note that El = Ell. -
100
E2 = I 2 1 0 I =* E2l =001

200
E3 = I 0 1 0 I =* E"3l =

001

100
o 0 1 I.

010

100
-2 1 0 I.

001

1/2 0 0
o 1 0 I.

o 0 1



Example: Perform the fOllowing row opera­
tions on 12, and write corresponding elemen­
tary matrices and their inverses.

I

• R1 = [l1 - 3R4 :
"V

a12=-3 in El

I .
• R2 = 4R2 :

[ 1 0] -1 [ 1E2 = 0 4 ==> E2 = 0 1/~] .

• R1 ~ R2 :

[ 0 1] -1 [0 1]E3 = 1 0 ==> E3 = 1 0 .



In general we have the followig:

Elementary Row Corresponding Inverse
Operation

Operation

Ri +-+ Rj

R·+-+R·J 1,

I

I

Ri = cRi Ri = (l/c)Ri

I

I

Ri = Ri + cRj Ri = Ri - cRj

I . /
O'r'\lrj l"t·,

~ .': ,1."''-- i:?,' '"

t\ 1"i,--t\

U



Example: Write A = [i ~] and A-l
as products of elementary matrices.

Solution: First we compute A-l.

[1 1

1 0]
R2' = R2 - Rl1 2 o 1

rv[~

1
1 0]Rl' = Rl - R21 -1 1

rv [1 0

2 -1 ] A-l = [ 2 -1 ]o 1
-1 1 =;> -1 1 .

, [1 -1]Rl = Rl - R2: =;> E2 = 0 1 .

Therefore,

A-l = E2El and A = (E2El)-l = Ell E2l



100

Example: A = I 0 0 1 420
L-a) Find the inverse of A.

b) Write A and A-I as products of elemen-tary matrices.Solution: a)100

100

o 1 0 I

I
o 0 1 R3 = R3 -4RI
420

001

100

100
001

o 1 0 IR2() R3
020

-4 0 1

100

100
I 1020

-4 0 1R2 = -R2
001

010 2

100

1 00
010

-2 0 1/2
001

o 10

1 0 0
Thus, A-I = I -2 0 1/2 I.

o 1 0



Consider the row operations that we had in
the previous slide.

• R~ = fl3 - 4Rl., ==> E1 =V'

a31=-4

100
010

-4 0 1

o 0
1/2 0
o 1

100
• R2 ( ) R3 ==> E2 = I 0 0 1

010

1
• R2' = ~R2 ==> E3 = I 0

oL

b) E3E2E1A = I, and so

A -1 = E3E2E1 and A = Ell E2l E3l.

100 100 100
E3E2El = I 0 1/2 0

001010
0

01010 -4 0 1

1 0 01 r 1001 r 1 0 0

= I 0 0 1/2 0 1 0 = -2 0 1/2 I = A-1o 1 0 -4 0 1 0 1 0



Exercise: Let
-

2 5
A=I-1 -3

2 4 and C = [1 3 1 ]1 0 -1 .

Verify that CA = 12. Is A invertible? Explain
your answer.

Example: Let A be a matrix such that
A3 = O. Use this to simplify
(1-A)(1 +A+A2), and then express (1-A)-1
in terms of 1and A.

Solution: (1- A)(1 +A + A2) = 1

(1- A)-l = 1+A + A2

Properties of Invertible Matrices
Let A and B be n x n invertible matrices.

(A-1)-1 = A,

(AB)-1 = B-1 A -1,

(kA)-1 = (l/k)A -1,

(AT)-1 = (A-1)T.



Example:

-1_ [ 1 2] -1 _ [1 3]Let A - -1 1 and B-2 0 .

Find (AB)-I, (5A)-I, (BT)-I, and ((AB)T)-I.

Solution:

(AB)-1 = B-1 A-I = [1 3] [ 1 2] = [-2 5]2 0 -1 1 2 4 .

(5A)-1 = ~A-l = ~[ 1 2] = [ 1/5 2/5]5 5 -1 1 -1/5 1/5 .



Example: Find A when (AT_2I)-1 = 2 [; ~].
Solution:

1 ( 1 [ 32 3- 2 -2

[ 3/2 -1/2]-1 1/2

(AT - 21)
( 2 [; ~]) -1= ~[ ;

-~ ])

AT = 21 + [3/2 -1/2]-1 1/2

2 [1 0] + [3/2 -1/2]o 1 -1 1/2

[ 7/2 -1/2] _ [ 7/2 -1]-1 5/2 ==} A - -1/2 5/2 .


