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Question 1. Find the solution y(x) of the following separable initial value problem

dy

dx
= y(x) ln(x), y(1) = 1.

We separate variables and get: dy
y = ln(x)dx. Then we integrate:

∫ dy
y =

∫
ln(x)dx =∫

1× ln(x)dx. By integration by parts on the right hand side one has that:

ln |y| = x ln(x)−
∫

x
1
x

dx = x ln(x)−
∫

1dx = x ln(x)− x + c,

where c is a number.
From 1 = y(1) one gets that 0 = −1 + c, hence c = 1.
It follws that ln |y| = x ln(x) − x + 1, thus |y| = ex ln(x)−x+1, so we obtain that y(x) =

±ex ln(x)−x+1.
Since y(1) = 1 > 0, one obtains: y(x) = ex ln(x)−x+1.

1



Question 2. Find the solution y(x) of the following separable initial value problem
dy

dx
= (4 + y2(x)) sin(x), y(0) = 0.

We separate and get: dy
4+y2 = sin(x)dx. Then we integrate:

∫ dy
4+y2 =

∫
sin(x)dx (by using

a substitution in the left integral) as follows:
1
2 arctan(y

2 ) = − cos(x) + c, where c is a number.
From 0 = y(0), one gets that 0 = −1 + c, hence c = 1, so 1

2 arctan(y
2 ) = − cos(x) + 1, or

arctan(y
2 ) = −2 cos(x) + 2.

Since tan is the inverse function of arctan, one obtains that y
2 = tan(−2 cos(x) + 2), hence

y = 2 tan(−2 cos(x) + 2).

Question 3. Find the steady states, and draw the phase-line diagram of the dynamical system
given by

dx

dt
= cos(x), 0 < x < 2π.

Determine the stability of each steady state by using the stability criterion form class.
From cos(x) = 0 one obtains that either x = π

2 or x = 3π
2 in (0, 2π).

Note that f ′(x) = − sin(x) (where f(x) = cos(x)), and thus:

(i) f ′(π
2 ) = − sin(π

2 ) = −1 < 0, and thus π
2 is STABLE.

(ii) f ′(3π
2 ) = − sin(3π

2 ) = 1 > 0, and thus 3π
2 is UNSTABLE.

The phase-line diagram is attached.

Question 4. Find the steady states, and draw the phase-line diagram of the dynamical system
given by

dx

dt
= x(1− x)(x2 − 4).

Determine the stability of each steady state by using the stability criterion form class.
From x(1−x)(x2−4) = x(1−x)(x−2)(x+2) = 0 one obtains that the equilibia is formed

by: x = 0, x = 1, x = 2, x = −2.
If f(x) = x(1− x)(x2 − 4) = (x− x2)(x2 − 4) one has that f ′(x) = −4x3 + 3x2 + 8x− 4.
Note that:

(i) f ′(0) = −4 < 0, hence 0 is stable;

(ii) f ′(1) = 3 > 0, hence 1 is unstable;

(iii) f ′(2) = −12 < 0, hence 2 is stable;

(iv) f ′(−2) = 24 > 0, hence −2 is unstable;

The phase-line diagram is attached.
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