Determinants

Recall that for a 2 x 2 matrix

=]t d]

we have det A = ad — be.

A is invertible <= det A # 0




For an n x n matrix we use

det A = a11|A11] — a12]A12| + a13|A13]| — a1a|Ara]l + - -
where we continue alternating signs.

Definition: Let A be an nxn square matrix, and denote
the entries of A by a;; (row ¢, column j). Let A;; denote
the submatrix formed by deleting row 7z and column j

from A. Then
detA = (—1)1+1a11detA11

+(-1)'""2a1pdet Ao
4+
+(=1)"aq, det A1,
That is,

det A = Z(—1)1+ja1j det Ay
=1

This is called cofactor expansion along the first row.



1 2 3
Example 1: Let A= | —4 5 6 |. Find det A.
7 -8 9
Solution:
5 6 —4 6 —4 5
An=| _g 9]"412:[ 79]’A13:[ 7—8]
det Aq11 (5)(9) — (—8)(6) =45+ 48 =93

det A1y — (—=4)(9) — (7)(6) = —36 — 42 = —78
det A1z = (—4)(-8)—(7)(5)=32-35=-3

detA = (—1)1+1a11 det A11
+(—1)'"*a1odet Ao
—|—(—1)1+3a13 det A13

(—1)2a11 det A11
—I—(—1)3a12 det A1o
+(—1)*a13det A;3

(1)(1)(93) + (=1)(2)(=78) + (1)(3)(-3)
93 + 156 — 9
240



We can actually use the same pattern of formula to
calculate the determinant of A by expanding along the
second row:

2 3 13 12
AQl:[—s 9]’A22:[7 9]’A23:[7 —8]

det A1 = (2)(9) — (—8)(3) =18+ 24 =42
detA, = (1)(9)—-(7)(3) =9 —-21=-12
det Aps = (1)(—8) — (7)(2) = —8 — 14 = —22
detA = (—1)2""1(121 det A>q

+(—1)>"2ax det Ans
+(—1)?"3an3 det Axs

= (—1)3az1det A
+(—1)%ax det Az
+(—1)an3 det Aoz

= —api1det A>1 + axsodet Ass — axzdet Asxs

—(=4)(42) 4+ (5)(-12) — (6)(-22)
168 — 60 + 132
240



Similarly we can CAREFULLY adapt our formula for the
determinant of A in order to calculate the determinant
along ANY row or column.

Formula for determinant by expanding along row 1:

detA = (—1)1+1a11 det A1
+(—1)'"2as2det Ago

+(—1)*"ay, det Ay,



Example: Find det A if A =

Solution:
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Example: Find det A if A =

Solution:
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Properties of Determinants
Let A and B be two n X n matrices. Then
(a) det A = det AT
(b) det(AB) = det Adet B

1

(c) If A is invertible, then det A~! =
det A

Proof of (c): Since A is invertible,

AAL
— det(44™1)
—= det A -det Al

— detA !

I
~

detlI =1

Il
[

det A



Note: In general, det(A+ B) #det A+ detB

For example, let A = [1 2] and B = [3 1]

2 5 1 3
Then
detA=(1)5)-(2)(2)=5-4=1
detB=(3)(3)-(1)(1) =9-1=38
detA+detB=14+8=09
- [
det(A+B) = (4)(8)—-(3)(3)=32-9=23

Hence det(A + B) # det A + det B.



Let A be an n x n matrix.

The definition of the determinant of A is

det A = (=) lag1|A11| + (=1)2a12] A1z + - + (= 1) a1, | A1,

The determinant of A can be calculated by CAREFULLY altering
the formula to expand along any row or column:

Expand along row ¢ instead

det A = (1) ta|din| + (—=1)2ai2|Ain] + - + (=1)"a;,| A

Expand down column j instead

det A = (—1)"ayj|A1jl + (—1)*Taro|Agj| + -+ + (1) an;| Ayl

Theorem: Let A be an n x n matrix. Then

A is invertible <= detA#0

This theorem can be added to the invertible matrix theorem.



The effect of row operations
on determinants

Let A be an n x n square matrix.

(i) If B is obtained from A by interchanging two different
rows, then

detB= —detA
(ii) If B is obtained from A by multiplying a row by a
scalar k, then

detB=Fkdet A
(iii) If B is obtained from A by adding a multiple of one
row of A to another row, then

det B=det A

Note: Column operations have the same effect on
determinants as row operations



Examples:

If A~ B where performing Ry «—— R> on A gives B,

then detB = —det A

If A~ B where performing R, = 5R; on A gives B,
then det B=5det A

If A~ B where performing R} = R;+7R> on A gives B,
then det B =det A



Remarks:
1) Let A be an n x n matrix.

(a) If A has two identical rows (or columns), then

detA=0

(b) If A has a zero row (or zero column), then

detA=0

2) Let I, be the n x n identity matrix, and let E be an
n X n elementary matix.

(a) If E results from interchanging two rows of I,, then

detF = -1

(b) If FE results from multiplying a row of I, by k, then
det £ = k
(c) If E results from adding a multiple of one row of I,
to another row, then

detEF =1
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Take I4 and perform R, = 5R»> to get E;. Then

|E1| = =5 (=5detly)
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Take I and perform Rz «—— R4 to get E>. Then

1 0 0 O
o100 _
|E2| =lo o o0 11™ —1 (— —1 detI4)
O 01 0

Take I, and perform R’2 = Ro + 3R4 to get E3. Then

|E3| = =1 (=detl)

oOoow
oOooro
OoOr OO
— O WO



O NN

1 —1
Example: Let A = 5 5
—2 1

Find det A by row reducing A.

Solution:
det A
1 2 -1

= 5 2 5| R,=R>+ (—5)R:1 (doesn't change det)
—2 0 1| R,= Rs+42R; (doesn't change det)
1 2 -1

= 0O -8 10
0O 4 —-1| R;=R3+(1/2)R> (doesn’'t change det)
1 2 -1 . . .

. 0 -8 10 determinant of a triangular matrix

o 0 0 4 is product of diagonal entries

= (1)(-8)(4)

= =32



1 2 -1 -1
. | -1 0 2 =2 .
Example: Let A = 3 _1 1 E Find det A.
2 0 -1 2

Solution: We will use row operations to simplify Col-
umn 2, and then expand down column 2.

1 2 -1 -1
detA = | 3 _J 2 72| R|=R:i+2Rs (doesn't change det)
2 -1 2
7 0 1 3
= _é _Cl) % _% (now expand using Column 2)
2 0 -1 2
7 1 3
= (=1)*T?(-1)| -1 2 =2
~1
7 1 3 .
- | 1 2 2 R, = Ry + (—2)R; < 23|?5|J%n )
2 -1 2 Rl = Rs+ R
7 1 3
= | -15 0 -8
9 0 5

— <—1>1+2<1)| 12 —2‘

(=1) [(=15)(5) = (9)(-8)]
(=1)(=75+72)

(=1)(=3)

3



a1 b1
Example: Let |ap by co| = —3. Find
as b3 C3

ai1+b1 a1 —b1
a>+ by a» — by co
a3+ b3z az—b3z c3

Solution:

ar+b1 a1 —b1 c1
az+b2 az—bzx 2 Cr,=Cr+C
a3 +b3 a3z —bz c3

a1 +b1 2a1 1

a3z + bz 2az c3

a1+0b1 a1 c1
= 2lax+bx ar ¢ Ci =C14+ (-1)C>
a3z + b3z az c3

b1 a1 c1
= 2|bo a> co Ci1 +— (>
b3 a3z c3
a1 b1 c
= 2(=1)las by c2
az bz c3
= (-2)(-3)



C
Exercise: Let A = w and det A = —6.

8 € ¢
<SS o

z
s of the following matrices:

Evaluate the determinant
(i) A= AT A
(ii) 2A
@ b 2a + c
(i) | v v 2u+tw
x y 22x+4+z
[ 3a 3b 3¢
(iv) dr 4y 4z
—u —v —w




Solutions:

(1)
det (A™1 AT A) = (detA™') (detA”)detA
— ﬁ(detA)(detA)
= —(-6)(-6) =6
(i)
det(2A) = (2)(2)(2)det A (one for each row!)
= 23detA
= 8(—6) = —48
(iii)
a b 2a-+c

:

v 2u+tw CL=Cs+4+ (—2)C
y 2z 4z

a b c
u v w
r Yy z

= detA = -6



(iv)

3a 3b 3c 1
4r 4y 4z R’1=§R1

—-—u —v —w

a b C 1
(3)| 4z 4y 4=z R’QZZRQ

—u —v —Ww

a b C

3)@4)| = y z| R3=-Rs
a b ¢

B)A)(-1) |z y 2| Ra+— Rs3
a b ¢
BB |u v w
x Yy =z

(3)(4)(~1)(-6)
—72



Example: If A and B are 5 x 5 matrices and
det (—24") = 128 = det (43(B")™)
find det A and det B.

Solution: First we use the equation det (—2A47) = 128
to solve for det A:

det (—24") = (—2)>det(4")
= —32detA
= 128
12
— detA = —8 = —
—32

Now we use the equations det (A3(BT)"!) = 128 and
det A = —4 to solve for det B:

det (A3(BT)™!) = det(4?®)det ((B")™?)
(det A)3det (B~ HT)
(det A)*det (B 1)

1
_4)3
( )detB
= 128

(=47 _ 1

— det B

128 2

Hence det A = —4 and det B = —%.



Example: Show that if A is an n x n matrix, then
det(kA) = k" det A.

Solution:
kA = (kDA
det(kA) = det((kI)A)
= det(kl)det A
= k"detA
EXxercise 1: Suppose that
det A = —3, det B = 2, detC =5

Compute

det (A*BC~'B")

Exercise 2: Show that

1 a b
—a 1 c
—b —c 1

has an inverse for any values of a,b, and c.



