
COMPLEX NUMBERS

A complex number z is of the form

z = a + ib, where i2= -1, and a, b E R.

a=real part of z, a =Re z.

b=imaginary part of z, b =Im z.
z is real ~ b = O.
z is purely imaginary ~ a = O.

Let z ~ a + ib and w = c + ide Then,

z + w = a + c + i(b + d)

z - w = a - c + i(b - d)

z . w = (a + ib) . (c + id)

= ac + iad + ibc + i2bd

= ae - bd + i(ad + be)

kz = ka+i(kb), k E R.
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If z = a+ib is any complex number, then the
complex conjugate of z is denoted by z (read
"z bar") is defined by z = a - ib.

z+w=z+w
- -z·w=z·w

(~) = ~
z - z = 2i 1m z

z-w=z-w

z=z

z + z = 2 Re z

Let z - a + ib and w = e + id 1= o.

z a + ib a + ib e - id---.--
w e + id e + id e - id

ae + bd + i(be - ad)

e2+d2

ae + bd . be - ad

e2 + d2 +~e2 + d2 = x + iy

ae + bd be - ad

where x = 2 2 and y = 2 + d ....·e +d e



The absolute value (modulus) of z = a+ib is

Izi = ~ = Va2 + b2

We have the following equalities:

1 z z
Izwl = Izl'lwl, z-l = - = --= =

z zz

Example: Let z = 9 - 8i and w = 5 + 2i.
Then find Izl, Iwl, Iz/wl·

Write ~ in the form of a + ib.
w

Solution:

Izi = V92+ (-8)2 = v81 + 64 = V145

Iwl = V52 + 22 = v25 + 4 = m
Iz/wl = J:1 = v145 = v5· 29 = v'5

Iwl m m
z

w
9 - 8i
5 +2i

9 - 8i 5 - 2i.--
5 + 2i 5 - 2i

(45 - 16) + i(-40 - 18) .-------- = 1- 2'1,
25+4



Homework
1. Let z = 3 + 4i and w = 5 - 2i. Express
the fOllowings in the form of a + ib.

/ - 1
(i) (z - w)2 (ii)!-. (iii) z (iv) 2 (v) ~w w z 2z

2. Find:

(i) Re 1 (ii) 1m 2+ i (iii) 1m 2- i2 + i 3 + 4i
3. Write the fOllowings in the form of a + ib.

f (i) 11 + 2i4+3i (ii) (3 + 5i)(3 - 5i)

(iii) (7 - 3i) - (-2 + 4i) (iv) 6 + i

(v) 1 (vi) v'3 +i, I •••• ~ I -"_

4. In each part solve for z.

(i) iz = 2- i (ii) (4 - 3i)z = i
/~4

5. If z = 1 - 5i and w = 3 +4i, find

Izl, Iwl, Iz/wl, Iz/wl, and Iz/wl,
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Trigonometric Ratios of Important
Angles

() radianssin ()cos()ta n ()

0°

0010

30°

7r/61/2v'3/2v'3/3

45°

7r/4v'2/2v'2/21

60°

7r/3v'3/21/2v'3

90°

7r/210-

1800
(1 radian= -- = 570).

7r



sin 0

cosO

Polar Form of a Complex Number

Let z = a + ib.

a

j:;T =* a = Izi cas ()

- I~I =* b = Izisin ()

z = a+ib= IzlcosO+ilzlsinO

Izl(cosO + isin 0) = IzlcisO.

'Here 0 is the angle between the positive real
axis and the point z, -1f < 0 < 1f

(all angles are measured in radians).
o is called the argument of z, and it is de­
noted by 0 =argz.

I z = Izl(cosO + isin 0)

is called the polar form of z.
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Example: Find the polar form of z = 1+ i.

Solution: Izi = V12 + 12 = V2
a 1

cos8 = - =-
Izi V2
b 1 ~ =::}- 8 = 1r/4.

sin8 =- =-
Izi V2

z = Izi(cos 8 + i sin 8) = V2( COS1r/4 + i sin 1r/4)
Example: What is the polar form of
z = 3+i3V3? ,

Solution: Izi = V~32-+-(-3V3-3)-2= V36 = 6.

cos8 = ~ _ 3 1
Izl - 6 = 2

sin8 = ~ - 3V3 V3Izl- 6 =2
=::}- 8 = 1f/3.

z = Izl (cos 8 + i sin 8)

z = 6(cos1f/3 + i sin 1f/3) = 6Cis(1f/3)



(v) z = 1.

...~.... , .

Example: What is the polar form of
z = V2-iV2?

Solution: Izi = V(V2)2 + (-V2)2 = 2.

a V2
cose =- =-

Izl 2 .
=> e = -1r/4.

b -V2.sine =- =--
Izi 2

z = Izl(cose + isin e) = 2(cOS1r/4- isin 1r/4)
Homework
1) Write the polar form of the fOllowing com­
plex numbers:

(i) z = -4 + 4i (ii) z = 4i

(~ ) (_ ) 2 + 2i\j/ III z = -7 Iv z = . ,1- 2
,

2) Represent in the form of a + ib:

(i) z = 4(cos1r/2 + isin 1r/2)

q/(ii) z = V8(COS1r/4+ i sin 1r/4)

. /(---) 2 . (_ /6) (-) 2 cis (-31r /4)
v III CIS 1r IV (/ ) .2 cis 51r 6
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Complex Division in Polar Form

If Zl = rl cis ()l and Z2 = r2 cis ()2, then

Zl _ rl cis ()l _ rl . (() ())- - . - - CIS 1 - 2 ,
Z2 r2 CIS()2 r2

and
Zl = rl cis (-()l)

(complex conjugate of Z in polar form).

Example: Z = cis (7r/2) and w = 2 cis (-7r/3).
Find z/w, Z and w.
Solution:

Z cis (7r/2)
w 2 cis (-7r /3)

- ~ cis (7r/2 - (-7r/3)) = ~ cis (57r/6)2 2

1
- (COS(57r/6) + isin (57r/6))2

~(-V3 +i.!) = -V3 +i.!2 2 2 4 4

Z = cis(-7r/2), w = 2cis(7r/3).
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Complex Multiplication in Polar Form

If Zl = IZ11 cis 01 and Z2 = IZ21 cis 02, then

Zl . Z2 = IZ11· IZ21· cis (01 + 02)·

. 311" . 211"
Example: If Z = 2 CIS - and w = 5 CIS -.8 3
Then

Z· W
(2 . 311") ( . 211"), CIS 8 5 CIS 3

311" 211"
- 2· 5 cis (- + -)8 3

10 cis (_25_11")24
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De Moivre's Theorem:

For any positive integer n,

Example: Write z = (1+i)20 in the form of
a + ib.

Solution: 1 + i = V2 cis (rr/4). Hence

(1+ i)20 = (V2 (cas: + i sin :) fO

(V2)20 (cas 2~11"+ isin 2~11")

- 210 (cos(57r) + i sin (57r) )

210(cos(47r +7r)+ isin(47r + 7r))

210(_1 +i .0)

_210 = -1024
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Homework: Express the following complex
numbers in the form of a + ib.

1) z = (2 cis (11"/3))6. Ans: 64.

2) z = (-1+i)4./7I/
'~3) z = (1 - i)10. Ans: -32i

4) z = (1 - i)27. Ans: -213(1 + i)

~5) z = (1 + i)12. Ans: -64

6) z=(1-i)6(~+i)3.
7) z = (~- i)9(2 - 2i)5.
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Roots of a Complex Number

Let zn = a cisO.Then

where k = 0,1,2, ...,n - 1.
Example: Let z3 = -8i. Find z and write it
in the standard form.
Solution: a = 1- 8il = 8, 0 = -1r/2.

3Jn . (-1r /2 + 2k1r)zk = v 8 CIS 3 ; k = 0,1,2.

(-1r /2) -1r2cis 3 = 2 cis (6)
- 2 (cos(-1r/6) + isin(-1r/6))

V3 .-1 .- 2(-+1,-) = V3-1,2 2

. ((-1r/2)+21r) 2' ( / )Zl = 2 CIS 3 = CIS 1r 2

2 (cos(1r/2) + isin(1r/2)) = 2(0 + i) = 2i.



. ((-7i/2)+47i)
z2 = 2 CIS ----- 3

- 2 cis (77i/6)

2 (Cos(77i/6) +i sin(77i/6))

-V3 .1 .
2 (-- - 't-) = -V3 - 't.2 2

Example: Find the roots of z2 + z + 1 = O.
Solution:

z2 +z+ 1 = (z+_1)2 - (_1)2+ 1 = 02 2

==> (z+_1)2+_3=O2 4

1 2 -3
==> (z+-) =-2 4

1 V3.
==> z + - = ±-'t2 2

-1 V3.
==> z = -±-'t

2 2

i e -1 h3. , Zl = _- + v;:).2 2't , z2 = -1 _ V3.2 --'t2
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Homework: Find all complex numbers such
that:
1) z2 = i.

2) z3 = i.

3) z3 = -i.
4) z3 = 27i.

/' 5) z3 = -27i.

6) z3 = 64i.

7) z4 = -1.
8) z4 = 2(iV3 - 1).

9) z6 = -64.
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Answers:

V2,V2 V2,V2
1) ZO = -2- +2-2-, zl = --2- - 2-2-,

V3,l -V3,l ,
2) ZQ = - + 2-, Zl = -- + 2-, Z2 = -2.2 2 2 2

, V3,l V3,l
3) Zo = 2 Zl = --2- - 2-2,z2 = -2- - 2-2,

, 3V3,3 3V3,3
4) ZQ = -32, zl = - _ +22, z2 = 2 +22,

, 3V3,3 3V3,3
5) ZQ = 32 zl = --- - 2- Z2 = -- - 2-., - 2' 2 2

6) Zo = -4i, Zl = -2V3 +2i, Z2 = 2V3+2i.

8) V2 e1ri/6, V2 e41ri/6, V2 e71ri/6, V2 elO1ri/6.


