MATH 3705 Test 2 - Answers and Solutions February 2008

LAST NAME: ID+#:

Questions 1-7 are multiple choice. Circle the correct answer. Only the answer will be marked.

1. [3 marks] The general solution of z%y” + 22y’ +y = 0 for z # 0 is

(a) crlz| 72 + ol T (b) cala 2R+ epla| 2

(d) |x|_% lcl cos (? ln|m|) + ¢osin (gln]:ﬂ)

Solution:  This is an Euler equation with A = 2, B = 1. The indicial equation is
1 3
r’+r+1=0 with r o= —3 + zg = Euler Equation, case (iii) = (d).

[

() |27 37% [e1 + coIn |2]]

(e) None of the above

2. [3 marks] The general solution of 4z%y” 4 8xy’ +y = 0 for = # 0 is
(a) erlel 2 +cale[72 (B) |22 [er + ez lnfal]  (e) J2|72 [ey cos (Inz]) + czsin (In fo)]

1 1
(d) |£E|_% ¢1 COS (—5 In |:L’|) + cosin (—5 In |a:])} (e) None of the above

8
Solution: This is an Euler equation with A = 1= 2, B= T The indicial equation is
1 1
7“2—1—(2—1)7“—1—1 =0, or 4r° +4r+1=(2r +1)>=0. The roots are 1, =1y = -5 =

Euler Equation, case (ii) = (b).

3. [2 marks] The general solution of zy” + 4zy’ — 10y = 0 for = # 0 is

(CL) 01|$|2+CQ|SL’|75 (b) Cl|£(3|72+02|$|5 (C) |.T|72(01+02111|5SL’|)
(d) |z|~?[Cycos (51n]z|) + Cysin (5In|x|)]  (e) None of the above

Solution: The indicial equation is r(r — 1) +4r — 10 =0, or r*+43r — 10 = 0, with
r1 =2, ro =—5, = Euler equation, case (i) = (a).



4. [2 marks] The general solution of z°y” + 23/ + (72> — 1)y = 0 for x > 0 is

(a) o h(VTz) + i (VTz) () et i(VTx) 4+ cod 1 (VT )
(c) aod () + cad_ m(x) (d) c1J () + Y =(z)  (e) None of the above

Solution: This is Bessel’s equation of order v = 1 with parameter \ = V7. Since v is an
integer, then two linearly independent solutions are given by J;(v7z) and Y1(vV7z) = (a).

5. [2 marks] The general solution of z%y” + zy’ 4 3z%y = 0 for z > 0 is

(a) 1 Jo(V32) + cado(V3x)In(z) (b)) e1Jo(vV3z) + e2Yo(V31)
(c) ad z(x)+cd_z(x) (d) alz(x)+cY 5(x)  (e) None of the above

Solution: This is Bessel’s equation of order v = 0 with parameter A = v/3. Two linearly
independent solutions are given by Jo(v3z) and Yy(v3z) = (b).

6. [2 marks] The equation zy” + 2%y + y = 0 has

2(z—1)
a) one regular singular point x = 1.

b) one regular singular point z = 0.

(

(

(c) two regular singular points x = 0 and z = 1.

(d) one regular singular points = 0 and one irregular singular point x = 1.
(

e) no singular points.

1
Solution: The equation in standard formis 3" + xy’ + @) y=0, = q(z) = o2 1)
is not analytic at x = 0 and at = = 1. However, z%q(z) = ﬁ is analytic at z = 0, and
T —

(z —1)%q(z) = x% is analyticat z =1, = (¢).

)
7. [2 marks] The differential equation 23" — —By' + Ty = 0 has a singular point xy = 3.
:;C _

Then the series solution y = Z an(z +1)" about z = —1 has the radius of convergence
n=0
(a) R=o00 (b) R>4 (c) R>3 (d) R>1

Solution: The equation has a singular point xy = 3, and all other points are ordinary. The
distance from the expansion point z = —1 to the singular point zq = 3 is 4 units = (b).



8. [14 marks] The differential equation 22*y” — 2y’ + (1 — 2)y = 0 has a regular singular

point g = 0.

1
(a) [5] Show that r; =1 and r = 5 are the roots of the indicial equation.

(b) [8] Find a power series solution, valid for z > 0, which corresponds to r; = 1.
(c) [1] Give the first four terms of the series solution found in part (b).

Solution:

(a) Rewrite the equation in the standard form :

1 1—2z
1 /
- = 0.
T + 922 7
1 1 11—z 9 1—2z
Here p(z) = o zp(z) = 5 q(z) = Sz T q(z) = 5
1 1 9 s o 1 9 . .
Po=-5 =5 =7 +po—1)r+q=r —57“—1-5:0, or 2r*—3r+1=0 isanin-
1
dicial equation. The roots are r; =1, ry = 5
(b) The solution y(z) corresponding to 71 = 1 has the form
y= Zanx”+1, with o = Z(n +1)a,z" and y" = Zn(n + 1) apz™ !
n=0 n=0 n=0
Substituting y, ¥’ and y” into the original equation yields
Z 2n(n + 1)a,z" ™ — Z(n + Dayz™t + Z anr" Tt — Z anr"? = 0.
n=0 n=0 n=0 n=0

After combining the series for z"*! the equation becomes

Zn(2n + 1ayz"tt — Z apt" T =0.  (x)
n=0

n=0

Notice that in the first series the first term, which corresponds to n = 0, is zero. So the
series does not change if the summation starts with n = 1. Thus, if in that series we shift
the index of summation n — n 4 1 | then the series becomes

> n@2n+ Daa™ = Y (n+ D20+ 1) + Dapa2™™ ™ = (n+1)(2n + 3)az"
n=1 n+1=1 n=0

Substituting the series above back to the equation (x) yields

(e 9] o0

Z(n +1)(2n + 3)an 12" — Z anr"? =0,



which can be combined into one series as

S {(n+1)2n + 3)apss — az} 2™ = 0.

n=0

The above equation means that the series converges to 0 for all x near x.

the coefficients in the series must be zero:

(n+1)2n+ 3)an4 — a, =0,
or

Qn
n+1)(2n+3)

Thus, we found the recurrence relation for the coefficients. Let us solve it.

Any1 = (

Therefore, all

n=>0 ialzmao;

aq 1

L .

" 2T 5T 1235

as 1
" BTy 7T 1233570

1 1-2-4-6-8

n=3 = a4 = 4 = ag =

4.9 (1-2-3-4-(3-5-7-9)
1-2-(2-2)-(3-2)-(4-2) 4l . 24

41 9l w0 or
The pattern emerging for ay is
2k:
ap = m agp.
Thus, y = ia gt = i ﬂx”“
’ s " “~ (2n+ 1)! ‘

(c) The first four terms of the solution:

1

= 2"a 1 1
y:Z Soa™t = ag(z+ sat 4+ et ——at ).

@n+ 1) 3 730" T 630

n=0

(1-2-3-4)-(3-5-7-9-2-4-6-8)

ag =



