
CRAMER'S RULE

Let A be an invertible n x n matrix,
x = [Xl, x2, ... , Xn]T. For any b in Rn ,Ax = b

has a unique solution, and the entries of x are
given by

detAi(b) .
Xi = ----, ~= 1,2, ... ,n,detA

where Ai(b) is the matrix obtained from A by
replacing column i by the vector b.



Example: Let A = [~ -~] and b = [ ; ].
Solve Ax = b.

3 + 10 = 1,= 7+6
detAl(b) _

Xl = detA

[ 3 -2] [7 3]Solution: Al(b) = 5 l' A2(b) = 3 5 .
I

3 -2
5 1
7 -2
3 1

detA2(b)
X2 = detA

7 3

3 5 1= 35 - 9 = 26 = 2.
13 13 13

The solution of Ax = b is x = [ :~ ] = [ ; ] .

Check:



Example: Use Cramer's rule to solve

Xl + 2x3 = 6
-3X1 + 4X2 + 6x3 = 30
-Xl - 2X2 + 3x3 = 8.

Soultion: A =
102

-3 4 6
-1 -2 3

, b =
6

30
8

6o 2 16 2
A1(b) = I 30

4 6, A2(b) =-3 30 6
8 -2 3

-18 3
-

1 06

A3(b) = I -3
4 30 I.

-1 -2
8

1
o 2

detA = 1-3
4 61

I
03 = 03 - 201-1 -2 3

1

00 4 12= 1-3 4 12-- -25-1 -2 5

20+24 = 44



6o 2
detA1(b) = I 30

4 61
,

01 = 01- 3038 -2 3
0

o 2
12

4 6
-1 -2 3

I

= (_1)1+3 2

124
-1 -2

= 2(-24 +4) = -40.Thus

detA1(b)-40-10
Xl =

---- -
detA 4411

detA2(b)

7218
X2 =

- -- -- - .
detA 4411

detA3(b)

15238
X3 =

----
detA 4411



Example: Use Cramer's rule to solve for x

without solving for y, z, and w.

-y+z+3w = 1
x+2y-z+w = 2

3z+3w = 0

y + 8z = 1
Solution: Corresponding matrix equation

AX = b is0

-1 13 x 1
1

2 -11y 2- - 00 03 3z
0

18 0w1

1 -1
2 2
o 0
1 1

1 3
-1 1

3 3
8 0



o -11 3
1

2 -1 1
detA = 10 03 3

0
18 0

-1 1 3
-.

o 3 31 R~ = R3 + RI

180-1 1 3
= -I

033
093

-(-1) 3 3
9 3= 9-27=-18.



1 -11 3

detAl(b) = I ~

2 -1 1 I

I

o 3 3
03 = 03 - 04

1
18 0

1 -1 -2 3
2

2 -2 1= I 00o 3
1

18 0

1 -1 -2

I

= (_1)3+4 31 2 2 -2R'f = R2 - 2Rl

1
18R3 = R3 - Rl

I 1 -1 -2-310
42

0
210

I

4 2
-312 10I-3(40 - 4) = -108.



So, x = detAl(b) - -108 = 6.
detA -18

Similarly,

detA2(b)

30-5
y=

---~-
detA -183'

detA3(b)

-61z=
----

detA -183'

detA4(b)

6-1w=
-----

detA -183



A FORMULA FOR A-l

Let A be an invertible n x n matrix.

Let Aij be the submatrix of A formed by
deleting row i and column j.

c-- - (-l)i+jdetA--~J - ~J

is called"-the (i, j) - cofactor of A.

Cofactor expansion about the i th row:

det A = ail Cil + ai2Ci2 + ...+ ainCin

Cofactor expansion about the j th col­
umn:

det A = aljClj + a2jC2j + ...+ anjCnj



The tra nsposeof the matrix of cofactors from
A is called the adjoint of A, Le,

adjA

On1 On2 ... Onn

011 021 On1
012 022 Cn2

adjA -

... Onn

A-I = de~A adjA I

I adjA = detA A-I I

Homework: Show that adj(AB) = (adjB)(adjA).



32 -1
Example: Let A = 11

63 I.

2 -4
0

L.

Find adjA and A-1.
Solution:

011 = (_1)1+1 6 4 ~ I = 12,I

012 = (_1)1+21 ~ ; I = 6,

013 = (_1)1+31 ~ _~ I = -16,021 = (_1)2+11 _~ -~ 1=4,

I

022 = (-If+21; -~ 1=2,

023 = (-1)2+31; _~ I = 16,



o - (_1)3+11 2 -1 1-1231 - 6 3 - ,

o - (_1)3+21 3 -1 1--10

32 - 1 3 - ,
I

o - (_1)3+31 3 2 1-1633 - 1 6 - .I

011 012 013

IT

adjA =
I 021 022 023

031 032 033
-12

6 -16 IT

4
216

12 -10
16

12

412
6

2 -10
-16 16

16
L.

detA = a11011 + a12012 + a130133·12 + 2·6 + (-1) . (-16)
36 + 12+ 1664.



Thus,

_1 adjAdetA

r 12 4 12
1 6 2 -10

64 I -16 16 16

12/64 4/64 12/64
6/64 2/64 -10/64

-16/64 16/64 16/64
-

3/16 1/16 3/16
3/32 1/32 -5/32
-1/4 1/4 1/4



Homework: Find the adjoint of A, and then
the inverse of A.

i)A=[~ ~] l1 0 1
ii) A = 1 2 0-2 0 1-

1 2 0
iii) A = I

4 -1 9-1
3 0

3/5 0 -2/5
Ans: A-I = I 1/5 0 1/5

-11/5 1/9 1/5


