( CRAMER’S RULE

Let A be an invertible n x n matrix,

z = [z1,Z2,...,zn]L. For any b in R" Az = b
has a unique solution, and the entries of = are
given by

where A;(b) is the matrix obtained from A by
replacing column ¢ by the vector b.



_ o [7 -2 | |3
Example: LetA_[3 I]andb—[5].
Solve Ax = b.

o 3 =2 7 3
Solution: Al(b) = [ 5 1 :|, Ag(b) = [ 3 5 ]
3 =2
detA;(3) |5 1| 3410
x] = — = — ]_’

| det A 7 -2 7+6
3 1

7 3 |
_detAx(®) |3 5| 35-9 26

det A 13 13 13

L2

crec: [ 2][1]2[2]

The solution oan:=bis:c=[w1]=[1].



Example: Use Cramer’s rule to solve
x1+2x3 =06
—3z1 + 425 + 623 = 30
—x1 — 225 + 323 = 8.

1 0 2 6
Soultion: A= | -3 4 6|,b=| 30
-1 -2 3 8
[ 6 0 2 1
A1(b)= |30 4 6 |,Ab)=| -3 3
8 -2 3 —1
1 O 6
A3(b)=| -3 4 30
-1 -2 8
1 0 2 /
detA = | -3 4 6| C3=C3-2C,
-1 -2 3
1 O O
= | -3 4 12 =| _‘21 1§
-1 -2 5

20 + 24 = 44



6 0O 2 ,
det A1(b) = | 30 4 6 C1=C1—-3C53
8 -2 3
0 0O 2
= 12 4 6
-1 -2 3
— [_1\143 12 4
= 2(-24 +4) = —40.
Thus
. det A1(b) __—40 __—10
~ detA = 44 11
det A»(b) 72 18
Irop = == -

det A 44 11

__detAz(b) 152 38
 detA = 44 11




Example: Use Cramer’'s rule to solve for z
without solving for y, z, and w.

—y+z+3w=1
c+2y—z4+w=2

3z4+3w =0
y+ 8z =1
Solution: Corresponding matrix equation
AX =bis
[0 —1 1 37[ =] [ 1 ]
1 2 -1 1 y| _ |2
0 0] 3 3 z| | O
| O 1 8 0] [ w ]| | 1]
1 —1 1 3]
2 2 -1 1
A1(0) = 4 0O 3 3
1 1 8 0 |
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9 —-27 =-18.
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-1
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1
0

2
0

-3| 0

det A1(b) =

4
_321

—3(40 — 4) = —108.



det A;(b) _ —108

So, z = - ——— — 6.
v det A 18
Similarly,
_ detAy(b)) _ 30 _ -5
YT T detA —18 3
_detAz(h) -6 1
~ detA  —18 3’
_detAs(0) 6 -1

det A —18 3



A FORMULA FOR A1

Let A be an invertible n x n matrix. |
Let A;; be the submatrix of A formed by
deleting row ¢ and column j.

Cz] = (—1)i+j det A'i,j

is called the (¢,5) — cofactor of A.
Cofactor expansion about the i th row:
det A = a;1C51 + a2Ci0 + - - - + ainCip

Cofactor expansion about the ; th col-
umn:

det A = a1;C15 + a2;C2;5 + - + an;Chj



The transpose of the matrix of cofactors from
A is called the adjoint of A, i.e,

- 1T
Cl]_ C12 . . . Cln
Co1 C2 . . . Oy
adjA = ) ) '
Cn1 Cp2 Cnnj
[ C11 Co Cr1 |
Ci2 Coo Ch2
adjA = )
_Cln C'277, Cfnnd

adjA =detA A~1

Homework: Show that adj(AB) = (adjB)(adjA).



Example: Let A =

Find adjA and A1,

Solution:

(-1t
(—1)1+2
(—1)*+3
(-1)*+t
(-1)*+2

(—1)>F3

N = W

N =

l—12,
— 6,
|=—-16,
o|=4’
-2
= 16,




— (_1)3+1]2 -1 | _
— (_1)3+2|3 1| _ _

- 1T
Ci11 Ci2 Ci13
ad_]A = 021 022 023
C31 C32 C33
12 6 —16 17
= 4 2 16
12 -10 16
12 4 12
= 6 2 —-10|.
| -16 16 16
detA = a11C11 +a12C12 + a13C13

3:-124+2.-64+(-1)-(-16)
36 +12 416
64.



1

adjA
det A !
L[ 124 12
il 6 2 —10
641 _16 16 16

6/64 2/64 —10/64
~16/64 16/64 16/64

3/16 1/16 3/16
3/32 1/32 —5/32
~-1/4 1/4 1/4

12/64 4/64 12/64 |




Homework: Find the adjoint of A, and then
the inverse of A.

101
i)A:[éi] i)A=| 12 0
20 1
1 20
i) A=| 4 -1 9
1 30

3/5 0 -2/5
Ans: A7l = 1/5 0 1/5
-11/5 1/9 1/5



