MATH 3705 AB
Test 2 - Solutions
February 2006

LAST NAME: ID#:

Questions 1-5 are multiple choice. Circle the correct answer. Only the answer will be marked.

1. [3 marks] The general solution of z*y” + 2xy’ +y = 0 for x # 0 is

(@) cilel 2 +old T () alaFF Lol 7

(d) |z|°2 [cl cos (? In |a:|) + cosin (? In |x|>] (e) None of the above

(¢) 2|72+ [e1 + co In |2

2. [3 marks] The general solution of 4x%y” + 8xy' +y = 0 for z # 0 is

(a) erlel 2 +eale[ 72 (B) |22 e +ezlnfal] (e J2|72 [ey cos (Ina]) + czsin (In fe])

1 1
(d) 2|72 ¢ cos (—5 In |x|) + ¢osin (—5 In |m|>] (e) None of the above

3. [2 marks] The general solution of 2*y” + xy’ + (72> — 1)y = 0 for x > 0 is

(a) clJl(\/?x) + czYl(\/?:E) (b) clJl(\ﬁx) + ch_l(ﬁm)
(c) ad z(x) +cad_z(x) (d) e1J z(x) + oY =(x) (e) None of the above
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4. [2 marks| The general solution of z°y” + xy’ + (42 — T)y = 0 for x > 0 is

(CL) Cp]z(\/?flf) + CQJ_Q(\/?ZE) (b) 01(]2(\/?1’) + CQYQ(\/?ZE)
(c) ad z(27) + c2J_ 5(22) (d) aJ 7(27) + oY, 7(22)  (e) None of the above

5. [2 marks| The general solution of zy” + ' + 3zy =0 for z > 0 is

(a) e1Jo(V32) + cdo(V32)In(z) (b)) 1 Jo(V3x) + Yo (V3 )
(c) ad z(x) +cad_z(x) (d) alz(x) +c2Y 5(x)  (e) None of the above

Answers: d, b, a, eithercord, b.



6. Consider the equation 22%y" — zy’ + (1 — z)y = 0.

(a) [6 marks] Show that zo = 0 is a regular singular point and determine the indicial

roots r; and r,.

(b) [12 marks] Find two linearly independent solutions y; and ys, valid for z > 0.

Marking Scheme of 6(b): 1; and y, may be found separately, or jointly.
( marks for the recursion relation,
marks for finding ¢, explicitly,
marks for a,, = ¢,(ry),

marks for b, = ¢, (r2),

mark for yq,

marks for ys.

If jointly, then

== = = N O

marks for the recursion for a,,
marks for the solution of a,,
marks for the recursion for b,
marks for the solution of b,
mark for yq,

mark for ys.

If separately, then

— =N W N W

Solution:

(a) Rewrite the equation in the standard form :

1 1—2z
" /
- = 0.
YooY + 922 Y
1 1 1—2 9 1—2z
Here p(z) = o7 zp(z) = 5 q(z) = Sz T q(z) = 5
Both xp(z) and z2q(z) are analytic at o = 0, so 0 is a regular singular point.
1 1 3 1
Po=—5 0=5 = T2+(po—1)r+qozr2—§r+§:0, or 2r* —3r+1=0 isanin-

dicial equation. The roots are r;, =1, ry = 3

(b) Two linearly independent solutions y; and y, may be found separately, or jointly. Below
we do the computations jointly.

y=) calr)a™, g = (ntr)ca(r)a™h Y =) ()t = De(r)a R,
=0 n=0 n=0

Substituting y, %" and y” into the original equation yields

[e.9] [e.o] o0

2(n+71)(n+7r—1ca™ — Z(n + 1),z + Z cpx™ T — Z c,x™ T = 0.
n=0



Combine the series for z"*" and for z"+"+1:

[e 9]

Z[Q(n—irr)(n—l—r—l) (n+7) + 1c,z™" ch =0, or
n=0

(e o]

S0+ 1) =3+ 1) + Ueua™ =Y @ =0 (%)
n=0

n=0
Notice that in the first series, when n = 0, then the corresponding term is 0, because the

coefficient 2r? — 3r + 1 equals zero for r = 1 and r = 3 So the series does not change if

the summation starts with n = 1. Thus, if we shift the index of summation n — n + 1 in
that series, then it becomes

Z 2(n+7r+1)>=3(n+7r+ 1)+ ezt = Z[Q(n +r+1)?2=3n+r+1)+ eppz™
n+1=1 n=0

Simplify the coefficient with ¢, ;2"

2n+r+1)2=3(n+r+1)+1=2n+7r) °+4n+r)+2-3n+r)—3+1=
=2n+7r)+(n+r)=(n+7r)(2n+2r+1).

Then from equation (*) = Z n+7)(2n + 2r + 1)cpz™ T — Z cpz™ T =0,
n=0 n=0
Cn

and the recursion relation is ¢, = RSO T n > 0.

Co
0 = —
" “ r(2r+1)
€1 Co
" 2T 0@ +3) rAtr2r+0)2r+3)
n=2 =c3= = = il ;
B ST 24 m)@2r+5)  rA+r)@2+r)2r+1)(2r +3)(2r +5)’
. ‘o
=n—1=c¢,= , n>1.
nen A2 (n—1+r)@r ) 2r +3)(2r +5).(2r+2n—1)
Co 2" . n! 2"
N n = Cp, 1) = = = —— .
W an =) = T T s T D) A T @ )
Co 2™
bn = Cn(_) = _ = Co
(3)-(3)- (&) -2-4-6..2n)  (2n)!
. = 2" 1 1
_ n+l _ _ 2 0 o+l _ 4.2, - .3
yl—;ana; —;(2n+1)!x co(x—|—3x —|—3Oa: +...).

Zb 2 t1/2 — Z 2" co L2 co(x1/2+x3/2+1$5/2+~->-
6



