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QUESTION 1. The density in a thin rod of length 7 cm is distributed according to p(x) = xe_IZ,
where x measures the distance from one end of the rod. Calculate the point  so that the
mass to the right of  equals the mass to the left.

We need to find the point  between 0 and 7 so that the mass between 0 and Z is the same
as the mass between T and 7. In formulas: we need to find Z so that

/Ox p(x)dx = /; p(x)dx
1

First we find that R(z) = —56_1'2 is an antiderivative of p(z) = ze~* . Then by the funda-
mental theorem of calculus, the integral condition for = is

R(7) — R(0) = R(7) — R(%),

or

2R(z) = R(7) + R(0).

With the antiderivative above, this condition becomes

32 1 —1—6_72

e T
2

Now solve for z and find £ = {/In (%)
1+e7



QUESTION 2. Find the volume of the solid obtained by rotating the function f(x) = \/56_3”2
about the line y =0 from z =1 to x = 2.

e Interval of integration: [1, 2].

e Radius and area of a cross section: a cross section A(z), a disk in this case with radius

r(x) = f(x), has an area

A(z) = 7r(z)? = rre 2.

e Volume: an integration by substitution (u = —222) gives the result

2
= T :1::1672—6*8 .
V= [ A= ( )

QUESTION 3. Find the improper integral

[
———————<ax.
o T2+ 242

e Domain: the domain of is R. This is an improper integral of type I.

1
2 4224+2

e Antiderivative: first write 22 + 22 4+ 2 = (z + 1)?> 4+ 1 and then substitute v = z + 1 =
du = dx to get

1 1
/3;24_23;4_2 = /UQ_H = arctan(u) + C' = arctan(x + 1) + C'.

e Evaluation: we need first to decompose this integral. We have

o0 1 0 1 o0 1
/ dm:/ dm+/ Y - n+h
oo T2+ 27+ 2 oo T2+ 27+ 2 o T2+42x+42

0 1 o0 1
I = —  dr, L= ———dz.
! /_Oox2+2x+2x 2 /0 22wt

Now, we have by definition

where

0 U
1 1
I = i - d d I, = li - d
! L—1>IEIOO/L 22420 200 M= gl 0 22wt
I = lim [arctan(z + 1)}, and Iy = lim [arctan(z 4 1)]§
L——o0 U—oo
L = Llim (—arctan(1) — arctan(L + 1)) = — arctan(1) — (_77?)
——00

and Iy = lim (arctan(l) + arctan(U + 1)) = arctan(1) + T

U—oco 2

e Conclusion: this improper integral converges to — arctan(1) +7/2+arctan(1)+7/2 = .



QUESTION 4. Calculate the following integral

2
1
——dx.
/_1x2—m—2 “

e The domain of f(x) = xleiQ = (x+1)1(m_2) is Dy = R\ {—1,2}. Hence, we have an

improper integral between —1 and 2.

e Antiderivative: we have to use partial fractions and solve for constantes A and B such
that
A B A(x+1)+ B(x —2)

= = Al +1)+ Bz —2) =1
f@)= =5+ "7 P R— = Az +1)+ Bz - 2)

Now, from A+ B=0and A—2B =1 we find A =1/3 and B = —1/3. Therefore

1 1 1
f(m)—g <x—2_m+1>
and hence

st [t )= ([ g )

1 T — 2
| -2 -1 1 C==-1
(tnfe =2/ ~Infz +1)+C = 3In| “—

e

W =

e Decomposition: we have

/21 f(z)dx = /01 f(x)dx + /02 fa)de.

e Evaluation: we have by definition

’ . 1
/_1f(:v)d:13: lim /l f(z)dz = lim [31n

l——1* l——1t

e Conclusion: we stop here and conclude that this improper integral is divergent.



QUESTION 5. Calculate the following integral
1

1

1T

The function f(x) = %2 is not defined at zero. The domain is Dy = R\ {0}, and so this
integral is improper at 0.

Antiderivative: we have

/f(m)dx = %1 +C.

e Decomposition: we have

/_llf($)dx:/_Olf(:n)dx—k/olf(x)dx.

Evaluation: by definition, we have

u
= 0.
-1

/ 01 f@)ds = Tim [ f(z)dz = lim (_1>

u—0~ J_q u—0~ x

e Conclusion: we stop here and conclude that this improper integral is divergent.



