
Complex Eigenvalues and Eigenvectors

For a complex scalar A,

det(A - AI) = 0 ~ Ax = AX

for some non-zero vector x in en.

A is called a (complex) eigenvalue and
x is called a (complex) eigenvector.

If x is a com plex vector in en, then the vector
x, whose entries are the complex conjugates
of the entries in x, is called the complex con­
jugate of x. Thus,

if x =Re x +i 1m x, then x =Re x - i 1m x.



Real matrices with complex eigenvalues:

Let A be an n X n matrix whose entries are

re-al. If A is an elgenvalue of A with acorre­
sponding eigenvector x in en, then A is also
an eigenvalue of A with the corresponding
eigenvector x:

A~ = AX

Ax =
AX

Ax =
AX

Ax =
AX

This shows.that if A is a real matrix, its com­
plex eigenvalues occur in conjugate pairs.



[1 -2]Example: Let A = 1 3·
a) Find the eigenvalues of A, and a basis for
each eigenspace in C2.

b) Diagonalize A.
Solution:

A - AI

det(A - AI)

[ 1- A -2 ]1 3-A '

(1 - A)(3 - A) + 2

A2-4A+5=0,

4±V(-4)2_4.1.5
2

4± V 4 4±2i ± .--2-- ----2- --2 ~.
Al = 2 + i, A2 = 2 - i.



Eigenvectors for A1 = 2 + i:

(A - A1I)X = 0 ~ (A - (2 + i)I)X = 0

[ 1- (2+ i)-2 ] = [ -1 - i -2]1 3- (2 + i) 1 1 - i

[-\-i-i 2ilg}Rl< >R2 _ ~ .

[ 1 1-i 0] I .•rv -1 _ i _2 0 R2 = R2 + (1 + ~)R1

,-...,;[1 1-i 0]000

Thus,

[~~] =[ <-l:i)t] = t [-\+i].
For the eigenvalue A1 = 2 + i,

[ -1+ i] .. t dV1 =. 1 IS an elgenvec or, an

El=Span {[ -11+i ]} is the complex eigenspace.



Eigenvectors for A2 = 2 - i:

Since A2 = Al, an eigenvector corresponding
to eigenvalue A2 is

Complex eigenspace corresponding to

{ [ -1- i J}A2 = 2 -. i is E2 =Span 1 ..

{[-l-iJ}A basis for E2 is 1 .

b) A = PDP-l, where

.p = [ -1 + i -1 - i J ·D = [ 2+ i 0 J1. l' 0 2-i·
\

Check: A = PDP-l <=> AP = PD

AP = PD = [ -3 +.i -3 -.i J2+2 2-2



[a -b]If A = b a' where a, b are real and b =1= 0, .
then the eigenvalues of A are A = a ± bi:

det(A - AI) -

2a ± V(-2a)2 -. 4(a2 + b2)
A12 =,

_ 2a ± v-· 4b2 = 2a± 2bi = a ±bi.
2 2

Eigenvectors for Al = a - ib: .

A-(a-ib)I
_ [a - (a - ib) . -. b- ]. b a - (a - ib)

_ [ib -b] rV [ib -b]bib 00



Corresponding eigenvectors are

An eigenvector corresponding to eigenvalue

Al = a - ib is VI = [ -; ].

Since A2 = Al, an eigenvector corresponding

to eigenvalue >'2 = a + ib is V2 = VI = [ ; ].

[a -b]Thus, the eigenvalues of A = b a '

Ca, b are real and b t= 0) are Al = a - ib and

A2 = a + ib with the corresponding eigenvec­
tors

respectively.



[-i i] [a - ib 0 ]Let P = 1 1 and D = 0 a + ib .

p-1 = [-i i] -1 = -1 [ 1 -~].1 1 2i -1-2

i [ 1 -i] 1 [ i 1]- 2 -1 -i = 2 -i 1

A=[~-~]

_ [-i i] [ a - ib 0 ] [ i/2 1/2.]1 1 0 a + ib -i/2 1/2



A =
[a -b] = r [air -blr]b a blr air

_ [r 0] [ cos (J - sin (J ]
o r 5in (J cos (J ,

where(J is the angle between the positive x­
axis and the ray from (0,0) through (a, b).

The transformation x ~ Ax may be viewed
as the composition of a rotation through the
angle (J and a scaling by IAI.



[3 -2]Example: Let A = 2 3'

Then, a = 3, b = 2 and A1 2 = 3 ± 2i,,

. [ -i ] [ 0] . [ -1 ]For A1 = 3-2z, V1 = 1 = 1 +'l 0'

For A2 = 3 +2i, V2 = [ ; ] = [ ~] + i [ ~ ].

A = [; -~]

[-; ;] [ 3 ~ 2i o ],[ . ']-13 + 2i -;;

Also,

A = [; -~] = [~ -~] [; ~2] [~ -~r1



Theorem: Let A be a real 2 x 2 matrix with
a complex eigenvalue A = a - bi (b t= 0) and
associated eigenvector v in 02. Then,

A = POp-l, where

[a -b]p = [Rev Imv] and 0 = b a



Example: The matrix A = [i -;] is a real
2 x 2 matrix with a complex eigenvalue

A = 2 - i (ImA ¥= 0) and associated eigenvec­
tor

[ -1- i ] [ -1 ] .[.-1 ]. 2v = 1 . = 1 +~ 0 In C ,

A = PCp-l where

[-1 -1] [2 -1]P = 1 0 and C = 1 2 .

Remark: With the complex eigenvalue

A = 2 + i = 2 - (-l)i and

associated eigenvector

A = PCp-l where

[ -1 1] [ 2 1]P = 1 0 and C = -1 2



2 ~ 2i ] It, = R2 + (-2+ 2i)R,

· [0 1]Example: Let A - -8 4 . Then,

det(A - ),,1) = -),,(4 - )..) + 8 = )..2 - 4)"+ 8.

)..= 2 ± 2i.
Eigenvectors for )..1 = 2 + 2i:

A - (2 + 2i)I = [.-2 - 2i-8

~ [-2 ~ 2i ~] ~ [ 1t i -~2]
Corresponding eigenvectors are

[ 1 -1] [ 2 2]For P = 4 0 and C = -22 '
A = PCp-1.



[0 3+4i]Example: Let A = 3 _ 4i . 0 .
a) Find the eigenvalues of A, and a basis for
each eigenspace in 02.
b) Diagonalize A.
Solution:

det(A - AI) -
-A 3 +4i

3 - 4i -A

- A2-(3+4i)(3-4i)

A2 - (9 + 16) = A2 - 25 = O.
Thus, A1 = 5 and A2 = -5.

Eigenvectors for A1 = 5:

(A - 5I)X = 0 ~ [ -5 3 + 4i3- 4i -5



For the eigenvalue Al = 5,

[ 3 + 4i] .. t dVl = . 5 IS an elgenvec or, an

El =Span {[ 3 ~ 4i ]} is the eigenspace.
Eigenvectors for A2 = -5:

(A + 5I)X = 0 ~ [ 3 ~ 4i 3 ~ 4i g]

~ [ 1 314i 0] ~ [1 314i 0].3-4i 5 0 0 0 0

Thus,

X = [ :~ ] = [ _3;4it ] = ~ [ -(3 t 4i) ] .

For the eigenvalue A2 = -5,

[ -3 - 4i ] .. V2 = 5 is an eigenvector, and

{[ -3 - 4i ]}E2 =Span 5 is the eigenspace.



Note that the matrix A has complex entries,

eigenvalues of A are real,
corresponding eigenvectors are complex, and
V2 ¥= VI·

A = PDP-I, where

p = [ 3 ~ 4i -3 ~ 4i] and D = [~ ~5].

Check: A = PDP-I ¢=:::> AP = PD.

AP = PD = [ 15 + 20i 15+ 20i ]25 -25·



i 0 1

Example: Let A = I 0 i 0
o 0 i

L-

a) Find the eigenvalues of A, and a basis for
each eigenspace.
b) If possible, diagonalize A.
Solution: A = i is the only eigenvalue of A.

o 0 1 -
A - iI = I 0 0 0

000

(A - iI)X

x
1

Xl I 0
o

o
+x211 I ,Xl,X2 E R.

o

The eigenspace for A = i is Ei = Span
1,
o
o

o
1
o

Since A is a 3 x 3 matrix and has only two
linearly independent eigenvectors, A is not di­
agonalizable.



2 0 -4

Example: Let A = I 0 1 0
2 0 -2

If possible, diagonalize A.
Solution:

2-'x0-4
det(A - AI) =, I

01-A 0
2

0-2 - A

(1 - ,X)I 2 - A -4

2 -2 -,X

- (1- A)(2 - A)(-2 - A) + 8)

(1 - A)(A2 + 4)

- (1 - A)(A + 2i)(A - 2i)

det{A - AI) = 0 ~ (1 - A)(A + 2i)(A - 2i) = 0,
A1 = 1, A2 = -2i, A3 = 2i.
Eigenvectors for A1 = 1:

1 0 -4
A-' 1=1000

2 0 -3

1 0 -,4
o 0 1
o 0 0



o

= X2 I 1 I , X2 E R.
o

A+2iI =
2+2i

o
2

o
1+2i

o

-4
o

-2 + 2i

1+i 0-2
0

1+2i0
1

0-1 +i
1

0-1 +i
0

1+2i0
1+i

0-2

1
0-1 +i

o 1+ 2i
0

0
O· 0

Xl

(A + 2iI)X = 0 ~ X = I X2
X3

1- i,
=x31 01



Since A is a real matrix and A3 = A2, an
eigenvector for A3 = 2i is-

1- i 1+i
Y=I

0-0-
1 1

A = PDP-l, where
I

0 1-i l+i 100
P= 11

00and D =0-2io I.
0

11 0o 2i

-5 6 2

Homework: Let A = I -3 4 1 I.

-5 5 2
L-

If possible, diagonalize A.

Ans: The eigenvalues are

Al = 1, A2 = i, A3 = -i
with corresponding eigenvalues

11 r 2 2
Vl = I 1 , V2 = 1 , V3 = 1

o . 2-i 2+i

'/'\


