COMPLEX NUMBERS

A complex number z is of the form

z = a + b, where 7:2=—-1, and a,b € R.

a=real part of z, a =Re z.
b=imaginary part of z, b =Im =z.
z is real <= b= 0.

z IS purely imaginary <= a = 0.

Let z=a+ 1 and w =c+id. Then,
z4+w=a+c+i(b+ d)
z—w=a—c+i(b—d)

z-w= (a+1b)-(c+id)
= ac + iad + ibc + i°bd
=ac—bd +i(ad+bc)

kz = ka + i(kb), k € R.



If z=a-+1b is any complex number, then the
complex conjugate of z is denoted by z (read
“z bar") is defined by z = a — 1b.

z+w=zZ4+w Z—wW=7Z —

w
zZ - W=Z W zZ=2z
(E)=2  s4z=2Re:
w w
z—z=211Im z

Let z=a+ i and w =c+id # 0.

z a+ib a4+ c—1id
w  c+id c+id c—id
__ ac+bd 4+ i(bc — ad)
B 2 + d?
ac + bd bc—ad ,
= 2+ tlaye T Tw
where z = %1% -4 y—bc_ad



The absolute value (modulus) of z = a-+1ib is

|Z] =\/z2=\/a2—|—b2

We have the following equalities:

_ 1 z z
|zw| = |2| - |w|, =z 1=—=—_=—2
Example: Let z = 9 - 8¢ and w = 5 + 23.
Then find |z|, |w|, |z/w].
Write i in the form of a + b.
w

Solution:
2] = /92 + (—8)2 = /81 + 64 = /145

lw| = /5% + 22 = /25 + 4 = /29
2| /145 /5.29 _ JE
lw|  v29 /29
9-8 9-8i 5-—2i

5+4+2i 542i 5— 2

|2/w| =

il
w
(45 — 16) + i(—40 — 18)

25 + 4

=1-2s




Homework
1. Let 2z =34+ 47 and w = 5 — 2¢. EXxpress
the followings in the form of a 4+ <b.

v Z z
() z-w)? (i) 2 Gi) 2 @(v) = (v) 2
w w Z 2z

2. Find:

() Re 50— (i) Im —EL (i) Im 2
3. Write the followings in the form of a + 2b.
W) (if) (3 +5i)(3 - 5i)
il (7 —3i) — (—2+4) (iv) fi;_
¥ Gy W (1 —\z/)g(jiz — i)

4. In each part solve for z.
(i) iz=2—1 (ii) (4-3i)z=1

5. If z=1-57 and w = 3 4 44, find

2], Jwl, |z/w], |z/w], and |z/w],



Trigonometric Ratios of Important

Angles

@ |radians| sin@ | cosé | tané
0° 0 0 1 0

30°| #/6 | 1/2 |V3/2|/3/3
145°| w/4 |V2/2|V2/2] 1

60°| =w/3 |+/3/2| 1/2 | V3
90°| m/2 1 0 —
(1 radian= 18070 _ 579).

7T



Polar Form of a Complex Number

Let z = a 4 2b.
a
cosf = I——lma=|z|cose
Z
: b ,
sinf = I———|=:>b=|z|sm0
4
z = a-+1ib=|z|cosl + i|z|sinb

= |z|(cosf 4+ isin@) = |z|cish.

Here 0 is the angle between the positive real
axis and the point z, -t <0<~

(all angles are measured in radians).

0 is called the argument of z, and it is de-
noted by 6 =argz.

z = |z|(cos @ + isin §)

is called the polar form of z.



Example: Find the polar form of z =1 4.

Solution: |z] = /12 +12=+/2
1 \

cosf = g
lz| V2
b 1
sin @ = =
1z] V2

f=>«9=7r/4.

z = |z|(cos @ + isin§) = vV2(cosn/4 + isinnw/4)
Example: What is the polar form of

z =34 i3/37?

Solution: |z| = /32 + \(3\/'33)2 = /36 =6.

a 3 1
COSll = — = — = —
z]| 6 2
. 3v3
sinf = = =
|2] 6

z = |z|(cos 8 + isin )

» = 0 = 7/3.

z = 6(cosn/3 + isinw/3) = 6¢Cis(w/3)



Example: What is the polar form of

2 =2 — /27
Solution: |z| = \/(\/5)2 + (—V2)? = 2.

a V2 \
cosf = =
2| 2
» == 0 = —7/4.
, b =2
Sinf = — = ——
2] 2

z = |z|(cos @ 4 isinf) = 2(cosw/4 — isinw/4)
Homework

1) Write the polar form of the folIOWing com-
plex numbers:

(i) z=-4+47i (ii) 2= 4

i) z=—7  (iv) 2= 21+ 2 (W) z=1.

2) Represent in the for/mr' of a -+ b:
(i) z=4(cosn/2+isinn/2)
/(1) z = v/8(cosn/4 +isinm/4)

2 cis (—37/4)
2 cis (57/6)

Vv (iii) 2cis(—n/6) (iv)



Complex Division in Polar Form

If 21 =r1 Ccis 61 and zp = ro Cis 65, then

Z rq1 Cis 0 T ,
L="1 2 "1 cis (; — 6,),
) ro Cis 6> T2

and
zZ1 =171 Cis (—91)

(complex conjugate of z in polar form).

Example: z = cis (n/2) and w = 2 cis (—7n/3).
Find z/w, Z and w.
Solution:

z cis (w/2)

w 2 cis (—7n/3)

% cis (r/2 — (—7n/3)) = -;— cis (57/6)

= —21—(cos(57r/6)+i5in(57f/6))
1 —v3 1. —/3 1
2y TR)E

z = cis(—n/2), w = 2cis(w/3).



Complex Multiplication in Polar Form

If z1 = |z1| Cis 61 and zpo = |zo]| Cis 65, then
21 - 22 = |z1| - |22] - Cis (01 + 62).

3 2
Example: If z = 2 cis Eﬁ and w =5 Cis %

zZ-w = (2 Cis 3—71-) <5 Cis 2_7r>
8 3

3 27
2.5 cis
(5 +3)

Then

257
= 10 cis (——
=5



De Moivre’'s Theorem:

For any positive integer n,

= (|z|(cos @ + isin0))" = |z|"(cosnb + isin nb).

Example: Write z = (1 44)2° in the form of

a + b.

Solution: 1 +i = +/2 cis (n/4). Hence
20 ™ L T 20

(14420 = (\/§(cos4+zsm 4))

'_ 20 207 . g_o__ﬂ'
= (V2) (cos 5 Tisin 4)

= 210(cos(5n) + isin(57))

210(cos(4n + 7) + isin(4n + 7))

= 20(cosw + isinn)

210(—144.0)

= —210=-_1024



Homework: Express the following complex
numbers in the form of a + 7b.

1) z = (2 cis (7/3))6. Ans: 64.

2) z=(-1+9)*
V/3) z=(1-49)10. Ans: —32;

4) z=(1-14)2". Ans: —=213(1 +4)
¥5) z = (1 +14)'2. Ans: —64

6) z= (1 —14)°(v/3+1)3.
7) z= (V3 —1)92(2 — 29)°.



Roots of a Complex Number

Let 2™ = o cisf. Then

6 + 2k
2 = ¥a cis(ZE2ETY |
n
where k=0,1,2,....,n— 1.
Example: Let 23 = —8i. Find z and write it
in the standard form.
Solution: a=|—-8¢| =8, 8 = —7w/2.
—m/2 4+ 2k
2y = %cis( ™/ ;— W) - k=0,1,2.
| . —7/2 . —T
= 2¢cCis = 2 Cis (—
20 ( 3 ) ( z )
= 2 (cos(—n/6) 4 isin(—=n/6))
3 -1
= 2L+ =vE
—7/2) + 27
z1 = 2 cis<( W/3)+ W) =2 Cis (7/2)

2 (cos(w/2) +isin(w/2)) = 2(0+ i) = 2.



zZ2 3

5 cis ((—71'/2) + 471')
= 2 cis (77/6)
= 2 (cos(7w/6) +isin(7w/6))

= 2 (_T\/g—ié—)z—\/g—i.

Example: Find the roots of 224+ 241 = 0.
Solution:

z2+z+1=(z+%)2—(%)2+1=0

1o, 3 _
= (Z‘l‘E) +Z——O

1.5 -3

> — —_—

(z+32==

V3

S — = 4+—

z—l—2 2@

-1 3,

= Zz = + 1

2 2
iez——l—l—\/gi z _1—\/52
S AlTm T 2T T,



Homework: Find all complex numbers such

that:

1) 22 =i.

2) 23 =i.

3) 23 = —i.

4) 23 = 27i.
v ' B) 23 = —27i.

6) z3 = 64i.

7) 24 =-1



Answers:

1) 2 \/§+.\/§ . V2 Z\/5
= — 11—, = - — —
0= 7 2 1 2 2
3 1 —/3 1
2) zo=\/7_—l-z§, z1=——2—+i§, 20 = —1
3v/3 3 3v/3 3
4 — _3.1 —_ ._y - — —.
) 2o i, 21 5 —I—zQ 25 5 +22
. 3v/3 3 3v/3 3
5) 20=3i, 21 = — —i—, 20 = —— — i—.
2 2 2 2

6) 20 = —44, 21 = —2V3 + 24, 20 = 2v/3 + 2i.
8) V2 e’fri/6’ V2 e47ri/6' V2 677771/6' V2 e10mi/6



