MATH 3705* Test 4 - SOLUTIONS March 2008

1. [4] Consider the Sturm-Liouville differential equation 2x2%y” — 3zy’ + 2Ay = 0. Find
the weight function r(z).

Solution:

3 1
The equation in standard for is 3" — Q—y' +—Ay =0.
x x
The integrating factor is p = e 3fide = omflne o5
-3/2 £-3/2
Then the equation in the S-L form is (z~%/%y)" + Ay =0, 50 r(r) = =772,

22
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2. [6] The bounded solution of Laplace’s equation ., + —u, + —ugg =0 outside the circle
r r

r = g has the form

—|— Z r~" [a, cos(n@) + by, sin(nh)] .

Find the bounded solution of Laplace’s equation outside the circle r = 2, subject to the
boundary condition u(2,6) =1 — cos(#) + sin(20).

Solution:

+ i 27" [ay, cos(nB) + by, sin(nb)]

n=1

1 — cos(#) + sin(20) = u(2,0) = %
= % =1, a1 =2, by =4, and a,, = b, = 0 otherwise. Thus,

u(r,0) = 14 2r~'cos(f) + 4r 2 sin(26)



3. [20 marks| Find all eigenvalues and corresponding eigenfunctions of the Sturm-Liouville
problem

v+ 2y + Ay =0, y(0) =0, y(1)=0

Solution:

y=e? = a?+2a0+A=0 = a=

-2+ V4 -4
=—1+v1I-A\
2

A>1:
= a=-1tiVA—-1= y=e*[Acos(v\—1z)+ Bsin(+vA —1 z)].
y(0)=0 = A=0 = y=Be *sin(v/A—1x).
y(1) =0 = Belsin(v/A—-1)=0 = VA —1=nm.
Thus, A\, = n?nr? + 1, n > 1, are the eigenvalues, and vy, = B,e ®sin(nmz) are the
corresponding eigenfunctions.

A=1:
= a=-1= y=e"[A+ B
y(0)=0 = A=0 = y= Bze™®
y(1)=0 = Be'=0 = B=0= y=
A<1:
= a=—-1+£vV1-A= y:A@(_l‘f'\/l_/\)x_'_Be(—l—m)w'
A + B = 0 :

y(O) :y(l) =0 = {Ae(_Hm) 1 Be-1+VITX)  _ = A = B = 0, since
1 1

p(F1HVIZX)  o(—1+VI=X) ‘# 0.



