Comblex Eigenvalues and Eigenvectors

For a complex scalar ),
det(A— \) = 0 <= Az = )z

for some non-zero vector z in C".

A is called a (complex) eigenvalue and
z is called a (complex) eigenvector.

If z is @ complex vector in C™, then the vector
T, whose entries are the complex conjugates
of the entries in z, is called the complex con-
jugate of . Thus,

ift=Rez+iImz, then Z=Re z—i Im =z.



Real matrices with complex eigenvalues:

Let A be an n x n matrix whose entries are
real. If X is an eigenvalue of A with a corre-
sponding eigenvector z in C", then X is also
an eigenvalue of A with the corresponding
eigenvector .

Az = Xz
Az = Xz
AT = Iz
Az = Xz

This shows that if A is a real matrix, its com-
plex eigenvalues occur in conjugate pairs.



] 1 =2
Example: LetA---[1 3}.

a) Find the eigenvalues of A, and a basis for
each eigenspace in C2.

b) Diagonalize A.

Solution:

1—X —2
A— A [ 13_)\],

det(A—AD) = (1—A)(3—X)+2

= M —4)\45=0,

44+/(-4)2-4.1.5
2
4+—F _ 4+2
2 2
A =244 Ap=2—14.

Al =

=2 % 1.



Eigenvectbrs for \qy =241

(A—MDX =0 (A-2+)NX =0
1—(241) —2 _[=1-i -2
[ 1 3—(2+z’)]_[ 1 1—'&']

-1-i -2 (0] R, -
[ 1 1—iio}R1‘__’R.2

[ 1 1—43|0] v '.
’f’[—l—z' P 8]R2=R2+(1+’)R1
1 1-4]0
~“1o o0 |0
Thus, | | |
1z | (—1+’£)t — ¢ —-1+4=
xo | T t _ 1 '

For the eigenvalue \; = 2 41,

v = [ _11+7’] is an eigenvector, and

E, =Span ” _11+vz ]}is the complex eigenspace.



Eigenvectors for Ao =2 — 1.

=

Since )\2 = )1, an eigenvector corresponding
to eigenvalue X; is

am=[3]-[1]

Complex eigenspace corresponding to

Ao =2 —1iis E, =Span {[ —11—'7’ }}
. . —1—3

A basis for E5 is {{ 1 ]}

b) A= PDP~1, where

1 1 0] 2—1

P____[—l—l—z’ —1—i},’D=[2+z‘ 0

Check: A= PDP~1 «— AP = PD

—341 —3—2']

AP:PD:[ 2+i 2-—3i



a —b

IfA= b oq |’ where a, b are real and b # 0,

then the eigenvalues of A are A = a + bi:
o a=x =b |, 2.2

det(A — AI) = b a— )\‘ =(a—AN)“+5b

= A2 - 2a\+a?+b°

2a +1/(—2a)2 - 4(a? + b2)

A =
1,2 | >
2 _AR2 .
_ a =X 4b =2ai2b2=aﬂ:b’i.
2

Eigenvectors for \; = a —ib:

oy . _ -a-—(a—'ib). —b\
A—(a—ib)l = b a—(a—ib)]

b —b [ —b
| b b 0O O



Corresponding eigenvectors are

1 | _ | xofi | _ —1
An eigenvector corresponding to eigenvalue
_Z' :

)\1‘=a—ibis'u1= 1

Since A2 = A1, an eigenvector corresponding

to eigenvalue Ay = a+z‘_b IS vo =771 = 17’ ]

b a

(a, b are real and b # 0) are \;{ = a — b and
A =a +1b with the corresponding eigenvec-

tors S
—3. | )

respectively.

Thus, the eigenvalues of A = [ a —b ]



'S
I




Also, if r = |A\| = /a2 + b2, then

(a —b ]| _ - a/r =b/r |

b a]| | b/ afr

[ r 0]]cose —sind

| |0 sind cosé |’

where @ is the angle between the positive z-
axis and the ray from (0,0) through (a,b).

A

The transformation z — Ax may be viewed
as the composition of a rotation through the
angle 6 and a scaling by |}].



2 3
Then, a=3, b=2 and A\; o = 3+ 2i.

ForA1=3—2z‘,v1=[‘f]:[ﬂﬂ'[_é}.

ForA2=3+2i,v2=[f]=[(1)}—{—7:[8].

Example: Let A = [ 3 -2 ]

(3 -2
a=1373
[ =i §][3-2¢ o [-i i]7"
=111 0 34+2|| 11] -
Also, |



Theorem: Let A be a real 2 x 2 matrix with
a complex eigenvalue A = a — bi (b # 0) and
associated eigenvector v in C2. Then,

A= PCP~1, where

P =[Rev Imv] and C=[a’ —b}
o b a



1 3
2 X 2 matrix with a complex eigenvalue

Example: The matrix A = ] is a real

A =2—1i (ImX # 0) and associated eigenvec-
tor '

[ R] e

A = PCP~! where

-1 =17 2 =1
P—[ 1 O]andc—[l 2}.

Remark: With the complex eigenvalue
A=24+i=2-(-1)i and
associated eigenvector

T = [—11+i} — [_11]+z[(1)] in C2;
A= PCP“1 where

| -11 _ 21
P—-[ 1 O} andC’---[_1 2]



Example: Let A = [ 01 } Then,

—8 4
det(A—XI) = —-A(4—-)2)+8=X2—-4)+38.
A =2+ 2

Eigenvectors for /\1' — 2 + 2i:

Ny _ | —2-2i 1 - o
A—(242)I = [ _g 2_22.]R2—R2+(—2+2z)R1

0 0] 0] 0

Corresponding eigenvectors are

2] - [57]-n (]2 [15"

L2

N!—Q—Qz’ 1}Nl1+7s —1/2]



3—4 O

a) Find the eigenvalues of A, and a basis for
each eigenspace in C2.

- b) Diagonalize A.

Solution:

Example: Let A = [ 0 3+ 4 ]

det(A — AT =l A 3t 4

3—4: —A

= A2 - (34 4i)(3—4i)
| = A -(9416)=7°-25=0.
Thus, A1 =5 and A\, = -5.

Eigenvectors for A1 = 5:

-5 344
3—4 -5

| —3—4;
Ol |t =5
0 0 0]

| (A—SI)X=O<=>[

—3-44
N[l 5

3—4: -5

]

|




For the eigenvalue A1 =5,

| [3+47Z
V1 —

= ] is an eigenvector, and

E, =Span {[ 3 —g A ]} is the eigenspace.

]
o)

Eigenvectors for Ao = —5:

5 3+ 4

(A4+5DX =0 < [3_42. 5

3+4i
N[ b

3441
O]N[l s

3—4; 5 |0 0O O
Thus,
4
1 34T T (3 4 44)
X = = = — .
o t 5 5
For the eigenvalue Ao = —5,

v = [ _35_4sz is an eigenvector, and

E, =Span {[ —35_ 4t H is the eigenspace.



Note that the matrix A has complex entries,
eigenvalues of A are real, |
corresponding eigenvectors are complex, and

v 7 U1.

A= PDP~1 where

| 34+4 -3—4 _ 15 O
P—{ 5 5 ]andD—[O _5].

Check: A= PDP 1« AP = PD.

15 +20i 15+ 204 }

AP:PD:[ 25 ~25



1 0

Example: Let A= | 0 1
OO0

a) Find the eigenvalues of A, and a basis for

each eigenspace.

b) If possible, diagonalize A.

Solution: )\ =1 is the only eigenvalue of A.

1
0
0

O 01
A—iI={0 00
O 0O
a1 x1
(A—il)X = 0= X=|22 | = | 22
3 0
1 0]
X = 1|0 | 4+x2| 1 |,z1,220 € R.
0 0
1 o)
The eigenspace for A =i is E; = Span Ol,|1
0] [O

Since A is a 3 x 3 matrix and has only two
linearly independent eigenvectors, A is not di-
agonalizable.



2 0 —4
Example: Let A=|0 1 0 |.

2 0 =2
If possible, diagonalize A.
Solution:
2— A 0 -4
det(A—-AI) = 0 1-—A 0
2 0 —2-A

2-X -4
(1_’\)| 2 —Q—Al

(1-N(2-2)(-2-2) +8)

= (1-0(+4)

(1= N+ 20) () — 20)
det(A—X) = 0= (1-NDMA\+2)(A—-2i) =0,
A =1, o= -2i, A3 =2i.

Eigenvectors for A\; = 1:

| 1 0 —4 |
2 0 -3




(A—-DX = 0= X =

x1 0
o | =z | 1 |,20 €R.
3 0

Eigenvectors for Ao = —2i:
2424 0 —4 Rll =% Ry
A+42i = 0 1424 o) /
2 0 -2+42i| R3=3Rs
(1443 O -2 ] |
~ O 1424 0 Ry «— R3
1 0 -1+ |
1 o) —-141 ,
~ O 1+42¢ 0] Ry =R3—(14+1i)R;
1141 o) -2 |
(1 0 -1+
~ |0 1424 0]
| O 0] 0

(A4+2iNX =0« X =

Tq 1—1.
Ty | = x3 0 :
3 1



Since A is a real matrix and A3 = Ao, an
eigenvector for A3 = 2i is

1—2 141
Y = o) = 0]
1 1

A= PDP~1 where

i

O 1—72 143 1 O O
P=(1 O 0 andD=|0 -2 O
O 1 1 _ 0 0 2:

-5 6 2

Homework: Let A= | -3 4 1

-5 5 2

If possible, diagonalize A.
Ans: The eigenvalues are

A1 =1 A=1, Az = —1
with corresponding eigenvalues

1 2 2
vi= (1], vo= 1 ,v3 =1 1
0 | 2—1 241

A/ J— A



